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PREFACE

This book is an attempt to give a systematic presentation of results and meth-
ods which concern the fixed point theory of multivalued mappings and some of
its applications. In selecting the material we have restricted ourselves to study-
ing topological methods in the fixed point theory of multivalued mappings and
applications, mainly to differential inclusions.

Thus in Chapter III the approximation (on the graph) method in fixed point
theory of multivalued mappings is presented. Chapter IV is devoted to the homo-
logical methods and contains more general results, e.g. the Lefschetz Fixed Point
Theorem, the fixed point index and the topological degree theory. In Chapter V
applications to some special problems in fixed point theory are formulated. Then
in the last chapter a direct applications to differential inclusions are presented.
Note that Chapters I and II have an auxiliary character, and only results con-
nected with the Banach Contraction Principle (see Chapter II) are strictly related
to topological methods in the fixed point theory. In the last section of our book
(see Section 75) we give a bibliographical guide and also signal some further results
which are not contained in our monograph.

The author thanks several colleagues and my wife Maria who read and com-
mented on the manuscript. These include J. Andres, A. Buraczewski, G. Gabor,
A. Goérka, M. Gérniewicz, S. Park and A. Wieczorek.

The author wish to express his gratitude to P. Konstanty for preparing the
electronic version of this monograph.

Lech Gorniewicz

Torun, June 1998






PREFACE TO THE SECOND EDITION

During the last decade a rapid development of multivalued methods can be

observed in many branches of mathematics such as:

e topological and metric fixed point theory,

e multivalued nonlinear analysis,

e ordinary and patrial (deterministic and stochastic) differential inclusions,

e convex analysis,

e game theory,

e mathematical economics
(comp. [AnGo-M], [Au-M], [BFGJ-M], [BGM-M], [Botl-M], [Bot2-M], [CV-M],
[Cwi-M], [Del-M], [DMNZ-M], [Fry-M], [KOZ-M], [Kr2-M], [Mik2-M], [HuPa-M],
[Me-M], [PeM-M], [Ski-M]).

Our monograph mainly concetrates on the topological fixed point theory of
multivalued mappings. The second edition differs from the first one. Firstly,
a completely new Chapter VII (Sections 76-85) is added. In this chapter new
results obtained mainly in the last six years are presented. Chapters I-VI are in
principal the same as in the first edition, but many changes and improvements are
made. Moreover, in the references, there are added all new positions connected
with topological fixed point theory for multivalued mappings, which appeared
during last six years.

We believe that the second edition of our monograph is adequate to the current
scientific status of the topological fixed point theory of multivalued mappings.

I am indebted to my young colleague R. Skiba who read the first edition and
suggested many important improvements.

The author also wishes to express his gratitude to J. Szelatynska and M. Czer-
niak who prepared the electronic version of the text.

Lech Gorniewicz

Torun, December 2005



CHAPTER 1

BACKGROUND IN TOPOLOGY

In this chapter, we present a concise review of the requisite mathematical back-
ground. First we recall fundamental facts from geometric topology, later we discuss
the part of homology theory related to the Vietoris mapping theorem and, finally,
necessary information about the Lefschetz number.

Our main references for these topics are: [Bo-M], [Gol-M], [DG-M], [HW-M],
[ES-M], [SP-M].

All topological spaces are assumed to be metric and all mappings are assumed
to be continuous; R™ stands for the n-dimensional Euclidean space; by a Banach
(normed) space we shall always understand a real Banach (normed) space and all
mappings are assumed to be continuous.

1. Extension and embedding properties

We start this section with the following.

(1.1) DEFINITION. We shall say that a space X possesses an extension property
(written X € ES) provided that for every space Y, every closed B C Y, and every
map f: B — X, there exists an extension f:Y — X of f onto Y, i.e. f(x) = f(z),
for each = € B; similarly, X possesses a neighbourhood extension property (written
X € NES) provided that for every space Y every closed B C Y and every f: B — X
there exists an open neighbourhood U of B in Y and an extension f U—-Xoff
onto U.

Of course, every ES-space is NES. Before we formulate more properties of these
spaces we need the notion of a retract. Recall that a subset A C X is called the
retract of X if there exists a retraction r: X — A, i.e. r(x) = z, for every x € A.
Observe that A is a retract of X if and only if the identity map id 4 over A possesses
a continuous extension onto X. It is also easy to see that if A is a retract of X
then A is a closed subset of X. Similarly, we shall say that A is a neighbourhood
retract of X if there exists an open subset U C X such that A C U and A is
a retract of U.

Below we collect some simple but important properties of ES and NES-spaces.
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(1.2) PROPERTIES.

(1.2.1) If X is homeomorphic to Z and X € ES (X € NES), then Z € ES
(Z € NES);

(1.2.2) If X € ES (X € NES) and A is a retract of X, then A € ES (A € NES);

(1.2.3) If X e NES and V is an open subset of X, then V € NES;

(1.24) If Xy,...,X, € ES (Xi,...,X, € NES), then the Cartesian product
X=X x--x Xy of X1,..., Xy is an ES-space (NES-space).

The proof of (1.2) is self-evident and therefore, is left to the reader. Note,
that property (1.2.4) for ES-spaces can be formulated for arbitrarily many (even
infinitely many) Xi,..., X} provided its Cartesian product is defined (we are
considering metric spaces only!).

In a normed space E we shall understand by the convex hull, conv(A), of
a subset A C E the set of all points y € E of the form:

n
Y= Z tiag,
i=1

where a; are in A, and the coefficients ¢; are greater or equal to zero (t; > 0) and
their sum is equal to 1,7 =1,...,n. It is easy to see that conv(A) is equal to the
intersection of all the convex subsets of E which contain A.

It is well known that the theorem of Tietze asserts that each real continuous
function defined on a closed subset of a metric space X can be extended onto X.
The generalization of this theorem proved by J. Dugundji (cf. [DG-M]) shows that
for the range space we can take any normed space (in fact, even locally convex
space) as well. More precisely, we have the following:

(1.3) THEOREM (Dugundji Extension Theorem). If E is a normed space, then
E € ES. Moreover, for every closed subset B of a metric space Y and for every
map f: B — E there exists a continuous extension f:Y — E such that:

(1.3.1) f(Y) C conv(f(B)).

PROOF. Let d:Y xY — Ry =[0,400) be a metric for Y. Cover Y \ B by the

balls )
{B (x, 3 dist(z, B)>

dist(A, B) = inf{d(z,y) | € A and y € B},
B(w,r) ={y e Y | d(z,y) <r}.

xeY\B},

where
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By using the theorem of Stone, this cover has a locally finite refinement {V) |
A € A}. For each V) choose a B(vy, (1/2)dist(vy, B)) D V, then choose by € B
such that d(vy, b)) < 2dist(vy, B). Then we have

dist(vx, B) < d(vx, v) + dist(v, B) < % dist(vy, B) + dist(v, B),
so we get:
i) dist(vy, B) < 2 dist (v, B), for cach v € V.
Moreover, we have:
d(b,by) < d(b,v) + d(v,vx) + d(vx, by)
d(b,v) + % dist (vx, B) + 2 dist (v, B)
d(b,v) + dist (v, B) + 4 dist (v, B).

IN

IN

Therefore we obtain:
(i) d(b,by) < 6d(b,v) forevery b€ B and v € V.

Now, we consider a partition of unity (}) {skx}rea subordinated to the cover
{Va}rea and using points by we are able to define the extension: f:Y — E

by letting: W) ’ 5
B ify € B,
fly) = > k) f(by) ifyeY\B.
AEA

The function f is evidently continuous in every point y € Y \ B, so only its
continuity at the points of B needs to be proved. Let b € B, and we let f(b) € W
be an open set. Since F is normed and f is continuous on B, there is a convex C and
§ > 0 such that f(BNB(b,8)) C C C W. We are going to show that f(B(b,5/6)) C
C C W which will prove the continuity of f at b € B. Let y be any point of
B(b,§/6)\ B; it belongs to only finitely many sets Vy,, ..., Vy, . Then d(y,b) < /6
so, since y € V), we have d(b, by,) < ¢ by (ii). Therefore all the by, € BN B(a,d),
consequently all f(by,) € C and because f(y) = Sk (y) - f(by,) is a convex
combination of points in C, we conclude that f(y) € C. Thus f(B(a,§/6)) C W
and f is continuous at b. The fact that f(X) C conv(f(B)) is evident, the proof
is complete. O

As an immediate consequence of the above theorem we get:

(1) For example we can take:

dist (y, Y \ Vi)
K = , €Y.
M) EueA dist (y, Y\ Vi) Y
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(1.4) CorROLLARY. Let C be a conver subset of a normed space E. Then C €
ES.

For the proof of (1.4) we use (1.3.1).
From (1.2) and (1.4) it follows that the class of ES-spaces is quite large. Now,
we obtain the following corollary from (1.3).

(1.5) COROLLARY. Let S" = {z € R"*! | ||z|| = 1} be the unit sphere in R" 1.
Then S™ € NES.

PROOF. Let B be an arbitrary closed subset of a space Y and let f: B — S™
be a continuous mapping. Denote by i: S — R"*! i(z) = x, the inclusion map.
We let:

fiB—=R" f=iof.

Since R™*! € ES, there exists an extension fi1:Y — R™*! of f onto Y. We define:

U= fi {(R™\ {0}).

Then U is an open subset of Y containing B. Finally, we define a map f U —
Sn+L by putting
7 fi(y)

= 2 \I/ for .
I =1 orvev

Then fis a continuous extension of f: B — S™ over U and the proof is completed.[]

Now, we are going to express extension spaces (neighbourhood extension spaces)
in terms of absolute retracts (absolute neighbourhood retracts).
Before we do it we shall prove an important embedding theorem.

(1.6) THEOREM (Arens—Eells Embedding Theorem). Let X be a space. Then
there exists a normed space E and an isometry ©: X — E on X into E such that
O(X) is a closed subset of E.

PROOF. Denote by d the metric in X. Let ¥ be the set of all finite subsets
of X. Taking ¥ with the discrete topology, let C(X) be the Banach space of all
bounded (of course continuous) real-valued functions on ¥ equipped with the sup
norm. We first embed X isometrically into C(X).

Choose a point p € X and for xz € X let f,.:3 — R be the function

f2(§) = dist(z, §) — dist(p, §).

Then f, € C(X) because |f;(&)| = |dist(z, &) — dist(p, &)| < d(z,p) shows it is
bounded.
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The map 0: X — C(X) given by ©(x) = f, is an isometric embedding because
1fo = f2ll = sup | dist(z, §) — dist(z, )| < d(x, 2)

and the sup is attained at £ = {z} € X.
Thus ||O(z) — O(2)]| = d(z, z) and O is isometry. Now, we observe:
(1) fp(§) =0 for every £ € X,
(ii) for each z € X, we have f,(£) = 0 whenever £ D {z, p}.
In particular ©(X) contains the origin of C(X).

Let E be the linear span of ©(X) in C(X); clearly E is a normed space which
need not to be closed in C(X); but ©(Y) C E and we shall now show that O(Y")
is closed in FE.

Let g € E\O(X). Then g =Y.' | a; fs, for suitable real a; and z; € X for i =
1,...,n. Toshow that ©(X) is closed in F, it is sufficient to get B(g, §)NO(X) =0
for some 6 > 0. Let 6 > 0 be smaller than

(1,1 L
mm{§|9|,§lg—fx1|,--- ,glg—fwnl}

and assume ||g — f.|| < J for some f, € O(X).
Then for this f, we would have ||f; — fz,|| > ¢ and || fz|| = |fa — foll = 6;
therefore, because © is an isometry, d(x,z;) > ¢ and d(x,p) > §. But ||g — fa| >

lg(&) — f2(&)| for every & € ¥. In particular for & = {z1,...,zn,p} we have
9(€) = 0 by (ii). So

lg = fall = [f2(O)] = dist(z; {21, .., 20, p})

contradicting the assumption that ||g — fz|| < . Thus B(g,)NO(X) = @ and the
proof is complete. U

Now, following K. Borsuk ([Bo-M]) we introduce the notion of absolute retracts
(AR-spaces) and the notion of absolute neighbourhood retracts (ANR~spaces).

It is useful to use the notion of an r-map. A mapping r: Z — T is called an
r-map provided there exists a map s:T — Z such that ros = idyp, i.e. (ros)(t) =t
for every t € T.

We shall also use the notion of an embedding. Namely, by an embedding of
a space X into Y we shall understand any homeomorphism A: X — Y from X
to Y such that h(X) is a closed subset of Y.

Now, we are able to formulate the following:

(1.7) DEFINITION. We shall say that X € AR (X € ANR) if and only if for
any space Y and for any embedding h: X — Y the set h(X) is a retract of Y (h(X)
a neighbourhood retract of V).

In view of (1.6), we obtain:
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1.8) PROPOSITION.

(
(1.8 X € AR if and only if X is an r-image of some normed space E;
(1.8 X € ANR if and only if X is an r-image of some open subset U of

~— —

1
2
a normed space E.

PROOF. For the proof of (1.8.1) it is sufficient to show that, if there exists
an r-map r: £ — X from a normed space onto X, then X € AR. Let Y be an
arbitrary space and h: X — Y be an embedding. We have to prove that h(X) is
aretract of Y. Let us denote h(X) by B. So B is a closed subset of Y. We define
f:+h(X) — E by putting:

f=soh ! whereros=idx.

Since £ € ES we have the extension f:Y — FE of f onto Y. Then the map
0Y — h(X) given by p =ro f is the needed retraction and the proof of (1.8.1)
is complete. The proof of (1.8.2) is strictly analogous and therefore we leave it to
the reader. O

Now, we shall prove the main result of this section.

(1.9) THEOREM.

(1.9.1) X € ES & X € AR,
(1.9.2) X € NES < X € ANR.

PROOF. Since the proof of (1.9.2) is analogous to the proof of (1.9.1), we will
restrict our considerations to the proof of (1.9.1) only.

First, assume that X € ES. To prove that X € AR let h: X — Y be an
embedding. We let B = h(X). Then B is a closed subset of Y. We consider
the map f: B — X defined by f = h~!. Since X € ES there exists an extension
f1Y — X of f onto Y. Then the map Y — h(X) defined as: r = hof is
a retraction from Y onto h(X) what proves that X € AR.

Now, assume that X € AR. We would like to prove that X € ES. Let B be
a closed subset of Y and let f: B — X be a mapping. For the proof it is sufficient
to define the extension f B — X of fontoY.

Since X € AR, in view of (1.8.1) there exists a normed space F and an r-map
r: E — X (i.e. there exists s: X — FE such that ros =idx). We define f1: B — F
by the formula: f; =so f

Since E € ES we obtain an extension ]71: Y — FE of f; onto Y. Then the map
]7: Y — X given by f: ro f1 is an extension of f onto Y and the proof of (1.8.1)
is complete. O
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We suggest the reader prove (1.8.2).

In view of (1.9) we see that all properties of ES and NES spaces remain valid
for AR and ANR spaces respectively. In particular, r-image of AR-space (ANR-
space) is AR space (ANR-space) again.

The following theorem gives a relation between the AR and ANR properties of
two sets, of their union and of their common part.

(1.10) THEOREM. Suppose that the space X is the union of two closed subsets
X1 and X2 and let XO = X1 N X2. Then:

(1.10.1) If X0, X1, X2 € AR, then X € AR,
(1.10.2) If Xo, X1, Xo € ANR, then X € ANR,
(1.10.3) If X, Xo € AR, then X1, X» € AR,
(1.10.4) If X, Xo € ANR, then X1, X» € ANR.

PROOF. In order to prove (1.10.1) it is sufficient to show that if X is a closed
subset of a space Z and Xy, X1, Xs € AR, then X is a retract of Z. Let us set

Zy ={z € Z | dist(z, X1) = dist(z, X2)},
7y ={z € Z | dist(z, X1) < dist(z, X2)},
Zy ={z € Z | dist(z, X1) > dist(z, X2)}.

It is evident that Z = ZyUZ1UZs, the set X C Zj is closed in Zy and X;NZy = Xo
for i = 1, 2. Hence there exists a retraction rq: Zg — Xg. Moreover, the set X; U Zy
is closed in Z;UZy for i = 1, 2 and we infer from (1.9) that the map r;: X;UZy — X,
i =1,2, given by the formula:

ri(z) =

z for every z € X,
ro(z) for every z € Zy,

has a continuous extension f;: Z; U Zy — X; over Z; U Zy. It is sufficient to set
r(z) = fi(z) for z € Z; U Zy, i = 1,2, to obtain a retraction r: Z — X.

Passing to (1.10.2), we need to show that if X is a closed subset of space Z and
if Xg, X1, Xo € ANR, then there exists in Z an open neighbourhood U of the set
X such that X is a retract of U. Consider the sets Z, Z1, Z> defined in the proof
of (1.10.1). Then X is a closed subset of Zy and hence there is a neighbourhood
Wp of Xy in Zy and a retraction rg: Wy — Xj. Setting

ro(z) for every z € Wy,
ri(2) =

z for every z € X,

we obtain a retraction r; of the set X; U Wy (which is closed in Z; U Zp) onto the
set X;, i =1,2. Since X; € ANR, we infer by (1.9) that there exists a continuous



8 CHAPTER I. BACKGROUND IN TOPOLOGY

extension r; of r; onto a neighbourhood V; of X; UWj in Zy U Z; with r; having
values in Xj;.

It is clear that V; contains a closed neighbourhood U; of X; in the space ZyU Z;
such that U; N Zy C Wy. Then the formula:

r(z) =ri(z) forzeU;, i=1,2

defines a retraction r of the set U = U; U Us, which is an open neighbourhood
of X in Z, onto the set X. Thus the proof of (1.10.2) is complete.

In order to prove (1.10.3) let us observe that the condition X, € AR implies
that there exists a retraction r;: X; — Xo, 1 = 1,2. If we set

T for z € X7,
r(z) =
ro(z) for z € X,

then we obtain a retraction 7: X — X;. Since X € AR we have from (1.9) and
(1.2.2) that X; € AR. Similar reasoning shows that X, € AR.

In order to prove (1.10.4) let us observe that X, € ANR implies that there
exists an open neighbourhood Uy of Xy in X such that, for ¢ = 1,2 there exists
a retraction r;: X; N Uy — Xg. Setting

r(z) =

T for z € Xq,
7“2(.13) forz € XonN Uo,

we obtain a retraction r: Uy U X7 — X;. Since Uy U X; is an open neighbourhood
of X7 in X, and X € ANR it follows by (1.9) and (1.2.1) that X; € ANR. A similar
argument shows that X5 € ANR and the proof of theorem (1.10) is complete. [

Let us remark that an important application of (1.10) is to show that every
polyhedron is an absolute neighbourhood retract.

First, we are going to recall the notion of a polyhedron.

A Hilbert space Iy consists of all (real) sequences © = {x} for which the series
> one, @7 converges. Then zy is called the k-th coordinate of z = {zy}. The
space ly becomes a metric space, if we define the distance d(x,y) between points
x ={xr}, y = {yx} of Iz by the formula

d(.]?,y) =

The subset of I consisting of all points = {z} with 0 < z, < 1/k, for k =
1,2,... is denoted by K“ and is called the Hilbert cube. Let us recall that K% is
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a compact subset of [5. Of course l; possess also the linear structure over the field
of real numbers R. Namely, if © = {1}, y = {yx} € l2 and ¢, s € R then we have:

t-x+s-y={ter + sy}

moreover, [y is a Banach space with the norm defined as follows:

o0
|zl = | > a3, forz={x)} €ly.
k=1

Since {z} € K* and {yx} € K* implies that {txy + (1 — t)yx} € K, i.e. the
Hilbert cube K“ is a convex subset of Iy too.
Euclidean n-dimensional space R™ consists of all points {z} of Iy such that
z, = 0, for each k > n. It follows, in particular, that R™ C R™ for every n < m.
A system ' = {z}}, i =0,...,m of points of I5 is said to be affine independent
provided that the linear combination

tox® + tizt + ...+ tma™ where to4 ...+ tm =1

is equal to 0 only if all coefficients #; vanish. Then the set o™ = (2°,..., 2™)
consisting of all points x of l; of the form

z =502+ ...+ Sma™, wheres; >0and s+ ...+ 5, =1

is called an m-dimensional geometric simplex.
In what follows we shall denote by A™ the m-dimensional standard simplex,

we let:

where € = (0,0,0...),e* = (1,0,...),...,e™=(0,...,0, 1 ,0...).

We leave to the reader to prove that:
A™ = conv({e,...,e™}).

In view of the Dugundji extension theorem, we see that A™ € AR, m =0,1,...
A subset A C Iy is a geometric polyhedron if it is the union of a finite number of
geometric simplexes. A metric space X is called a polyhedron if there exists a
geometric polyhedron A such that X is homeomorphic to A. We have:
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(1.11) COROLLARY.

(1.11.1) K“ € AR,
(1.11.2) If X is a polyhedron, then X € ANR.

PROOF. Observe that (1.11.1) follows from the fact that K“ is a convex set
(cf. (1.4) and (1.9)). For the proof of (1.11.2) assume that X is homeomorphic
to A C g, where A is a geometric polyhedron. In view of (1.9) and (1.2.1) it is
sufficient to show that A € ANR.

We can assume that A = J{oy, : = 1,...,1}, where o; are geometric simplexes.

If I =1 or I = 2 then our corollary follows immediately from (1.10) because
o; € AR. So by using (1.10) we can prove (1.11.2) by induction. O

It is well known that every compact metric space can be embedded into K*.
The above result was proved by Urysohn (see [DG1-M]). We shall end this section
by stating the characterisation of compact AR and ANR-spaces.

Namely, if we take Urysohn Theorem in the place of the Arens—FEells Embedding
Theorem then analogously to the proof of (1.8) we can prove the following.

(1.12) THEOREM. Compact AR-spaces are precisely the r-images of the Hilbert
cube K¥. Compact ANR-spaces coincide with r-images of open subsets of the
Hilbert cube K“.

We shall also make use of the following. Let E be a normed space and K,U C E
be such that K is compact, U is open in E and K C U.

(1.13) PROPOSITION ([Gi]). There exists a compact ANR-space A such that
KCcAcCU

Note that for E to be a Banach space Proposition (1.13) one can get directly
from (1.10) and Mazur’s convexification theorem saying that the closed convex
ball of a compact set in a Banach space is compact, too. In the general case when
E is an arbitrary normed space the proof was given by J. Girolo ([Gi]). Note that
a version of (1.13) we shall prove in Section 3 (cf. Lemma (3.5)).

2. Homotopical properties of spaces

The notion of homotopy plays an important role in geometric topology. In what
follows by [0, 1] we shall denote the closed unit interval in R.

(2.1) DEFINITION. Consider two maps f,g: X — Y. We shall say that f is
homotopic to g (written f ~ g), if there exists a mapping h: X x [0,1] — Y such
that:

h(z,0) = f(z) and h(z,1)=g(xz) forevery z € X.
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In what follows the mapping & is called the homotopy joining f and g.

The notion of homotopy can be reinterpreted in terms of the extension property.
Namely, let us consider a closed subset (X x {0}) U (X x {1}) of X x [0,1] and
amap f: X x {0} UX x {1} — Y defined as follows:

_ B f(z) fort=0,
flo.t) = { g(x) fort=1.

One can say that f ~ ¢ if and only if f possesses an extension fover X x [0,1].
Then, of course, f is a homotopy joining f and g. From (1.10) we infer:

(2.2) PROPOSITION. If Y € AR, then any two mappings f,g: X — Y are
homotopic.

For given X and Y we shall denote by C(X,Y) the set of all (continuous)
mappings from X to Y. We have:

(2.3) PROPOSITION. The relation “~” is an equivalence relation in C(X,Y).

PROOF. In order to prove that for every f: X — Y we have f ~ f, it is sufficient
to consider the homotopy h: X x [0,1] — Y defined by the formula:

h(z,t) = f(x) for every z € X and ¢ € [0, 1].

Assume that f ~ g. We want to prove that g ~ f. Let h be a homotopy joining
f and g, then the map h: X x [0,1] — Y given by:

h(z,t) = h(xz,1—1t) for every z € X and ¢ € [0,1]

is a homotopy joining ¢g and f.

Finally, assume that f ~ g and g ~ g;. We have to prove that f ~ g;.

In order to do that assume that h; is a homotopy joining f and g and hs is
a homotopy joining g and ¢g;. We let h: X x [0,1] — Y by putting:

W) hi(z,2t) forx € X and 0 <t <1/2,
xz,t) =
ho(z,2t —1) forze X and 1/2 <t < 1.
It is easy to see that h is a homotopy joining f with ¢g; and the proof of Proposi-
tion (2.3) is completed. O
We define:

[X,Y] = C(X,Y)|..

Then [X, Y] is called the set of all homotopy classes under the homotopical equiv-

alence.
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(2.4) CorOLLARY. IfY € AR, then [X,Y] is a singleton.
Corollary (2.4) immediately follows from (2.2).

(2.5) DEFINITION. Two spaces X and Y are said to be homotopically equivalent
(written X ~ Y') provided. There are two maps f: X — Y and ¢:Y — X such
that:

(2.5.1) go f ~idy,
(2.5.2) fog ~idy.
Of course, if two spaces X and Y are homeomorphic then they are homotopically
equivalent.
The following notion is especially important in our considerations.

(2.6) DEFINITION. A space X is called contractible provided it is equivalent to
the one-point space {p}, i.e. X ~ {p}.

One can easily see that the space X is contractible if and only if there exists
a point zg € X such that:
idX ~dg,

where ¢: X — X is defined by g(z) = x¢ for every z € X. Moreover, the above

consideration does not depend on the choice of the point xy € X because every

two one-point spaces are homeomorphic and hence homotopically equivalent.
From this we deduce:

(2.7) PrROPOSITION. If X € AR, then X is a contractible space.

Note, that the converse to (2.7) is not true. Namely, consider so called the comb
space C' C R?, i.e.

111
C:{(.I‘,y)ER2 <x=0,§,§,z,...,and0§y§1>

or (x €[0,1] and y = 0)}

Evidently, C is a contractible space but idc can not be extended over R?, so C' is
not an AR-space, the respective homotopy can defined as follows:

(z,(1—t)y) fory#0,

h((x,y)?t) = { ((1 —_ t)x,O) for y= 0.

As we already know ANR-spaces need not be contractible (compare S™ or a non
contractible polyhedron). We are going to explain what type of contractibility
possess ANR-spaces.
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A space X is said to be locally contractible at a point xg € X provided for each
e > 0, there exists § > 0 (0 < €) and a homotopy h: [0,1] x B(xg,d) — B(xg,¢)
such that:

h(z,0)=xz¢9 and h(z,1)==z, forevery z € B(xg,J);

in other words the ball B(zo, d) is contractible in B(xg, €).

It is evident that the local contractibility at a point zy implies local arcwise
connectivity at this point. A space X is said to be locally contractible if it is
locally contractible at each of its points. For the sake of brevity we shall write
X € LC if X is a locally contractible space. We see that every open subset of
a locally contractible space is itself locally contractible.

Now, let us observe that open subsets of normed spaces are locally contractible
because the open balls are convex. On the other hand it is easy to see that every
r-image of a locally contractible space is locally contractible. Summing up the
above we obtain:

(2.8) PropoSITION. If X € ANR, then X € LC.

Observe that the comb space C' C R? is not locally contractible, so C' € ANR.
The example of an LC-space which is not an ANR-space is not trivial. We recom-
mend Chapter V, Sections 10 and 11 in [Bo-M] for details.

In the case of compact metric spaces it is useful to consider uniformly locally
contractible spaces (ULC-spaces). Namely, a compact metric space (A, d) is said
to be a ULC-space provided for every € > 0 there is § > 0 and a map

9:[0,1] x {(a,b) € Ax A|d(a,b) < 6} — A

such that
9(0,a,b) =a, g(1,a,0)=b, g(t,a,a)=a
and
diam{g(a,b,t) |t € [0,1]} < ¢,
where

diam{g(a,b,t) | t € [0,1]}
=sup{d(c,d) | c = g(a,b,t1), d = g(a,b,t2), t1,t2 € [0,1]}.

A compact space (A,d) is called k-ULC, k > 1, provided for every ¢ > 0 there
exists § > 0 such that any map g: S* — A, with diam(f(S*)) < 4, is homotopic to
a constant map by a homotopy h: S* x [0, 1] — A such that diam(h(S* x[0,1])) < e.

Of course every ULC-space is a LC-space. In view of (2.8) and compactness of
A we conclude:
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(2.9) PROPOSITION. If A is a compact ANR-space, then A is a ULC-space.

PRrROOF. In view of (1.12) we can assume that A is a neighbourhood retract
of the Hilbert cube K“. Let U be an open subset of K“ containing A and let
r:U — A be a retraction. Let 7 > 0 denote the distance from A to K“ \ V, where
V is an open neighbourhood of A in K such that the closure V of V in K* is
contained in U and

n=dist(4, K\ V) =inf{||lr —y|| |z € Aand y € K¥\ V}.

By uniform continuity of » on V' there exists § > 0, § < 7, such that y,z € V and
|z — yll < ¢ then ||r(y) — r(2)| <e. For z,2’ € A with || — 2'|| < § define:

g(z, 2’ t) =r((1 —t)z + ta')

and the Proposition (2.9) is proved. O
In fact, it is possible to show the following result:

(2.10) THEOREM. FEvery compact ANR-space A is homotopically equivalent to
some polyhedron.

Theorem (2.10) was proved by West (see [Bo-M]). The proof is quite difficult
and we are not able to present it here.

It is known that every compact metric space can be represented as an intersec-
tion of a decreasing sequence of compact ANRs. Below we shall characterize the
compact metric spaces which can be written as the intersection of a decreasing
sequence of compact ARs.

(2.11) DEFINITION. A compact nonempty space is called an Rs set provided
there exists a decreasing sequence {A,} of compact absolute retracts such that:

A= ﬂ A,
n>1

Note that any intersection of a decreasing sequence of Rgs-sets is Rs. Observe
that A is not AR-space and even ANR-space in general. More, A need not be
contractible in general.

(2.12) ExAMPLE. We shall construct an Rs-space which is not contractible.
Let f: (0, (1/7)] — R be a function defined as follows:

1
f(z) =sin—.

Let B = {(z,y) € R* | y = f(x), z € (0,(1/m)}, C = {(z,y) € R* | = =
0Oand —1<y<1},and A= BUC. We have:
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Of course A is not contractible space (in fact it is not locally contractible!).

We let: .
A, = [0,—] x [—1,1]U By,
nmw

where

then A = ,~; An. The fact that A, is an AR-space for every n follows, for

example, from (1.10.1).

Let A be a compact subset of X. We will say that A is co-prozimally connected

subset of X if for every € > 0 there exists € > ¢ > 0 such that forevery n =0, 1, ...
and for every map g: A" — Os(A) there is a map g: A" ™! — O.(A) such that
g(z) = g(z) for every x € A" where DA™ ! stands for the boundary of A™+!

and O.(A) = {y € X | dist(y, A) < €} is an e-hull of A in X.
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It is easy to see that we can replace in the above definition A"*! by the unit
ball K"*! in R**! and OA™H! by the unit sphere S™.

First we shall formulate the following characterization theorem proved by D. M.
Hyman in 1969 (see [Hy]).

(2.13) THEOREM. Let X € ANR and A C X be a compact nonempty subset.
Then the following statements are equivalent:

(2.13.1) A is an Rs-set,

(2.13.2) A is an intersection of a decreasing sequence { A, } of compact contractible
spaces,

(2.13.3) A is co-prozimally connected,

(2.13.4) for everye>0 the set A is contractible in O (A)={z € X | dist(z, A) <e}.

First observe that as an immediate consequence of (2.13.2) we obtain.

(2.14) COROLLARY. An intersection of a decreasing sequence of Rs-sets is
again an Rs-set.

We shall make use from the following:

(2.15) PROPOSITION (cf. [BrGu]). Let {A,} be a sequence of compact ARs
contained in X, and let A be a subset of X such that the following conditions hold:

(2.15.1) A C A, for every n;
(2.15.2) A is the set-theoretic limit of the sequence {An};
(2.15.3) for each open neighbourhood U of A in X there is a subsequence {A,,}
of {An} such that A,, C U for every n;.

Then A is an Rs.

Finally, we shall come back to the Proposition (2.9). Namely, we would like
to point out properties of mappings into compact ANR-spaces which are very
important in the theory of fixed points.

Let f,9:Y — X be two mappings and let d be a metric in X. We shall say that
f and g are e-close (written f ~. ¢q) provided for every y € Ywe have:

d(f(y),9(y)) <e.

We shall prove the following

(2.16) THEOREM. Let X be a compact ANR-space. Then there exists og > 0
such that for every 0 < o < o9 and for every two mappings f,q:Y — X, if f ~5 g,
then f ~ g (f is homotopic to g).

PROOF. In fact, it is sufficient to put in (2.9) ¢ = 1 and then the obtained og
(for ¢ = 1) is a needed number. It is convenient to consider also the non-compact
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case. Of course the notion of contractability has a sense for arbitrary space X not
necessary compact (see Definition (2.6)). The same is true in the case of locally
contractible sets. O

Because an intersection of an decreasing sequence of non-compact sets can be
empty, we see that this is no longer true for Rjs sets. Below we shall formulate
a non-compact version of co-proximally connected sets.

(2.17) DEFINITION. Let X be a space and K C X be a closed (not necessary
compact) subset of X. The set K is co-proximally connected in X (written K €
PCS) provided for every open neighbourhood U of K in X there exists an open
neighbourhood V' C U of K in X such that for every n = 0,1,... and for every
map g: A" — V there exists a mapping §g: A"T! — U such that g(z) = g(z)
for every x € 0A.

Since for any open neighbourhood W of compact K C X there is e > 0 such that
O.(K) C W, we see that Definition (2.17) is equivalent with formulated above.
Therefore we shall use the notation K € mPCS if U and V' will be replaced by
O(K) and O5(K).

Of course, we have:

(2.18) If K is compact, then K € mPC¢ if and only if K € PCS.
Generally, PC¥ ¢ mPCS and mPCS ¢ PCS.

(2.19) ExamPLE. Consider the set K C R? defined as follows:
K={(z,9)eR?|y=0andz > 1} U{(z,9) €eR?* |z =1and 0 <y < 1}

1
U{(x,y)e]R2 leandy:—}.
x

Then the set K is homeomorphic to R, hence K C PCg5. Moreover, K ¢ mPCg;
since for every ¢ > 0 the set O.(K) is homotopically equivalent to S*.

(2.20) ExaMPLE. Consider K C R? defined as follows:

K:{(x,y)e]R2|x=0andy21}U{(w,y)eR2

1
x>0andy:;}.

Then for every € > 0 the set O.(K) is contractible and hence K € mPCgs. Since
there is an open neighbourhood U of K in R? such that U = U;UUy and U1NU, = 0
we conclude that K ¢ PCg;.

Observe that Theorem (2.13) is not true for non-compact K, but still we are
able to prove the following:
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(2.21) THEOREM. Let K be a closed contractible subset of X and X € ANR.
Then X € PC%.

Theorem (2.21) is a consequence of the following homotopy extension property.

(2.22) PrOPERTY (Homotopy Extension Property). Let Y € ANR, X be an
arbitrary space and K C X be a closed subset. Assume that f,g: X — Y are such
that there is a homotopy h: K x [0,1] — Y with h(z,0) = f(x), h(z,1) = g(x)
for every x € K. Then there exists a homotopy H: X x [0,1] — Y such that
H(z,0) = f(z), forx € X and H(z,t) = h(x,t), forx € K and t € [0,1].

PROOF. Let Z =X x {0} UK x[0,1] and Z' = X x [0, 1]. First we claim that
for any open neighbourhood V of Z in Z’ there is a map n: Z' — V such that
n(z) = z for every z € Z.

To prove our claim let us assign to every z € K the segment L, = {z} x [0, 1].
Since L, is compact and V' is an open neighbourhood of Z, then there exists an
open neighbourhood U, of X in K such that U, x [0,1] C V. Then the set

U= U U,
reK

is an open neighbourhood of K in X and hence U x [0,1] is open in Z’. Now
we consider the Urysohn function a: X — [0, 1] which takes the value 0 on X \ U
and 1 on K. If we set

n(z,t) = (z,a(x)t) for (z,t) € 2’

then we obtain the desired map.
Now, consider the map f: Z — Y defined by the conditions:

f(2,0)= f(z) forxe X and f(x,t)=~h(z,t) forzec K andtec]0,1].

Since Y € ANR and Z is closed in Z’, there exists a continuous extension f of
f to a neighbourhood V of Z in Z’' which has values in Y. Finally we define
H:Z' =X x[0,1] = Y by putting

H(x,t) = f(n(z,t)) for (z,1) € X x [0,1]
and we obtain the required homotopy. O

In what follows we shall need the following special version of (2.10).

(2.23) PrOPOSITION ([Brl-M]). Let X be a compact ANR and € > 0. Then
there exists a compact polyhedron P. and two maps ro: P, — X, sc: X — P.
and a homotopy h.: X x [0,1] — X such that he(x,0) = r.(se(z)), he(z,1) = x
and diam(h({z} x [0,1]) < € for every x € X. In such a case we say that P:
e-dominates X.
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3. Approximative and proximative retracts

First we generalize the notion of compact ANRs onto the case of compact ap-
proximate ANRs (written AANR). It is important to remember that for AANRs
the global fixed point theorems, like Schauder or more generally the Lefschetz fixed
point theorem still hold true. Since AANRs are not locally contractible the fixed
point index for maps of AANRs is not possible.

Let A be a subset of X and let d be a metric in X. A mapping r.: X — A is
said to be an e-retraction, £ > 0, if for every x € A we have d(z,r.(z)) < e.

Note that the retraction r: X — A is an e-retraction for every ¢ > 0.

A subset A C X is called an approximative retract of X provided for every £ > 0
there exists an e-retraction r.: X — A; A is called an approzimative neighbourhood
retract of X provided there exists an open neighbourhood U of A in X such that
A is an approximative retract of U.

(3.1) DEFINITION. A compact space X is called an absolute approximative
retract (written X € AAR) provided that for every embedding h: X — Y the
set h(X) is approximative retract of Y; X is called an absolute approximative
neighbourhood retract (written X € AANR) provided that for every embedding
h: X — Y the set h(X) is approximative neighbourhood retract of Y.

(3.2) PROPOSITION. For compact spaces we have:

(3.2.1) AR C AAR,
(3.2.2) ANR C AANR.

We prove the following:

(3.4) THEOREM. Assume that X € AANR. Then there exists a compact ANR-
space Y such that X is homeomorphic to an approzimative retract of Y .

For the proof of (3.4) we need the following lemma:

(3.5) LEMMA. Let A be a compact subset of the Hilbert cube K“ and let U be
an open neighbourhood of A in K“. Then there exists a compact ANR-space K
such that:

ACKCUCK"”.

PROOF. First observe that because K“ is a convex subset of the space Iy so
every open ball in K% is convex. We cover A by a finite number of open balls
B(z1,71), ..., B(zk, rg) in K“ such that

B(z1,m)U...UB(xg,ry) CU C K¥.



20 CHAPTER I. BACKGROUND IN TOPOLOGY

Since every ball B(z;, r;) is a compact convex set in AR-space, from theorem (1.10)
we deduce that the set K = B(z1,71)U...UB(x, k) is the needed compact ANR-
space and the proof of (3.5) is completed. O

PROOF OF THEOREM (3.4). Without loss of generality we can assume that
X C K. By definition we can find an open neighbourhood U of X in K*“ such
that X is an approximative retract of U. So by applying Lemma (3.5) we obtain
the needed compact ANR-space Y, and the proof is completed. O

(3.6) REMARK. By using the Mazur theorem, which says that the convex closed
hull of a compact subset of a Banach space is again compact, one can show very
easily, that Lemma (3.5) remains true for subsets of Banach spaces.

Instead of the notion of approximative retracts we shall need also the notion of
proximative retracts.

Let A be a closed subset of the euclidean space R™ and let U be an open
neighbourhood of A in R™. A mapping r: U — A is called a proximative retraction
(or metric projection) provided the following condition holds true:

(3.7) |lr(z) — z|| = dist(z, A) for every z € U.

Evidently every proximative retraction is a retraction map but not conversely.

(3.8) DEFINITION. A compact subset A C R™ is called a prozimative neighbour-
hood retract (written A € PANR) provided there exists an open neighbourhood U
of A in R™ and a proximative retraction r: U — A.

Of course we have:
(3.9) PROPOSITION. For compact spaces we have PANR C ANR.

Let us remark that any compact convex subset A C R™ is a PANR-space; then
as U we can take R™. Below we shall list important properties of PANR-spaces.

(3.10) PROPOSITION. Let A € PANR. Then there exists an € > 0 such that
O.(A) € PANR.

PROOF. Because A C R is a proximative absolute neighbourhood retract there
exists an open neighbourhood U of A in R™ and a proximative retraction r: U — A.
Since A is compact, there exists an € > 0 such that O3.(A) C U.

Now, for the proof we define a proximative retraction: s: Oz.(A) — O-(A) by
putting:
x if x € O-(A),

s(z) = x—r(z

r(z)+e if x € O2.(A) \ O (A).

iz —r@)]
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Observe that if z € 9( O.(A) ), then:

x —r(z)
L @) b (@) = 7,
[ = ()]
where 9( O.(A)) denotes the boundary of O.(A) in R™.

On the other hand, if z € O3.(A) \ O:(A), then we have:

r(zx)
o= s(@)l = |2 = r(e) - H o)l -<
[lz —r ()]l
= dist(z, A) — e < dist(z
So s is a continuous map and hence it is a proximative retraction. O

Now observe, that the definition of PANRs can be reformulated as follows:

(3.11) PrROPOSITION. A € PANR if and only if there exists an open neighbour-
hood of A in R™ such that the following condition is satisfied:

(3.11.1) for every y € U there exists exactly one point x = x(y) € A such that:

ly — || = dist(y, A).

(3.12) PROPOSITION. If A is a compact C?-manifold with or without the bound-
ary, then A € PANR.

If A is a compact C2-manifold without boundary then taking a tubular neigh-
bourhood of A in R™ we are able to obtain that A € PANR. If the boundary
OM of M is not empty the situation is more difficult because we have two tubular
neighbourhoods (for M and OM) but still we can obtain that A € PANR. For
details we recommend [BiGP].

Now, we shall show an example of a compact C'-manifold A such that A &
PANR.

(3.13) ExaMPLE. Consider the function f:[0,1] — R™ given by

B |z|~(1/2) . sin(1/z) for x # 0,
f()_{O for x = 0.

An elementary calculation shows that the function h: [0,1] — R given by

/ ft)dt forxz #£0,
0
0 for x =0,
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is differentiable on (0,1) and h/(x) = f(z) for every x € (0,1).

Finally, we set

Obviously, we have ¢’ (x) = f(z), for every x € (0,1).
We let
A=Ty={(z,9(x)) | z € [0,1]} CR®.

Then A is a C'-manifold but A € PANR. Indeed, let

r(@) = [lg" (@)I7 (1 + ¢ (x))*/?
be the radius of curvature of A at (x, g(x)). We have:

liminfr(xz) = 0.
z—0

Thus one can show that A ¢ PANR.

4. Hyperspaces of metric spaces

Let (X,d) be a metric space. Let B(X) and C(X) denote the family of all
nonempty closed bounded and nonempty compact, respectively, subsets of X.
Evidently, we have C'(X) C B(X). Given A, B € B(X) let:

(4.1) dp(A,B) =inf{e > 0] A C O.(B) and B C O-(A)}.
Observe that

(4.2) duy(A,B) = max{ sup dist(a, B), sup dist(A, b)}
a€A beB

Note that (4.2) can be rewritten as follows:
(4.2.1) du(A,B) =inf{e > 0] A C O.(B) and B C O-(A)}.

Formula (4.2.1) is more geometrical than (4.2).

(4.3) PROPOSITION. The function dg: B(X) x B(X) — Ry = [0,+00) is
a metric on B(X).

PROOF. It is clear that dy(A, B) >0 and dg(A, B) =0 if and only if A=B.
Furthermore, for every A, B € B(X) we have dy (A, B) = dy(B, A). Let A, B,C €
B(X) be fixed. For every z € A and y € B one has

dist(z, C) < d(x,y) + dist(y, C) < d(x,y) + du(B,C).
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Hence it follows that dist(xz, C) < dy(A, B)+du (B, C) for every x € A. Therefore

sup dist(z,C) < dy (A, B) + du (B, C).
T€EA

In a similar way we obtain

sup dist(z, A) < dgy(A, B) +du (B, C).

zeC
Consequently we obtain di(A4,C) < dy(A, B) + dg(B,C) and the proof is com-
pleted. O

The metric dy defined on B(X) is called the Hausdorff distance or Hausdorff
metric in B(X).
We have the following theorem:

(4.4) THEOREM. (B(X),dy) is a complete metric space whenever (X,d) is
complete.

PROOF. Let {A,} be a Cauchy sequence in B(X). We shall prove first that
the set A defined as follows:

oo oo
A=) cl( U Am>
n=1 m=n

is nonempty, bounded and lim,, A,, = A.

Let € > 0 and N be the set of all natural numbers. For each k € N there
exists ny, such that n,m > ny implies dg (An, Am) < 27%-e. Let {ny} be a strictly
increasing sequence of elements of N chosen for k = 0,1, ... Let z9 € A,,. Suppose
we have chosen zy, ...,z with properties z; € A,,, d(z;, x,41) < 27%, for i =
0,...,k—1. Then zj41 is chosen in A, ,, so as to satisfy d(zy, zp41) <27F &
Observe that such @y exists because dist(zy, An,,,) < dg(An,, Any,y) <2772
It is easy to see that {xy} is a Cauchy sequence in X. Then there exists x € X
such that

limzy = x.
k

We have, of course x € A and, furthermore, d(xg,z) < 2¢. Therefore, for every
ng > ng and xg € As,, there exists a point z € A such that d(x, z) < 2e. Hence

sup dist(z, A) < 2e, for ng > no.
TE€AR

Now, we will show that sup, ¢ 4 dist(z, A) — 0, as n — oo which together with the
above will prove that dg(A4,,A) — 0 as n — oco. Let m be such that m,n > n
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implies dy(An, Am) < e. Let # € A. Then x € cl(|Jo-_, A,,). Therefore there

m=n
exists ng > n and y € A,, such that d(z,y) < e. For each m > n we have

dist(z, Ay,) < dist(x, An,) + sup dist(y, A) < 2e.
YyEAnR,

Hence sup, ¢ 4 dist(y, A;n) < 2 and the proof is completed. O

Note that the topology in C'(X) derived from the Hausdorff distance dy is not
determined by the metric topology of (X, d). Two topologically equivalent metrics
d and d’ may lead to very different topologies on C'(X) by the Hausdorff distance
procedure. It follows from the example given below.

(4.5) EXAMPLE. Let X =Ry =0, +00), d(z,y) = |z/(1+2) —y/(1 +y)| and
d'(z,y) = min{1, |z — y|}. The metrics d and d' define the same topology on R
but the topologies of the Hausdorff distance on C'(R) are different, i.e. the set N
of natural numbers belongs to the closure of the set of all finite subsets of IV in
the first space but not in the second.

The example (4.5) shows us that C'(X) is not a closed subset of (B(X),dy) in
general. However the following result holds true.

(4.6) PROPOSITION. If (X,d) is a complete space, then C(X) is a closed subset
of the metric space (B(X),dm).

PROOF. Assume that {A,} C C(X) and lim, A, = A, where A € B(X).
We have to prove that A € C(X). Let {z,} be a sequence of points in A. Let
en = dp(An, A). Then lim, €, = 0. It implies that for every j there exists a point
ZTn; € Ay such that d(z;, 2, ;) < &,. We can assume, without loss of generality,
that lim; z,, ; = u, € As.

Now, we claim that {u,} is a Cauchy sequence, because d(Zm, Tsm) < €1+ €5
so we obtain d(uj, us) < g, 4 €5. Since (X, d) is a complete space we can assume
that lim,, u, = u.

Now, it suffices to prove that the sequence {z,} contains a subsequence {z,}
such that limz,; = u.

Assume to the contrary that there exists § > 0 such that d(z,,u) > 0 for ev-
ery n. But limy, u,, = u, so we have d(un,,u) < §/3 for sufficiently large m. Because
lim,,, &7, = w; there then exists n; as large as needed such that d(z; n,, u;) < 6/3.
Then we obtain d(z,,,u) < ¢ but this is a contradiction and the proof is com-
pleted. O

Now, we would like to point out that more appropriate than dy metric in C'(X)
is the metric d¢, called the (Borsuk) metric of continuity. We let:

(4.7) dc(A,B) =inf{e > 0| exists f: A — B and ¢g: B — A such that
d(z, f(x)) <eand d(y,g(y)) < e for every z € A and y € B},
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where A, B € C(X) and f, g stand for continuous functions. Evidently, we have:
dp(A,B) < dc(A,B) for every A, B € C(X).
For a given Banach space E we shall consider the family B(E) defined as follows:
(4.8) B(E)={A C E | Ais a bounded subset of E}.

Of course we have C(E) C B(E) C B(E).

Note that the Hausdorff distance dy can be extended onto B(E) but it is no
longer a metric. In fact, it is easy to see that dg (A4, cl A) = 0.

We shall define the measure of noncompactness on B(E). We shall say that
a subset A C F is relatively compact provided the set cl A is compact.

(4.9) DEFINITION. Let E be a Banach space and B(E) the family of all bounded
subsets of E. Then the function: a: B(E) — R, defined by:

a(A) = inf{e > 0 | A admits a finite cover by sets of diameter < e}

is called the (Kuratowski) measure of noncompactness, the a-MNC for short.
Another function §: B(E) — R4 defined by:

B(A) = 1inf{r > 0| A can be covered by finitely many balls of radius r}

is called the (Hausdorff) measure of noncompactness.

Definition (4.9) is very useful since a and /8 have interesting properties, some
of which are listed in the following

(4.10) PROPOSITION. Let E be a Banach space with dim E = 400 and v: B(E)
— R4 be either a or 8. Then:

(4.10.1) ~(A) =0 if and only if A is relatively compact,

(4.10.2) ~v(AA) = |\|y(A) and (A1 + Az) < (A1) + v(Az), for every A € R and
A, Ay, Az € B(E),

Ay C Ag implies (A1) < v(A4sz),

V(A1 U Az) = max{7(41),7(A2)},

Y(4) = ~(conv(4)),

the function v: B(E) — Ry is continuous (with respect to the metric dy
on B(E)).

4.10.3
4.104
4.10.5

(
(
(
(4.10.6

)
)
)
)

PROOF. You will have no difficulty in checking (4.10.1)—(4.10.4) and (4.10.6)
by means of Definition (4.9).
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Concerning (4.10.5), we only have to show that y(conv(A)) < v(A), since A C
conv(A) and therefore v(A) < y(conv(A)). Let u > y(A) and A C -, M; with
0(M;) < pif vy = @ and M; = B(z;,pn) if v = 8. Since (conv(p;)) < p and
B(z;, 1) are convex, we may assume that the M; are convex. Since

conv(A) C conv [Ml U conv ( CJ Mz>]

=2

m
C conv {Ml U conv |:M2 U conv <U Mz>” C...,
i=3

it suffices to show that
~(conv(Cy U C2)) < max{y(Ci),7(C2)} for convex Cy and Cs.

Now, we have

conv(Cq U Cq) C U [AC1 + (1 —N)Cy],

0<A<L1

and since Cy; — Cy is bounded there exists an r > 0 such that ||z| < r for all
JIE(CH-—CE).
Finally, given € > 0, we find Ay, ..., A, such that

p

€ €
1 i— At
]CLl()\ A +7~>

and therefore

p
conv(Cy U Cy) C UA01+ (1= X;)Ca + el B(0, £)].

Hence, (4.10.2)—(4.10.4) and the obvious estimate ~(cl B(0,¢)) < 2¢ imply
~(conv(Cy U Cq)) < max{y(Cy),v(C2)} + 2¢,

for every € > 0. Consequently the proof is completed. O
Now, let us state the following obvious observation.
(4.11) REMARK. For every A € B(FE) we have 5(A) < a(A4) < 25(A).

We shall end this section by considering two examples and by formulating a gen-
eralization of the Cantor theorem.
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(4.12) EXAMPLE. Assume that dim E = 4+o00. Now, let us complete the mea-
sures of a ball B(xg,r) = {zo} +r - B(0,1). Evidently,

V(B(xo,7)) = r(cl B(0, 1)) = r(5),

where S =dB(0,1) ={x € E | ||z| = 1}.

Furthermore, a(S) < 2 and 3(S) < 1. Suppose «(S) < 2. Then S = (J;_, M;
with the closed sets M; and §(M;) < 2. Let E™ be an n-dimensional subspace
of E. Then .

SNE"=JMnE"
i=1
and in view of the Lusternik—Schnirelman-Borsuk theorem (see [De3-M, p. 22] or
[DG-M, p. 43]) there exists ¢ such that the set M; N E™ contains a pair of antipodal
points, z and —z. Hence §(M;) > 2 for this ¢, a contradiction. Thus «(S) = 2 and
a(S)

1=T§ﬁ(5)§1,

i.e. we have a(B(zg,r)) = 2r and S(B(zo,r)) = r provided dim F = +o0.

(4.13) EXaMPLE. Let m E — ¢l B(0,1) be the retraction map defined as fol-

lows:
x i |z]] <1,
M@= T e > 1
[E4]

Let A € B(E). Since r(A) C conv(A U{0}), we obtain v(r(A4)) < v(A4). In other
words we can say that r is a nonexpansive map with respect to the Kuratowski or
Hausdorff measure of noncompactness.

Finally, note that the following version of the Cantor theorem holds true.

(4.14) THEOREM. If v = « or v = B and {A,} is a decreasing sequence of
closed nonempty subsets in B(E) such that lim,, v(A,) = 0. Then A =", An
s a nonempty and compact subset of E.

5. The Cech homology (cohomology) functor

By a pair of spaces (X, Xo) we understand a pair consisting of a metric space X
and of its subset Xo. A pair of the form (X, ?)) will be identified with the space X.
Let (X, Xo), (Y,Yo) be two pairs; if X C Y and Xy C Yp then the pair (X, Xo)
is a subpair of (Y,Yp) and we indicate this by writing (X, Xo) C (Y,Yp). A pair
(X, Xo) is called compact provided X is a compact space and X is a closed subset
of X. By amap f: (X, Xy) — (Y, Yp) we understand a continuous map f: X — Y
satisfying the condition f(Xy) C Yp.
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The category of all pairs and maps will be denoted by £. By & will be denoted
the subcategory of £ consisting of all compact pairs and maps of such pairs. For
maps of pairs we can consider also the notion of homotopy. Namely, two maps
fy0:(X, Xo) — (Y,Yy) are said to be homotopic (written f ~ g) provided that
there is a map h: (X x [0, 1], Xo x [0,1]) — (YY) such that h(z,0) = f(z) and
h(z,1) = g(z) for every x € X. Let us observe that if (X, Xp) is a pair in &, then
(X x [0,1], Xo x [0,1]) is in € too.

Below we recall some basic facts concerning the Cech homology (cohomology)
functor.

For details we recommend [Do-M], [ES-M], [Sp-M].

By H. (H*) we denote the Cech homology (cohomology) functor with the coef-
ficients in the field of rational numbers @ (or in a group G if necessary) from the
category £ (&) to the category A of graded vector spaces over @ and linear maps
of degree zero.

Thus, for a pair (X, Xo),

H*(Xa XO) = {Hq(X, XO)}, (H*(X? XO) = {Hq(X? XO)})a

is a graded vector space and, for f: (X, Xo) — (Y,Yy) we have H.(f) (H*(f)) to
be the induced linear map:

H.(f) = fe = {feq}: H{(X, Xo) — H.(Y, Y0),
(H™(f) = " ={/"}: H (Y, Yo) — H™(X, Xo)),

where f,q: Hy(X, Xo) — H,(Y,Yy) (£ HY(Y,Yy) — H?(X, Xo)).

We have assumed as well known that the functor H,. (H*) satisfies all of the
Eilenberg—Steenrod axioms for homology (cohomology). Recall (cf. [ES-M]) that
the Cech homology functor can be defined also on the category £ but then it
satisfies all of the Eilenberg—Steenrod axioms except that of exactness. Note that
in Section 7 we shall define on € the Cech homology functor with compact carrieres
which is more useful for our considerations.

By Homg: A — A we denote the contravariant functor which to a graded vector
space E = {E,} assigns the conjugate graded space Homg(E) = {Hom(E,, Q)}
and to a linear map L: 1 — F5 between graded spaces assigns the conjugate map
Homg(L): Homg(E2) — Homg(E4) given by the formula:

Homg(L)(u) =uo L for every u € Homg(E>).

Moreover, by ®: 4 x A — A we shall denote the tensor product functor of two
variables which assigns to two graded vector spaces E = {E,} and F = {F,} the
graded vector space G = {G,}, where G = E ® F = {G,} and

Go= P Ei®E,

i+j=q
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is the direct sum of the respective tensor products.

For two linear maps L: £y — Es, T: Fy — F5 the tensor product L ® T: E; ®
Fy, — E> ® Fy is defined in the natural way (see [Sp-M]).

We now formulate the Duality Theorem between the Cech homology and coho-
mology (for the proof see [HW-M]).

(5.1) THEOREM. On the category € the functors H, and Homg oH* are natu-
rally isomorphic; in other words there are linear isomorphisms

nx: H (X, Xo) — Homg (H" (X, Xo))

for every pair (X, Xo) in € such that, for every map f: (X, Xo) — (Y, Y0) in £,
the following diagram is commutative

H.(X, Xo) —= s Homg (H*(X, X,
> Q

f*l lHomQ f*)

H..(Y, Y;) ————=— Homg(H*(Y, Y0))

A graded vector space E = {E,} in A is said to be of finite type provided:
(i) dim E,; < oo, for all ¢ and
(ii) E4 =0, for almost all g.

The following fact is well known from the first course of linear algebra.

(5.2) PROPOSITION. If E is a graded vector space of finite type, then the graded
vector space Homg(E) is isomorphic to E; in particular it is also of finite type.

We need the following;:

(5.3) DEFINITION. A pair (X, Xp) in & is of finite type with respect to H.,
(H*) provided the graded vector space H.(X, Xo) (H*(X, Xp)) is of finite type.

From (5.1) and (5.2) immediately follows:

(5.4) PROPOSITION. A pair (X, Xo) in E is of finite type with respect to H, if
and only if it is of finite type with respect to H*.

For two pairs (X, Xo), (Y,Y0) in € we define the Cartesian product (X, Xj) x
(Y,Ys) as a pair of the following form:

(X, X0)x (VYp) = (X xY, X xYoU Xy xY),

where the product metric in X x Y is considered.
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Given two maps f: (X, Xo) — (¥,Y)) and g: (X', X)) — (Y, Yy) we can define
the product map f x g: (X, Xo) x (X', X()) — (Y, Yo) x (Y, Y]) by letting:

(f x g)(z,2") = (f(x),9(z")),

for every x € X and ' € X’. Tt is easy to see that f X g is a map of pairs.

Note that for metric spaces the Cech cohomology functor and the Alexander—
Spanier cohomology functor are naturally equivalent. So we can formulate the
following version of the Kiinneth theorem for Cech cohomology functor (see [Sp-M],
p. 405).

(5.5) THEOREM (Kiinneth Theorem). For every two pairs (X, Xo), (X', X{)
in &, there is a linear isomorphism

L: H*((X, Xo) x (X', X3)) —— H*(X, Xo) ® H*(X', Xp)

such that if f: (X, Xo) — (Y, Y0) and ¢: (X', X() — (Y',Yy) are two maps in £,
then the following diagram commutes:

H((X, Xo) % (X', X)) — 22 B((v, %) x (Y, 7))

H*(X, Xy) @ H*(X', X{)) T H*(Y,Yy) ® H*(Y',Yy).
9

Now, from the Duality Theorem and the commutativity of functors ® and
Homg for graded vector spaces of finite type we obtain:

(5.6) THEOREM. For every two pairs of finite type (X, Xo) and (Y,Yp) in 5,
there is a linear isomorphism

Tt H.((X, Xo) x (X', X})) — H.(X, Xo) ® Hy(X', X})

such that, if f: (X, Xo) — (Y, Y0) and g: (X', X{) — (Y',Y]) are two maps of pairs
of finite type in &, then the following diagram commutes:

HL((X, Xo) x (X', X)) — 2 H((Y, Yo) x (Y, )

| I

Let us recall the universal coefficients formula (see [Sp-M]):
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(5.7) THEOREM (on Universal Coefficients). For any space X the following
sequence is exact:

0— H"(X,2)®Q — Hn(X, Q) — Tor(H,—1(X, Z),Q) — 0,

for every n > 1, where Tor(G, H) denotes the torsion product.
In Chapter IV we shall need also the Mayer—Vietoris theorem (see [Sp-M]).

(5.8) DEFINITION. Let X be a space and A, B two subsets of X. Let
(A, ANB) — (X,B) and j:(B,ANB)— (X,A)

denote the respective inclusions. A triple (X, A, B) is called a k-triad, k > 0, if
provided:

(5.8.1) X=AUB,
8.2) j*:HYX,B)— H (B,AnB), *.HYX,B)— H' (A, ANB)
are isomorphisms for every [ > k + 1; a O-triad (X, A, B) is called simply triad.
(5.9) THEOREM (Mayer—Vietoris Theorem). Let (X, A, B) be a k-triad. Then
the sequence is exact

H*(ANB) -5 HFY(X) - H*Y(A) @ H(B) 2 HFY (AN B) — -

in which 6, a, B are so called Mayer—Vietoris homomorphisms.

We shall end this section by expressing the Cech homology functor in terms of
coverings simplicial and chain complexes.

Let X be a compact space. By Covy(X) we denote the family of all open finite
coverings of X. Let A C X. The star of A with respect to a covering « is defined
by

St(4,0) = {U e a | UN A #0}.

The k-th star is defined inductively:
StF(A, a) := St(StF71(4, a), a).

One associates with a given covering « an abstract simplicial complex N («) called

the nerve of a. The vertices of N(«) are the sets A € a. The sets Ag,..., A,
form a simplex in N(«) provided Ao N...N A, # 0.
If o = {Ao,...,As} is an n-simplex in N(«) then the support of o is the set

supo = JI", A;. Let C,.(N(c)) be the complex of oriented chains. Then we define
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the support of a chain ¢ € C,(N(«)) by supp ¢ := |J, supp o4, where ¢ = " k;o; is
a nondegenerate representation of ¢ (i.e. k; # 0 for each ).

Let o, 8 € Covy(X) and assume that § is a refinement of o. Then there
is a simplical map i%: N(8) — N(a) defined on vertices as follows: because (3
refines «, for each vertex wp of N(8) we can find a vertex vg of N(a) such that
supp wg C supp vp; we fix for any vertex w of N(8) such a vertex v of N(«a) and
put 32 (w) := v. Of course, i is not unique, but all such maps are continuous and
therefore they induce the same homomorphism of homology groups.

The set Cov X is directed with the quasi-order relation:

« > [ if and only if « refines S.
The Cech homology groups of X are defined as the inverse limit

Hy(X) = lim  H,(N(a)).
COVf(X)

If A is closed subset of X then every covering a € Cov A can be obtained from
a covering « € Cov X satisfying U; = AN U;, where U; € a. It is known that

H,(A) = lim H,(N(@)).

«

Now, we would like to describe H,(A) using coverings in Cov;(X) only. If B is
a subset of X then by N(«)|p we denote the subcomplex of N(«) which consists
of all simplexes o with supp o C B. We shall prove the following

(5.10) PROPOSITION.

Hy(A) = lim Hy(N()[si(a,a)-
Cov X

Before the proof of (5.10) we need:

(5.11) LEMMA. Let o = {Ux,...,Ux} be an open covering of X and let A be
a closed subset of X. Then there exists a finite refinement 3 = {V]};‘=1 of a which
has the following property for each p=1,... n:
(6.11.1) IfVi,...,V, € B are such that V; N A # O for each i and (Y,_, Vi # 0

then (Yi_, ViNA#0.

PrROOF. We will adjust the given covering « in a number of steps.

Step 1. p=2. Let UlﬂA;«é@, UQﬂA#@, UlﬂUg #@and UlngmA:Q).
If U, NU; NOA = () then we define

Ul:=U,, Us:=Us—U Ny
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(U denotes the closure of U and 9U its boundary). If Uy N Uy N OA # () then we
consider the sets

C;i={a

Let Wj be an open neighbourhood of C in X such that Wy C Uy, WiNUsNA = (.
Define then

k
x € 0ANU; andxg{UUz}, ji=1,2.
i=3

UZ:= (U Nint A) UW;.

Let W5 be an open neighbourhood of C5 such that Ws C Us and Wsn Uf = 0.
We put
Uy := (UyNInt A) U Ws.

Now, define
Vi=(Ui,... ., V= (UL,
i#1 ik
Vi1 =01 ﬂ(X—A),... s Vivr 1= Ukﬂ(X—A)
The covering a3 = {V4,...,Va} is a refinement of a and satisfies (5.11.1) for
p=2.

Step 2. p=3. Assume that ViNVoNVz £ 0, Vi=a1, V,NA#Pfori=1,2,3,
and V1 NVoN V3N A ={0. We can repeat the same trick as in the first step for sets
U =ViNnVyand Uy = Va. If U NUz; NOA = () then we put V] :=V;, VJ := 1,
and V§ == V3 —ViNVanVs. IfU; NU2NOA # ) then V] := (V3 NInt A) U W,
Vy = (VanInt A) U Wy and V5 := (VazNInt A) U W5, The same correction
is done for every triple of sets V;, V;, Vi (1 < i < j < 1 < k). Taking the

intersections of such V;, one obtains a covering ag = {V{",... V' |,... V5 }
which is a refinement of oy and satisfies (5.11.1) for p < 3. After (k—1) such steps
we obtain the desired covering 3. O

PROOF OF PROPOSITION (5.10). Let I" denote the family of all coverings which
satisfy (5.11.1). Lemma (5.9) states that I is a cofinal subfamily in Cov X. Ifa € T
and if we consider the induced covering & € Cov(A) then (5.11.1) ensures that the
simplical complexes N (&) and N(o)|s¢(a,q) are simplically isomorphic. Therefore
H,(N(a)) = Ho(N()|st(a,q)). Hence

H.(A) = lim H.(N(@)) = lim H.(N(a)lsya,0) = lim H.(N(a)[st(a,0)
r r Cov X

and the proof is finished. O
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In the above the coefficient group was inessential. From now on we assume that
the coefficient group is a field F. A compact set A is acyclic provided

0 forg>0,
Hq(A) =

F forg=0.

Denote by H(X) the reduced homology vector space of X (see [ES-M] or [Sp-M]).

(5.12) PROPOSITION. Let A be a closed acyclic subset of X. Then for every
covering o € Cov X there exists a refinement 3 € CovX of a such that the
homomorphism

i Ho (N(B)lsiz(am) — HN(@)]st(4.0))

s a trivial homomorphism of vector spicas.

PROOF. We recall that the coefficients are in a field F. Hence H,.(N(«a)) are
finite-dimensional graded vector spaces. Since H,.(A) = 0, by (5.10) we can find
a covering v € Cov X such that the homomorphism

02t Ho (N () sear)) — He(N(@)]se(a,0))

is trivial. Let 8 be a star-refinement of v (i.e. for each B € 3 there is U € « such
that St(B, ) C U). Then

St*(A, 8) C St(4,7), N (B)lsiz(a,8) € NOlsecan)-

Therefore, equation B, =il.o zg* is trivial on fI*(N(ﬁ)|Stz(Aﬂ)) and the proof is

completed. 0O

We shall need also some information about chain complexes as considered in
(see also: [ES-M], [SeS] or [Dz1-M]).

Let (K, 7) be a finite polyhedron with a fixed triangulation 7. Its n-th barycen-
tric subdivision is denoted by 7". A subset U C K is called polyhedral provided
there is an integer [ such that 7! induces a triangulation of the closure clU = U
of U in K.

We denote by C.(K, ) the oriented chain with coefficients in Q. The carrier
of ¢ € Ci(K,7) (carr c) is the smallest polyhedral subset X C K such that ¢ €
C.(X, 7). By b: Co(K,T) — Ci(K, 7") we denote the baricentric subdivision map
which maps each chain onto its I-th barycentric subdivision. By c,: Cy(K,7!) —
C«(K,7) we denote any chain map induced by a simplical approximation of the
map idg.
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6. Maps of spaces of finite type

In this section we shall formulate homological version of Theorem (2.16). Note
that the result obtained below is very useful in the fixed point theory.
The aim of this section is to prove the following:

(6.1) THEOREM. Let (X,d) be a compact metric space of a finite type. Then
there exists € > 0 such that for every compact space Y and for every two maps

fr9Y = X if f~c g, (ie. d(f(y), 9(y)) <e, for everyy €Y ), then f. = g..

(6.2) REMARK. In view of the duality theorem, (6.1) can be formulated in
terms of homology or cohomology. We prefer to prove (6.1) for cohomology, i.e.
we shall prove that f* = g*.

Before the proof of (6.1) we shall formulate a lemma.

(6.3) LEMMA. Let 8 = {U,...,U,} € Covy(X) of a metric space X. Then
there exists a = {V4,..., Vi, } € Covy(X) such that a« > 3 and V; C U;, for every
i=1,...,n, where V; =clV;.

PROOF. For given ¢ we consider

m
Fi=X\U and F =X\JU.

i
j=1

Since F; N F! = () we can find two open sets U and V; such that:
F,cU, F/CcV, and UNV;=0.

Now, it is easy to see that V; C U; and the family {Uy, ... ,U;_1, Vi, Uir1, ..., Un}
is a covering of X. If we repeat the above construction fori = 1,...  n successively
we get the needed covering a. O

Now, we are able to prove Theorem (6.1).

PROOF OF THEOREM (6.1). Let [uq,], ..., [ta,] be a basis of H*(X), where
U, EH*(N (a;)) foreach i = 1,... , k. We choose a covering o« = {Uy,...,U,}of X
such that a > a; foralli = 1,... , k. Consider simplicial mapsiqq,: N(a) — N(a;)

foreach : =1,... k. Then

i s

Vg = lgye, (Ua;) € [Uuq,] for each i.

Applying Lemma (6.3) to the covering «, we obtain a covering 3 = {V4,...,V,}
such that V; C U; for each i = 1,...,n. Let iga: N(B) — N(a) be a simplicial
map given by the vertex transformation igq (V;) = U; for each i. Then

w% = zga(vg) € [uq;] foreachi=1,... k.
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Let ¢ = min; dist(V;, X \ U;). We may assume without loss of generality that
U; # X for each 4. Since V; N X \U; =0 and Vi, X \ U; are compact, non-empty
sets, we deduce that ¢ is a positive real number.

Let Y be a compact space and let f, g: Y—X be two maps such that d(f(y), g(v))
< ¢ for each y € Y. We assert that f* = g*. Consider the coverings v = f~1(«)
and § = g~ (). Tt is easy to see that

g '(V;) c fHU;) foreachi=1,...,nandd > ~.

Let i5y: N(6) — N(7v) be a simplicial map given by the vertex transformation
isy(g7 (Vi) = f~1(U;) for each i = 1,...,n. We have the following commutative
diagram:

N(y) ————— N(a)

ig,yT Tiga

N(§) ———— N(9)
This implies that i3, f (Vi) = gg(w’ﬁ) for each ¢ = 1,...,k and hence we obtain

[fa(ve)] = lg5(wp)]. Since g*([ua,]) = [g5(wh)] and f*([ua,]) = [f4(vh)], we find
that the maps f*,g* are equal by properties of H*(X). Finally, from this we
deduce that f* = ¢g* and the proof of (6.1) is completed. O

Finally, observe that if X is a compact ANR-space (6.1) follows from (2.16).
Later, A. Gmurczyk proved Theorem (6.1) for X € AANR (cf. [Bo-M]). The above
formulation of Theorem (6.1) is taken from [Gol-M].

In particular, note that any compact AANR-space is of a finite type.

7. The Cech homology functor with compact carriers

Let (X, Xo) be an arbitrary pair in £. We shall denote by M = {(Aa, o)}
the directed set of all compact pairs such that (A,, Aoe) C (X, Xo) for each «,
with the natural quasi-order relation defined by the inclusion < defined by the

condition
(Aa, AOa) < (Aﬁ, Aog) if and only if (Aa, AOa) - (Aﬁ, Aoﬁ).

If (Ao, Aoa) < (Ag, Aog), then we shall denote by ing: (Aa, Aoa) — (Ag, Aog)
the inclusion map. For each pair (A4, Aoa) consider the graded vector space
H.(Aq, Aoa), together with the linear map iqg+ given for (Aq, Aoa) < (Ag, Aog).
Then the family {H.(Aq, Aoa), tag« is a direct system in the category A over M.
We define a graded vector space

H(X, Xo) = lim {H.(Aa, Aoa)s iaps}-



7. THE CECH HOMOLOGY FUNCTOR WITH COMPACT CARRIERS 37

It is easy to see that H(X, Xo) = {H,(X, Xo)}, where
H,(X,Xo) = li_r)n{Hq(Aa,AOQ),i(w*}, for each gq.

Let f: (X, Xo) — (Y,Y)) be a map. Consider the directed sets M = {(Aq, 4oa)}
and N = {(B,, Boy)} for (X, Xo) and (Y, Yp) respectively. We define F: M — N
by the formula
F((Aa, AOa)) = (f(Aa)a f(AO(X)) for each (Aaa AOa) e M.
We observe that if (Aq, Aoa) < (Ag, Aos) then
F((Aa, Aoa)) < F((Ag, Aop))-

For each a, by fo:(Aa,Aoa) — (f(A4a), f(Aoa)) we denote a map given by
fa(x) = f(x) for each x € A. Then the map F and the family {f,.} is a map
of directed systems {H.(Aa, Aoa), tapsr and {H.(By, Boy),isy«}. We define the
induced linear map H(f) for f, by putting

H(f) = . = lim {foa}.
Then we have f., = h_)m {faxq} for every gq.

From the functoriality of h_)m we deduce that H: £ — A is a covariant functor.

The functor H is said to be the Cech homology functor with compact carriers.
We note that if (X, Xy) is a compact pair, then the family consisting of the
single pair (X, Xy) is a cofinal subset of M = {(4q, Aoa)} for (X, Xp), and hence
we obtain H,.(X, Xo) = H(X, Xp). Similarly, if f: (X, Xo) — (Y,Yp) is a map of
compact pairs, then H,(f) = H(f).
The following properties of H clearly follow from the Eilenberg—Steenrod axioms
for H, and some simple properties of h_r)n

(7.1) PrROPERTY. If f,9: (X, Xo) — (Y,Y0) are homotopic maps, then the in-
duced linear maps are equal, that is, f. = g«.

(7.2) PROPERTY. Let (X, Xy) be a pairin& andleti: Xog — X, j: X — (X, Xo)
be inclusions. Then there exists a linear map

Oq: Hy(X, Xo) — Hg-1(Xo) for each q,
so that
i*q j*q 8‘1
e — Hq(Xo) e Hq(X) e Hq(X, Xo) e Hq—l(XO) —_—
18 exact.

The linear map 9, has the additional property of being natural in the following

sense:
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(7.3) PROPERTY. Given a map f: (X, Xo) — (Y, Y0) in &, the diagram

dq
Hq(X, Xo) _— Hq—l(XO)

f*ql J(fxo)*q—l

Ho (Y, Yo) ————— Hy1 (Vo)

commutes for all q, where fx,: Xo — Yy is given by the formula fx,(x) = f(z)
for each z € Xj.

We prove the following generalization of (6.1).

(7.4) THEOREM. Let (X,d) be a compact metric space of finite type. Then
there exists an € > 0 such that, for every two maps f,q:Y — X, where Y is
a metric space, the condition d(f(y), g(y)) < & for each y € Y implies f. = g..

PROOF. Let € be as in (6.1). Consider two maps f, g from a metric space
Y to X. Let A be a compact subset of Y and let fa,94: A — X be given by
faly) = f(y), galy) = g(y) for each y € A. We observe that fa,ga satisfy the
assumptions of (6.1). So, we have (fa). = (ga)«. Since

fe =1lm{(fa).} and g.=1lim{(ga).},
A A

we infer that f. = g. and the proof of (7.4) is completed. O

8. Vietoris maps

Let X,Y be two spaces and let f:Y — X be a continuous map; f is called
closed provided for every closed set A C Y the set f(A) is closed in X; f is called
proper provided for every compact K C X the set f~!(K) is compact. We have:

(8.1) PROPOSITION. If f:Y — Y is a proper map, then f is closed.

PROOF. Let A C Y be a closed subset of Y. We have to prove that f(A) is
closed in X. Counsider the sequence {z,} C f(A4) such that lim, x,, = . It is
sufficient to prove that z € f(A).

In order to show it let us consider the set K = {z,}U{z}. Then K is a compact
subset of X and consequently the set f~1(K) is compact. For every n we choose
yn € A such that f(y,) = z,. Then {y,} C f~!(K) and hence we can assume,
without loss of generality, that lim,, y, = y. Since A is closed we have y € A but
f is continuous so f(y) = z € f(A) and the proof is completed. O

If we consider, for example, a map f:R — R, f(z) = 3 for every z € R, then f
is closed but not proper, so the converse to (8.1) is not true.
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As we already known a space X is closed acyclic provided:
(i) Hy(X) =0for all ¢ > 1, and

(ii) Ho(X) ~ Q.
In other words a space X is acyclic if its homology are exactly the same as the
homology of a one point space {p}. An equivalent definition of acyclic spaces is the
following: a space X is acyclic if and only if the map j: {p} — X, j(p) =20 € X,
induces an isomorphism j.: H.({p}) — H.(X).

Now from the homotopy axiom for the Cech homology functor we get:

(8.2) PROPOSITION. If X is a contractible space, then X is acyclic.

From (8.2) we get:

(8.3) COROLLARY. If X is one of the following:

(8.3.1) X is a convex subset of some normed space E,
(8.3.2) X € AR,

then X is acyclic.
Since the Cech homology functor is continuous on & (see [ES-M]) we get:
(8.4) PROPOSITION. If X is an Rs-space, then X is acyclic.

So, the notion of acyclicity is more general than earlier notions of contractibility,
ARs and Rjs-sets.

Now, we shall introduce the main notion of this section.

(8.5) DEFINITION. A map p: (X, Xg) — (Y, Yp) of pairs is said to be a Vietoris
map provided the following conditions are satisfied:
(8.5.1) p: X — Y is proper,
(8.5.2) p~'(Yo) = Xo,
(8.5.3) the set p~1(y) is acyclic, for every y € Y.

In what follows we shall reserve the symbol p: (X, Xo) = (Y, Ys) for Vietoris
maps. First, note the following evident proposition:

(8.6) PROPOSITION. Let p: (X, Xo) = (Y, Yy) and (B, By) C (Y,Yy), then the
map p: (p~1(B),p~1(Bo)) — (B, Bo), p(z) = p(z), for every x € p~1(B), is a Vi-
etorts map too.

In 1927, L. Vietoris proved the following result:

(8.7) THEOREM. Let X and Y be compact spaces and p: X =Y be a Vietoris
map, then p.: H.(X) — H.(Y) is an isomorphism.

By applying to (8.7) the exactness axiom for the Cech homology (with coeffi-
cients in @) and the Five Lemma we obtain:
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(8.8) THEOREM. Let (X, Xy), (Y, Yo) be compact pairs and p: (X, Xo) = (Y, Y0)

be a Vietoris map. Then
p«: Hio (X, Xo) — H.(Y,Yo)

18 an isomorphism.

Now, the importance of the Cech homology functor with compact carriers is
evident in the following Vietoris Mapping Theorem.

(8.9) THEOREM (Vietoris Mapping Theorem). If p: (X, Xo) = (Y,Yp) is a Vi-
etoris map, then p.: H.(X, Xo) — H,(Y,Yy) is an isomorphism.

PrOOF. Consider M = {(Aq, Aga)} and N = {(B,, By,)} for (X, Xy) and
(Y,Yp), respectively. Let Mo = {(f~(B5), f~*(Boy)) | (By, Bo,) € N'}. Since f
is a proper map, we have My C M. It is easy to see that M, is a cofinal subset
of M. Therefore we may assume without loss of generality that

H(X,Xo) = lim {H.(Aa, Aoa).iap ).
aeEMyp

Then for each v € A" the map f: (f~(By), f~'(Boy)) — (B, Boy) is a Vietoris
map of compact pairs. Using (8.7) we infer that

Joe: H*(f_l(Bv), f_l(BOW)) —— H.(B,, Bo,)
is a linear isomorphism. Consequently, the linear map f, = li_)mﬂye N{fy+} 1s an
isomorphism. The proof of (8.9) is completed. O
Vietoris mappings have some nice properties. Namely, first we prove:

(8.10) PROPOSITION. If p1: X = Y and p2:Y = Z are two Vietoris maps,
then so is the composition pyop1: X = Z.

PRrOOF. Evidently, the composition is a proper and onto. So for the proof it
is sufficient to show that for every z € Z the set (p2 o p1)~1(2) is acyclic. Since
p2 is a Vietoris map we know that pg 1(z) is an acyclic set. Now, let us observe
that the map p:p; *(py 1 (2)) — p5 *(2), p(z) = p1(x) for every = € p; ' (py (2)), is
a Vietoris map. Consequently by applying Theorem (8.7) we deduce that the set
p1 (py'(2)) is acyclic and the proof of (8.10) is completed. O

We shall need the following auxiliary notions. Consider a diagram:

(%) X Ly 2 X,
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The fibre product of this diagram is a map f: X1 Ky X — Y, where X; Ky Xo =
{(21,22) € X1 x X3 | q(a1) = p(a2)} and f(w1,22) = q(21) (= p(az)). By the
pull-back of (x) we mean the following diagram:

() X, & X Ry Xy -5 X,
where p(x1,22) = x1, q(x1,22) = 22 for (x1,22) € X7 Ky Xo. The following
proposition is self-evident:

(8.11) PROPOSITION. If in the diagram (*) the map p is a Vietoris map, then
the map D in (xx) is a Vietoris map too.

We will end this section by noting that for cohomology the Vietoris Mapping
Theorem can be formulated in a more general form.

Let (X, d) be a metric space and C' be a subset of X. We define the relative
dimension reldimx C' of C' with respect to X by putting:

(8.12) reldimy C' = sup{dim A | A C C and A is a closed subset of X}.

We let also reldimx ) = —oo.

Let p: X — Y be a continuous map from X onto Y. We let:

M*p) ={yeY | H*(p ' (y)) #0} for k>0,
M*p) ={yeY | H*(p ' (y)) #Q} for k=0.

Moreover, we put:
"(p)=1+ 1dimy (M* + k}.
m"(p) Oéréléazi_l{re dimx (M"%(p)) + k}

The following generalization of the Vietoris Mapping Theorem is owed to E. Sklja-
renko [Sk1].

(8.13) THEOREM. Let p: X — Y be a continuous, closed and onto map. If
there exists an integer n such that m™(p) < n, then the induced linear map:

pF HF(Y) — HF(X)

is an epimorphism for k = m™(p), an isomorphism for m™(p) < k < n and
a monomorphism for k =n.

From (8.13) we infer:
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(8.14) THEOREM. Let p: X — Y be a continuous, closed onto map such that
p~L(y) is acyclic (with respect to the functor H*), for everyy € Y then the induced
linear map:

p H(Y) - H(X)
18 an isomorphism.

Assume that dim X < +o00 and Y € ANR is a space such that 7, (Y") is finitely
generated for every n > 1, where as usually 7,(Y) denote n-th homotopy group
of Y. Assume further that p:I" = X is a Vietoris map. If X and Y are, addition-
ally, compact spaces then we have:

(8.15) P X, Y] = [, Y]

is a bijection, where for f: X — Y we let p#([f]) = [f o p]. In the other words
Vietoris mappings give us a classification of homotopy classes (cf. [Kr2-M]).

9. Homology of open subsets of Euclidean spaces

Consider the subcategory & C & consisting of all pairs (U, V) such that U
and V are open subsets in the Euclidean space R™ for some n, or U is a finite
polyhedron and V' is an open subset of U, and all maps of such pairs.

Since the family of all pairs of finite polyhedra {(K, Ko)} is cofinal in the family
of all compact pairs {(4, Ag)} contained in (U, V), we obtain the following:

(9.1) PROPERTY. On the category & the functors H and H are naturally iso-
morphic (H denotes the singular homology functor with coefficients in Q).

Let A C U C R™, where A is compact and U is open in R"™. We identify the
n-sphere S = {x € R"™ | |lz|| = 1} and R™ U {oo}. Then from the excision
axiom for singular homology and (9.1) we deduce:

(9.2) PROPERTY. The inclusion j: (U,U \ A) — (S™, 5™\ A) induces an iso-
morphism

G HU,U\ A) =5 H(S™, 8™\ A).

Let K be a finite polyhedron and U an open subset of R" where K C U.
Consider a Vietoris map p: Y = U and a map ¢: Y — K from a Hausdorff space
Y to K. We prove the following:

(9.3) PROPERTY. There are isomorphisms aq, as, as such that the following



9. HOMOLOGY OF OPEN SUBSETS OF EUCLIDEAN SPACES 43

diagram commutes:

H((U,U\ K) x U) ———— H{U,U\ K) ® H(U)

(idxp)*/[ Tid@p*

H((U,U\K) xY) ——=— H{U,U\ K)® H(Y)

(idxq)*l lid@q*

H((U,U\K) x K) ————— H(U,U\ K) ® H(K)

PROOF. It is easy to see that the families
{(M’ MO) X L}’ {(M’ MO) X p_l(L)}’ {(M’ MO) X K}’

where M, My, L are finite polyhedra, are cofinal in families of all compact pairs
contained in (U, U\ K) xU, (U,U\ K) xY and (U,U \ K) x K, respectively. We
observe that for every L the space p~!(L) is of finite type (p is a Vietoris map),
so we may apply (5.6) and have the commutative diagram

H*((M?MO) XL) = H*(MaMO)®H*(L)

(idXPL)*T Tid®(PL)*

H.((M, My) x p~Y(L) —————— H.(M, My) ® H.(p~*(L))

(idx%—HL))*l lid@’(%—l(m)*

H. (M, My) x K) ——————— H,(M, M) ® H,(K).

From the commutativity of the above diagram and the commutativity of h_)m
and ® we simply deduce (9.3).
Consider the diagram
ULy LK

where p and ¢ are as in (9.3). With the above diagram we associate the following:
(UUN\K) &= (V.Y \p7 ' (K)) T (R "\ {0})

where p(y) = p(y) and q(y) = p(y) — q(y) for each y € Y. We observe that D is
a Vietoris map. Let A: (U,U\K) — (U,U\K)xU be amap given by A(z) = (z,z)
and let d: (U, U\ K) x K — (R™",R™\ {0}) be given by d(z,2') = = — 2/, for each
x€eUand 2’ € K. O
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(9.4) LEMMA. The following diagram commautes

id®g.p;*
—_—

HU,U\K)—2" HU, U\ K) @ H(U) H(U,U\ K)® H(K)

7.7:" dx

H(R™,R™\ {0})
ProOF. Consider the diagram

(U,U\E)x U2 U, U\K) x Y 2% (U, U\ K) x K

! | |
U0\ K) e (¥, \ p}(K)) —=— (B, B {0))
where the map f is given by f(y) = (p(y),y) for each y € Y. From the commuta-
tivity of the above diagram and (9.3) we obtain (9.4).

Let us fix for each n an orientation 1 € H,(S™) = @ of the n-sphere S =
R™ U {oo}. Consider the dlagram

St — (97, S"\A) (U,U\ A)
in which A is a compact subset of U and U is open in R"™; 4,5 are inclusions.

From (9.2) we infer that j. is an isomorphism. We define the fundamental class
O 4 of the pair (U, A) by the equality O4 = jli.,(1). O

LEMMA (9.5). Let AC Ay CV C U C R"”, where A, Ay are compact, U, V
are open subsets of R™ and let k: (V,V \ A1) — (U,U \ A) be the inclusion map.
Then we have kun(Oa,) = O4.

ProOOF. Consider the commutative diagram

S"—>(S" S\ A)+—— (U, U\ A)

SO

(8™, 8™\ 4y) —— (V,V\ 4;)
1
in which j1, i1, k1 are inclusion maps. Applying H,, to the above diagram, we
obtain (9.5). O

Now, we formulate Dold’s Lemma in terms of Cech homology with compact
carriers. Let K C U C R", where K is a finite polyhedron and U an open subset
of R™. We define the following maps:

t:UxK— KxU, t(xa)= (' z), foreachz €U and 2z’ € K,
Of:H(K)— HUU\K)® HK), Op(u)=0k®u, foreachue H(K),
x:Q® HU)— HU), x(g®u)=gq-u, foreachue H{U), q<Q.
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(9.6) LEMMA. The composite

X

d, ®id
_

= (K, U): H(K) —2— HU,U\ K) ® H(K)
294 B(U,U\ K) @ HU) ® H(K)
M8 B(U, U\ K) ® H(K) ® H(U)
H(

Q®H(U) = H(U)

coincides with the linear map i.: H(K) — H(U).

(9.7) REMARK. Dold’s Lemma was given in terms of singular homology in
[Do-M] (cf. also [Do2]). Lemma (9.6), in view of (9.1), clearly follows from the
original statement of Dold’s Lemma.

We recall the Alexander duality theorem (cf. [Do-M], [ES-M], [HW-M], [Sp-M]):

(9.8) THEOREM. If A is a compact subset of the Euclidean space R™ ™! then for
every k > 0 the vector spaces HO_, (R™\ A) and H*(A) are linearly isomorphic,
where F%_k denotes thfa (n — k)-reduced singular homology functor and H* (as in
Section 6) is the k-th Cech cohomology functor.

(9.9) DEFINITION. A compact nonempty subset A C S™ is called strongly
acyclic provided the complement S™ \ A of A is infinitely connected, i.e. it is path
connected and for every k = 1,2,... any map f:S* — S"\ A is homotopic to

a constant map.

Another words a compact nonempty set A C S™ is called strongly acyclic if the
set S™\ A is path connected and for every k > 1 the k-homotopy group 7, (S™ \ A)
of S™\ A is equal to zero. In what follows such A set is called infinitely connected.

As a direct application of the Hurewicz isomorphism theorem (cf. [Sp-M]) we
get:

(9.10) PROPOSITION. If the set A C S™ is strongly acyclic, then A is acyclic.

Let us observe that the converse to (9.9) is false, for example there exists an
embedding A of the unit interval [0, 1] into S? such that S3\ A is not 1-connected,
ie m (53, A) #0.

We shall make use from the following two propositions (see [Bi2]).

(9.11) PROPOSITION. Let K be a compact subset of R" with dimK < n — 3
and such that R™\ K is 1-ULC. Then for every compact subset C of K the set
R™\ C is also 1-ULC.
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(9.12) PROPOSITION. Let K and C be two compact subsets of R™, n > 6, such
that R™ \ C and R" \ K are 1-ULC. Let h: K — C be a homeomorphism and
assume that 2dim K + 2 < n. Then there is a homeomorphism F:R"™ — R™ such
that F(z) = h(zx) for every x € K.

(9.13) THEOREM (Lefschetz Duality Theorem, [Sp-M]). Let X be a compact
orientable n-dimensional manifold with boundary 0X and let j: X \ 0X — X be
a inclusion. Then for any q > 0 we have the following isomorphisms:

Hy(X,0X) —2— H" (X \ 0X) +— H"~9(X)

where p is induced by the orientation of X.
We finish this section by recalling the Van Kampen theorem ([Sp-M]).

(9.14) THEOREM. Let X7, X5 be two open subsets of X such that X = X;UX,
and X1, Xa, Xo = X1 N Xy are path-connected. Let xg € Xy and G = m (X, o),
G; = m(Xi,x0), i =0,1,2. Assume that the following diagram is commutative:

Go

AR

G wo Gs
G

where 601, 02, wy, wy, we are induced by the respective inclusions. Assume more
that w;(G;), i = 0,1,2 generate G. If H is an arbitrary group and v;: G; — H,
i =0,1,2 are homomorphisms such that 1y = 1101 = 1205 then there exists an

unique homomorphism A\:G — H such that v; = Aw;, 1 =0,1,2.

10. The (ordinary) Lefschetz number

In what follows all the vector spaces are taken over ). Let f: E — E be an
endomorphism of a finite-dimensional vector space E. If vy, ... , v, is a basis for E,
then we can write

n
flvw) = Zaijvj, foralli=1,...,n.

j=1

The matrix [a;;] is called the matrix of f (with respect to the basis vi,...,v,).
Let A = [a;;] be an (n x n)-matrix; then the trace of A is defined as Y ., a;.
If f: E — E is an endomorphism of a finite-dimensional vector space E, then the
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trace of f, written tr(f), is the trace of the matrix of f with respect to some basis
for E. If F is a trivial vector space then, by definition, tr(f) = 0. It is a standard
result that the definition of the trace of an endomorphism is independent of the
choice of the basis for F.

We recall the following two basic properties of the trace:

(10.1) PROPERTY. Assume that in the category of finite-dimensional vector
spaces the following diagram commutes

E/ —f> E//

e

B Ny
f

Then tr(f") = tr(f"); in other words tr(gf) = tr(fg).

(10.2) PROPERTY. Given a commutative diagram of finite-dimensional vector

spaces with exact rows

0 B E E" 0
lf’ lf Jf/l
0 B E E" 0

we have tr(f) = tr(f") + tr(f”).

Let E = {E,} be a graded vector space in A of finite type. If f = {f;} is an
endomorphism of degree zero of such a graded vector space, then the (ordinary)
Lefschetz number A(f) of f is defined by

M) =D (1)t (fy)-

Let E be a finite-dimensional vector space and v1, ... ,v, a basis for E. We define

L ..., v" for Homg(F) by putting

() 1 fori=yjy,
v(v;) =
! 0 forij.

a basis v

The basis v!, ... ,v" is called the conjugate basis to vy,...,v,. For a vector space
E and any integer ¢, define a linear map 0,:Homg(E) ® E — Hom(E, E) by
letting

O,(u®v)(v) = (-1)%u(v") v for u € Homg(E), v,v' € E,

and extend O, to all Homg(E) ® E.
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(10.3) LEMMA. If the vector space E is finite-dimensional, then O is an iso-

morphism.

PROOF. Let vy, ... ,v, be a basis for vector space E and v',...,v" the conju-
gate basis to v1, ... ,v,. Then every element ¢ in Homg(E)® E has the following
form:

n
a= Z aijvi X v;.
i,j=1

If ©4(a) = 0 then
Og(a)(vk) = (1)1 Zakﬂk(vk) vy = (=1)1 Zaka‘ 0 =0

so, ar; = 0 for all k,j, which implies that @ = 0. To prove ©, is onto, let
f € Hom(E, E). Then we can write

fvj) =ajiv1+...+ajpv, forj=1,...,n.

Let a = (—1)¢ Z"m ko1 OmkV™ @ vg. For each j =1,...,n we see that

Og(a)(vj) = (=11 " aji - vp = f(vy).
k=1

So, f and ©4(a) agree on the basis for E, which implies that O, is onto. The proof
of (10.3) is completed. O

Define e: Homg (E) ® E — @ as the evaluation map
e(u®v) =u(v) foru € Homg(E), ve E.

(10.4) LEMMA. If E is a finite-dimensional vector space and f:E — FE is
a linear map then

®
—
@
<2
AR
—
~
—
=
I

(=1 tr(f)-

Proor. Take a basis vy, ... ,v, for F and write

n
f(vj) :Zajkvk forj=1,...,n.
k=1

From the proof of (10.3) we know that
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S0
6(911_1 Z i - V"™ (V) Zakk = (=1)%tr(f)
k,m=1
and the proof of (10.4) is completed. O

Let E = {E;} be a graded vector space of finite type. Define the following
graded vector spaces:

(1) E* ={E;}, where E; = Homg(E_,),
(2) Hom(E, F) = {(Hom(E, E))i,
where (Hom(E, E))r = @ _,,;—, Hom(Ey, E;),
(3) B*® E = {(E* ® E)y}, where (E* @ E), =D, ;. E; © Ei.
Define ©: (E* ® E)g — (Hom(E, E))q by letting
O(ug @ v;) = Og(uy ®v;) for uy € Homg(Ey), v; € E;, g =1
and extend O, to all (E* @ E)g; and e: (E* ® E)y — Q by letting
e(ug ® v;) = ug(v;) for uy € Homg(Ey), v; € E;, =1
and extend e to all (E* ® E)g. It is immediate from Lemma (10.4) that

(10.5) THEOREM. If f:E — FE is a linear map of degree zero on a graded
vector space of finite type E then e(©71(f)) = A(f).

11. The generalized Lefschetz number
Let f: E — E be an endomorphism of an arbitrary vector space E. Denote by
f0): E — E the n-th iterate of f and observe that the kernels
Ker f c Ker f& c...c Ker f™ c ...

form an increasing sequence of subspaces of E. Let us now put

N(f) = JKer f™ and E=E/N(f).

Clearly, f maps N(f) into itself and therefore induces the endomorphism f E—FE
on the factor space E = E/N(f).

(11.1) PROPERTY. We have f~1(N (f)) = N(f); consequently, the kernel of
the induced map f E—Eis trivial, i.e. f s a monomorphism.

ProOF. If v € f1(N(f)), then f(v) € N(f). This implies that for some n
we have f(™(f(v)) = 0 = f*+D(v) and v € N(f). Conversely, if v € N(f),
then f(")(v) = 0 for some n; then f(™(f(v)) = 0 and hence f(v) € N(f), i.e
v e fTHN())- O

Let f: E — E be an endomorphism of a vector space E. Assume that dim E <
+00; in this case we define the generalized trace Tr(f) of f by putting Tr(f) =

tr(f).
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(11.2) PROPERTY. Let f: E — E be an endomorphism. If dim E < 400 then
Tr(f) = tr(f)-

PROOF. We have the commutative diagram with exact rows

0 —— N(f) — E—— E/N(f) —0
l? Jf J?
0—— N(f) —— E—— E/N(f) ——0

in which £ is induced by f. Applying (11.2), to the above diagram, we obtain

(11.2.1) tr(f) = tr(f) + tr(f) where tr(f) = Tr(f).

We prove that tr(f) = 0. Since dimE < +oo, we may assume that N(f) =
Ker f (™) for some n > 1. Now consider the commutative diagram

Ker(f) — Ker(f®?) —— -+ —— Ker(f(»~1) —— Ker(f™)

sl 7k | e

Ker(f) — Ker(f®?) —— -+ —— Ker(f(»~1) —— Ker(f(™)

where the maps f;, fi, i = 1,...,n are given by f (observe that if v € Ker(f(i)),
then f(v) € Ker(f0—1), for every i > 1). Then from (11.1) we infer

tr(f) = tr(f,_1) = ... = tr(f,) = tr(fy) = 0.
Finally, from (11.2.1) we obtain Tr(f) = tr(f) = tr(f) and the proof of (11.2) is
completed. 0O

Let f = {fy} be an endomorphism of degree zero of a graded vector space
E = {E,}. We say that f is a Leray endomorphism provided that the graded
vector space E = {Eq} is of finite type. For such an f we define the (generalized)
Lefschetz number A(f) of f by putting

A(f) = D (=1 Te(f,).
a
It is immediate from (11.2) that

(11.3) PROPERTY. Let f: E — E be an endomorphism of degree zero. If E is
a graded vector space of finite type then A(f) = A(f).

The following property of the Leray endomorphism is of importance:
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(11.4) PROPERTY. Assume that in the category A the following diagram com-
mutes:

E/ f 5 E//

e

E/ 5 E//
f
Then if either f' or f" is a Leray endomorphism, then the other is a Leray endo-
morphism, and in that case A(f") = A(f").

PROOF. By assumption we have, for each ¢, the following commutative diagram

in the category of vector spaces:

i fa "
Eq Eq

fﬁ \ ng'

/ "
By ———— E]

q

For the proof it is sufficient to show that if either Tr(f;) or Tr(f;) is defined,
then so is the other trace, and in that case Tr(f;) = Tr(f;'). We observe that the
commutativity of the above diagram implies that the following diagram commutes:
fq
Eq/N(fq) E{IN(f3)

. G N

Eg/N(fo) ——=——E{/N ()

q

Since fq and g, are monomorphisms, the commutativity of the above diagram
implies that dim(E; /N (f;)) < oc if and only if dim(E] /N (f,’)) < 400, and hence
we conclude that Tr(f,) is defined if and only if Tr(f;') is defined. Moreover, from
(10.1) we deduce that Tr(f;) = Tr(f,/), if Tr(f,/) is defined. The proof of (11.4) is
completed. O

Assume that the following diagram

E/ —f> E//

1,k

E/ s E//
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is commutative. Then we obtain the following commutative diagram:

E/ —f> E//

f’T \f'Of‘l\ Tf"

B Ny
f

Therefore, from (11.4) we obtain:

(11.4.1) Assume that in the category A the following diagram is commutative:
P—Lp
T
B ——— FE"
and f is an isomorphism, then the conclusion of (11.4) holds true.

(11.5) PROPERTY. Let

E, E, E! E,_, o
| lfq [
E! E, E! E,_, o

be a commutative diagram of vector spaces in which the rows are eract. If two
of the following endomorphisms f = {f,}, f' = {f;}, f' = {f)/} are the Leray
endomorphisms then so is the third, and, moreover, in that case we have:

AS") + A(S) = A(f)-
PROOF. This immediately follows from (9.2). O

Among the above properties of the Leray endomorphisms we note also some

information about weakly nilpotent endomorphisms.

(11.6) DEFINITION. A linear map f: E — FE of a vector space E into itself
is called weakly nilpotent provided for every x € E there exists n, such that
fr (@) =0

Observe that if f: E — E is weakly nilpotent then N(f) = E, so, we have:

(11.7) PrROPERTY. If f: E — E is weakly nilpotent then Tr(f) is well defined
and Tr(f) = 0.

Assume that E = {E,} is a graded vector space and f = {f,}; E — E is
an endomorphism. We say that f is weakly nilpotent if and only if f, is weakly
nilpotent for every gq.

From (11.7) we deduce:
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(11.8) PROPERTY. Any weakly nilpotent endomorphism f: E — E is a Leray
endomorphism and A(f) = 0.

12. The coincidence problem

A natural generalization of the well known fixed point problem is the coincidence
problem. Assume we have two metric spaces (X, d), (Y,d;) and two continuous
mappings p,q¢: Y — X.

We shall say that p and ¢ have a coincidence provided there exists a point x € X
such that p(xz) = ¢(x). In the case when X =Y and p = idx is the identity map
the coincidence problem for p and g reduces to the fixed point problem of q.

Observe that for arbitrary p and ¢ usually we do not have a coincidence. There-
fore in what follows we can assume that p is a Vietoris map and ¢:Y — X is
a compact map, i.e. m is a compact subset of X.

We assume first that X = U is an open subset of R".

(12.1) LEMMA. Consider the diagram

U<y LU
in which p is Vietoris and q is compact. Then the set xpq = {z € U | z €
q(p~(x))} is compact.

PrOOF. Consider a sequence {x,,} C U such that z,, € g(p~'(z,)) for every n.

For every n we choose y, € p~!(z,) such that q(y,) = z,. It means that
{x,} c q(Y), and hence {z,} contains a convergent subsequence and the proof is
completed. O

We shall now apply the Cech homology with compact carriers to the theory of
Lefschetz number and establish a general coincidence theorem, which contains the
classical Lefschetz Fixed Point theorem (cf. [Br1-M]) as a special case.

Let U by an open subset of the n-dimensional euclidean space R™. Consider
the diagram:

(12.2) ULy LU

in which p is a Vietoris map and ¢ is a compact map. With the above diagram we
associate the diagram:

(12.3) (U, U\ Xpa) <= (VY \p(xpa) == (R",R™\ {0}),

where D(y) = p(y) and q(y) = p(y) — q(y) for every y € Y.
Now we define the index of coincidence I(p, q) of the pair (p, q) by putting (cf.
Section 9):

(12.4) I(p,q) =7.(5.) ' (Ox,.,) € Ha(R", R"\ {0}) = Q.
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(12.5) PROPOSITION. If I(p,q) # 0, then there is a y € Y such that p(y) =
q(y).

PRrROOF. Indeed, if p(y) # q(y) for each y € Y, then x, , = 0 an hence we have:

I(p,q) =70.(.) " (Ox,,) = 7.(p.) " (0) =0,
observe that then we have H,(U,U) = 0. O
From (9.5) clearly follows:

(12.6) PROPOSITION. If A is a compact set such that xpq C A C U, then

I(p,q) = G«(p«)"*(O4), where p,q are defined by the same formulae as p and q
in (11.3).

Now we prove the following:

(12.7) PROPOSITION. Let K be a finite polyhedron such that ¢(Y) C K C U.
Then there exists an element a € (H(K))* ® H(K) such that I(p, q) = e(a).

ProOF. Consider the diagram

H,(U,U/K) L>(H(U,U/K) R HU)),y i(mq;*p;i(H(U,U/K) ® H(K))o

! (1) doid

Q~ Hy(R",R™{0} ¢———— ((H(K)" ® H(K))o

in which ¢;: Y — K is the contraction of ¢ to the pair (Y, K) and d: H(U,U\K) —
(H(K))* is a linear map of degree (—n) given by:

d(u)(v) = dy(u®v) forue HU,U\K)andve HU \ K)

and the notations are the same as in Section 9. The subdiagram (I) commutes
(cf. (9.4)).

The commutativity of (IT) follows by an easy computation. We let:
a=(d®id)o (id® qr.p; ") (Au(Ox)).

Then from the commutativity of the above diagram we get I(p, q) = e(a) and the
proof is completed. U

Now, we are able to prove the following
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(12.8) THEOREM (First Coincidence Theorem). If we have diagram (12.2),
then q.p; ' is a Leray endomorphism and A(g«py ') # 0 implies that p and q have
a coincidence.

PROOF. Since ¢ is a compact map, there exists a finite polyhedron K such that
q(Y) C K C U. We have the commutative diagram

T

H(K) H(U)
H(p™'(K)) — H(Y) —5 H(Y)

in which i, j. are linear maps induced by inclusions i: K — U and j:p~}(K) — Y,
respectively, and ¢,, qi«, pl, are linear maps induced by the contractions of g and
p, respectively. The commutativity of the above diagram and (10.3) imply

Agpi ") = ML (pl)™h),

and hence ¢,p;! is a Leray endomorphism.
Assume that A(q.p; ') # 0. For the proof it is sufficient to show that

(12.8.1) A (pl) ™) = 1(p, q)

(cf. also Section 9).

Consider the following diagram:

HU,U\ K) @ HU) @ B(K) 25 (k) @ H(K) © H(K)

id®t*J( lid@t*
dRid®q1.pT "

HU,U\K) @ H(K)© HU) ——— (H(K))" ® H(K) ® H(K)

d ®idJ( le@id

H{U)~Q® H(U) Q@ H(K)~ H(K)

q1.p; "

The commutativity of the above diagram is obtained by simple calculation. Let

a = (d®id)(id ® q.p; )A.(Ok) € Homg (H (K)) ® H(K).
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Since e(a) = 1(p, q) (see (9.4)), for the proof of (12.8.1) it is sufficient to show that
(12.8.2) O(a) = ¢.(p\) "

(cf. Section 9).

If we follow A, (Og)®u € H{U,U\ K)® H(U)® H(K) along — ||, we obtain
(©(a))(u). If we follow it along ||, by Dold’s Lemma (9.6) we obtain i.(u).
Therefore, for the proof of (12.8.2) it is sufficient to show that

(12.8.3) Qs e = ¢ (PL) T

Consider the following commutative diagram:

Applying to the above diagram the functor H, we obtain (12.8.3) and the proof
of the First Coincidence Theorem is completed. O

To generalize (12.8) we need the Schauder Approximation Theorem.

(12.9) THEOREM (Schauder Approximation Theorem). Let U be an open sub-
set of a mormed space E and let f: X — U be a compact map. Then for every

e > 0 there exists a finite dimensional subspace E™® of E and a compact map
fe: X — U such that:

(12.9.1) [|f(z) — fe(z)|| <&, for every xz € X,
(12.9.2) f.(X) c E"©),
(12.9.3) the maps fe, f+ X — U are homotopic.

PROOF. Given e > 0 (we can assume to be sufficiently small) f(X) is contained
in the union of open balls B(y;,¢) with B(y;,2¢) CU,i=1,...,k.

For every i = 1,...,k we define A\;: X — Ry, \j(z) = max{0,e — || f(x) — v}
and
pi X —[0,1],  pi(z) = k)\z&
Zj:l Aj(@)

Now, we define f.: X — U by putting

k
fe(z) = Zﬂz(x) “Yi
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Let E™) be a subspace of E spanned by vectors y1, ... , yn, i.c.

EnE) — span{y1, e 7yk»’}'

Then f.(X) C conv{yi,...,yn} so f- is a compact map. We have:

k
If () Z )| f(@) —yill <e.

Moreover, the map h: X x [0,1] — U,

h(z,t) = tf(x) + (1 - t)fe(x)
is a good homotopy joining f and f. and the proof is completed. O
Now, we prove the following:

(12.10) THEOREM (Second Coincidence Theorem). Assume that we have a di-
agram:
vLy- Ly,
in which U is an open subset of a normed space E, p is Vietoris and q compact.

Then q.p;* is a Leray endomorphism and A(q.p; ') # 0 implies that p and q have
a coincidence.

PROOF. Since ¢:Y — U is compact, in view of the Schauder Approximation
Theorem for every n we get a finite dimensional subspace E™ C F and a compact
map ¢n:Y — U such that:

(12.10.1) [lq(y) — an(y)ll <1/n,
(12.10.2) ¢u(Y) C E™, and
(12.10.3) ¢ ~ qn.

Welet U, = U NE™.
Now, for every n, we consider the following commutative diagram:

where q,(y) = an(y),
respective y and x.
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Consequently, its image under H is also a commutative diagram:

H(U,) LN U)

T 0Py
T, aneop !
H(U,

n)————%fIUJ

Now, it follows from the First Coincidence Theorem that ¢/,, o p;,} is a Leray en-
domorphism. So, by the commutativity property qi.p; ' is a Leray endomorphism
and because gn« = ¢« (cf. (iil)) we obtain:

(12.10.4) Mo h) = AgnepZt) = A(gupl ).

Now, let us assume that A(q.p;t) # 0. Then, in view of (12.10.4), by the First
Coincidence Theorem we deduce that

p(yn) = Qn(yn) for every n.

Let 2y, = p(yn) = qn(yn) for every n. We put q(y,) = Tpn, n = 1,2, ... Since q is
compact, we may assume without loss of generality that lim, T, = x € U.

We have ||z, — Znll = |gn(yn) — ¢(yn)|| < 1/n for every n (cf. (12.10.1)) and
hence lim,, x,, = . Then x € q(p~'(x)) and consequently there exists y € p~!(x)
such that p(y) = q(y) = z; the proof is completed. O

(12.11) THEOREM (Coincidence Theorem for arbitrary ANRs). Consider a dia-
gram:
X Ly L X,
in which X € ANR, p is Vietoris and q is compact. Then g, o p; ' is a Leray
endomorphism and A(q. o p;t) # 0 implies that p and q have a coincidence.

PrOOF. Since X € ANR by using the characterization theorem (see (1.8.2))
we can assume that there exists an open subset U of a normed space F such that
X c U is aretract of U. Let r: U — X be the retraction map and i: X — U the
inclusion. Of course the following diagram is commutative:

By applying (12.10) the Second Coincidence Theorem we would like to deduce
that 7,q.p; 'rs is a Leray endomorphism.
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Now, by considering the fibre product and pull-back construction we obtain the
following commutative diagram.

where p(u,y) = u, 7(u,y) =y, f(u,y) = r(u) = p(y). Then i.q.p;'r. =7, op, "
and moreover there is a coincidence point for p and ¢ if and only if it is for p and
g. Consequently our result follows from the commutativity property of the Leray
endomorphisms and the Second Coincidence Theorem, the proof is completed. [J

There are many consequences of Theorem (12.11). Before we state them we
need a simple observation.

(12.12) PROPERTY. Assume we have o diagram
X Ly L X,
in which X is acyclic, p Vietoris and q compact. Then g, o p. "' is a Leray endo-
morphism and A(q. opyt) = 1.
PrOOF. In fact, from the acyclicity of X we deduce that ¢, op, ! =id H(x) but

0 forn >0,
Q forn=0,

so, our claim follows. O

Hn(X) =

From (12.11) and (12.12) we obtain:
(12.13) COROLLARY. If we have the diagram:
X £y L X,
in which X € AR, p is Vietoris and q compact, then there exists a point y € Y
such that p(y) = q(y).

Now, if we let Y = X and p = idx then from (12.11) we deduce the generalized
Lefschetz fixed point theorem, proved by A. Granas in 1967 (see [Gr3]):
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(12.14) CoROLLARY. If X € AR and f: X — X is a compact map then
for HX) — H(X) is a Leray endomorphism and A(f.) # 0 implies that f has
a fized point.

Finally, from (12.14) we deduce the following generalized version of the Schauder
fixed point theorem:

(12.15) COROLLARY. If X € AR and f: X — X is a compact map then f has
a fized point.

Note that the coincidence theorem can be proved in terms of AANRs too. Then
theorem (7.4) is needed. We will do it in Chapter III in terms of multivalued maps.



CHAPTER 1II

MULTIVALUED MAPPINGS

We gather in this chapter the properties of multivalued maps (called also set-
valued or multiple-valued maps) which are needed for the study of the fixed point
theory and applications to nonlinear analysis. The first three sections deal with the
concept of continuity. Then we consider the selection problem and the continuity of
multivalued mappings with respect to the Borsuk and Hausdorff metric. Finally,
we shall prove a general characterisation theorem of the set of fixed points of
multivalued contractions.

13. General properties

Let X and Y be two spaces and assume that for every point z € X a nonempty
closed (some time we will assume only that ¢(z) # (}) subset p(z) of YV is given;
in this case, we say that ¢ is a multivalued mapping from X to Y and we write
p: X —o Y. More precisely a multivalued map ¢: X — Y can be defined as a subset
© C X x Y such that the following condition is satisfied:

for all X € X there exists y € Y such that (z,y) € ¢.

In what follows the symbol ¢: X — Y is reserved for single valued mappings, i.e.
(x) is a point of Y.
Let ¢p: X — Y be a multivalued map. We associate with ¢ the graph I', of ¢
by putting:
Ly ={(z,y) e X xY |y € p(x)}

and two natural projections p,: 'y — X, qo: Ty, — Y defined as follows: p,(z,y) =
x and gy (z,y) =y, for every (z,y) € T',.
The point-to-set mapping ¢: X —o Y extends to a set-to-set mapping by putting:

p(A) = U p(x) for AC X,
r€A
then p(A) is called the image of A under ¢. If p: X — Y and ¢:Y — Z are two
maps, then the composition ¥ o p: X —o Z of ¢ and v is defined by:

(Wop)(@) =) |y € plx)} forevery x € X.
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If X CY and p: X — Y, then a point x € X is called a fized point of ¢ provided
x € ¢(z). We let:

Fix(p) ={z € X |z € p(x)}.
For ¢: X — Y and any subset B C Y we define the small counter image ¢ ~!(B)
and the large counter image <pjrl(B) of B under ¢ as follows:

¢ '(B)={z e X | () C B}, ¢;'(B)={reX|px)nB#0}

If : X — Y and A C X then by ¢|a: A — Y we will denote the restriction of
© to A if, moreover, p(A) C B, then the map ¢: A — B, g(z) = p(z) for every
x € A is the contraction of ¢ to the pair (A, B).

Below, we will summarize properties of image and counterimage.

(13.1) PROPOSITION. Let : X — Y be a multivalued map, AC X and BCY,
B; CY, jeJ, then we have:

(13.1.1) e ' (p(A) D A,

(13.1.2) (¢ '(B)) C B,

(13.1.3) X\ ¢ ' (B) D¢ '(Y\B),

(13.1.4) ¢—1<U B; | > Je (B,
jeJ j

)
(13.1.5) ¢ ( N Bj> = (¢ '(B)),

jeJ jeJ

(13.1.6) o7 (9(4) D A4,

(13.1.7) ¢(e7'(B)) 2 BN p(X),

(13.1.8) X\¢i'(B)=¢ '(Y\B),

(13.1.9) <p_T_1 < U Bj> = U <,0._;_1(Bj),
jeJ jeJ

(13.1.10) ot ( N Bj> c () e (B)).
jeJ jeJ

The proof of (13.1) is straightforward and we leave it to the reader.
For given two maps ¢, 9: X — Y welet pU¥: X —o Y and p Ny X — Y as
follows:

(pU)(x) = p(x) Up(z) and (pNY)(z) = p(z) NP(z),

for every z € X. Of course the map @M1 is defined provided that o(z)N(x) # 0,
for every x € X.
As an easy observation we obtain:
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(13.2) PROPOSITION. Let @,1): X —o Y be such that ¢ N is defined and let
B CY then we have:

(13.2.1) (pUy)H(B)=¢ '(B) Ny~ (B),
(13.2.2) (en¥)"1(B) > ¢ (B) Uy (B),
(13.2.3) (pU)T (B) = 07" (B) Uy (B),
(13.2.4) (eN¥)71(B) C o7 (B) Nv (B).

If we have two maps p: X — Y and ¢: Y —o Z, then for any B C Z we obtain:

(13.3) PROPOSITION.

(13.3.1) Wop) ' (B)=¢ ' (¥71(B)),
(13.3.2) (¥ o) (B) = o' (¥31(B)).

Finally, let us consider two maps ¢: X — Y and ¢: X — Z. Then we define
the Cartesian product ¢ x ¢: X —o Y x Z of ¢ and 1 by putting:

(p x )(x) = p(x) x P(x) for every z € X.

As an easy observation we obtain:

(13.4) PROPOSITION. Let B CY and D C Z then we have:

(13.4.1) (p x )" (B x D) =9 "(B)yny~ (D),
(13.4.2) (o x )51 (B x D) = ¢ (B) Ny (D).

—~

To make the notion of multivalued map more natural below we shall present

a number of examples.

(13.5) EXAMPLES.
(13.5.1) Let ¢: [0,1] —o [0, 1] be the map defined as follows:

1 for x < 1/2,
plx) =< {0,1} forz=1/2,
0 for x > 1/2.

(13.5.2) Let ¢: [0, 1] — [0, 1] be given:
1 for x < 1/2,
o(x) =< [0,1] forx=1/2,
0 for x > 1/2.
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(13.5.3) Let ¢: [0, 1] —o [0, 1] be defined as ¢(z) = [z, 1].
(13.5.4) We let ¢:]0,1] —o [0, 1] as follows:

B [0,1/2] for x #1/2,
o _{ [0,1] for x =1/2.

(13.5.5) Let ¢: [0,1] —o [0, 1] be given:

B [0,1] for x £ 1/2,
o _{ [0,1/2] forx=1/2.

(13.5.6) Let ¢: [0, 7] — R be defined:

{ [tgz, 1+ tgx] for x # /2,
p(r) =
{0} for x = /2.

(13.5.7) Let ¢: Ry = [0, 4+00) — R be defined: ¢(z) =[e~*, 1].
(13.5.8) Let ¢: R? — R? be defined:

olx,y) ={(z+ 21,y + 22) ER?| 21,20 >0and 2, - 2p = 1}.

(13.5.9) Let K2 = {(z,y) € R? | [[(z,y)ll < 1}, S = {(z,y) € R?* | [[(z, )] = 1}.
We define a map ¢: K? — K? by putting:

QD('r?y) = {(x,y) € K? | H('r,y)H = p(x,y)} U{(x,y) es! | H('r,y)H > p(x,y)},

where p(z,y) = 1= |[(z,9)|| + [ (=, 9)||*.

Let us make the geometrical illustrations for the above mappings.

FIGURE 1. Graph (13.5.1) FIGURE 2. Graph (13.5.2)
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FIGURE 3. Graph (13.5.3) FIGURE 4. Graph (13.5.4)

FIGURE 5. Graph (13.5.5) FIGURE 6. Graph (13.5.6)

FIGURE 7. Graph (13.5.7)
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FIGURE 8. Map (13.5.7); no graph!

For every (z,y) € K? the set ¢(z,y) is homeomorphic to S*.

FIGURE 9. Map (13.5.9); no graph!
Let us present more general examples which give motivation for consideration
of multivalued maps.

(13.6) ExaMPLE (Inverse functions). Let f: X — Y be a (singlevalued) con-
tinuous map from X onto Y. Then its inverse we can consider as a multivalued
map ¢f:Y —o X defined by:

or(y) =fy) foryeY.
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(13.7) ExaMPLE (Implicit functions). Let f: X xY — Z and ¢: X — Z be
two continuous maps such that for every x € X there exists y € Y such that
f(z,y) = g(z).

The implicit function (defined by f and g) is a multivalued map ¢: X — Y
defined as follows:

o) ={yeY | f(x,y) = g(x)}.

(13.8) EXAMPLE. Let f: X xY — R be a continuous map. Assume that there
is r > 0 such that for every x € X there exists y € Y such that f(x,y) <r. Then
we let o X — Y, or(z) ={y €Y | f(z,y) <r}.

(13.9) EXAMPLE (Multivalued dynamical systems). Dynamical systems deter-
mined by ordinary differential equations without uniques property are multivalued
maps. We will come back to this example in last chapter.

(13.10) ExaMPLE (Metric projection). Let A be a compact subset of a metric
space (X, d). Then for every x € X there exists a € A such that
d(a,z) = dist(z, A).
We define the metric projections P: X — A by putting:
P(z)={a€ A|d(a,z) =dist(z,A)}, z€ X.
Note that metric retraction considered in Chapter I is a special case of metric
projection.

(13.11) ExaMPLE (Control problems). Assume we have to solve the following
control problem:

(13.11.1)

{ 2/ (t) = f(t, z(t), u(t)),
x(0) = o,

controlled by parameters u(t) (the controls), where f:[0,a] x R™ x R™ — R".
In order to solve (13.11.1) we define a multivalued map F': [0, a] x R™ — R" as
follows:

F(t’x) = {f(t’x’u)}ueU-

Then solutions of (13.11.1) are solutions of the following differential inclusions:

(13.11.2) { a'(t) € F(t, (1)),

z(0) = wo,
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so any control problem (13.11.1) can be translated, in view of multivalued maps,
onto problem (13.11.2).

Note that many other examples are provided by game theory, mathematical
economies, convex analysis and nonlinear analysis.

Let ¢p: X — Y be a multivalued map and f: X — Y be a singlevalued map. We
shall say that f is a selection of ¢ (written f C ) provided f(z) € ¢(x), for every
zeX.

The problem of existence of good selections for multivalued mappings is very
important in the fixed point theory.

14. Upper semicontinuous mappings

The concept of upper semicontinuity is related to the notion of the small counter
image of open sets. Consequently the concept of lower semicontinuity is related to
the large counter image of open sets. Note that the concept of lower semicontinuity
we will study in Section 15.

(14.1) DEFINITION. A multivalued map ¢: X — Y is called upper semicontin-
uous (u.s.c.) provided for every open U C Y the set ¢~ !(U) is open in X.

In terms of closed sets we can formulate (14.1) as follows:

(14.2) PROPOSITION. A multivalued map ¢: X — Y is u.s.c. if and only if for
every closed set A C'Y the set <p_;1(A) is a closed subset of X.

The proof of (14.2) is an immediate consequence of (13.1.3) and (13.1.8).

(14.3) EXAMPLE. Observe that multivalued mappings considered in examples
(13.5.1)—(13.5.4), (13.5.7) and (13.5.9) are u.s.c. among all examples considered in
(13.5).

(14.4) PROPOSITION. If p: X —o Y is w.s.c. then the graph T'y, is a closed
subset of X x Y.

Proor. We have to prove that X x Y \ T'y, is open i.e. y & ¢(z). Now, we
choose an open neighbourhood V; of y in ¥ and V() of ¢(z) in Y such that
Vy N V() =0 (we consider metric spaces!).

Let U, = ¢ '(V,(z)). Then U, is an open neighbourhood of z in X. Conse-
quently, the set U, x V,, is an open neighbourhood of (z,y) in X x Y. We observe
that U, x V, NI, = 0. In fact, if (2',y') € U, x V, then ¢(z') C V) but
Viow) NVy =0, hence 3 € V(5 and (2/,y') € T

The proof of (14.4) is completed. O
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Observe that for example the map f: R — R defined as follows:

1/z for z #0,
f(x)_{o for x =0,

has a closed graph but it is not u.s.c. i.e. continuous.

In general if f: X — Y is a continuous map from X onto Y, then the inverse
map ¢;:Y — X considered in (13.6) has a closed graph but is not necessarily
u.s.c. However, we have:

(14.5) PROPOSITION. Assume ¢: X — Y is a multivalued map such that
©(X) C K and the graph Ty, of ¢ is closed, where K is a compact set. Then
© 1S u.S.c.

PROOF. Assume to the contrary that ¢ is not u.s.c. Then there exists an open
neighbourhood V¢, of ¢(x) in Y such that for every open neighbourhood U, of
x in X we have o(U;) € Vi(a)-

We take U, = B(z,1/n), n = 1,2,... Then for every n we get a point z,, €
B(x,1/n) such that ¢(xy,) ¢ V(). Let y, be a point in Y such that y, € ¢(z,)
and y, & Vi(z)- Then we have lim, x, = x and {y,} C K. Since K is compact
we can assume without loss of generality that lim,y, = y € K. We see that
Y & V(). There for every n we have (z,,yn) € 'y and {(2n,yn)} — (2,¥). So
(z,y) € ', because T'y, is a closed subset of X x Y but it contradicts y & V(4
and the proof is completed. O

Regarding the inverse map we mentioned above we have the following.

(14.6) PROPOSITION. If f: X — Y is a closed continuous map from X onto Y,
then the inverse map @Y —o X (defined in (13.6)) is u.s.c. In fact, we have:

(r)7'(4) = f(4)

for every closed subset A C X.
The proof of (14.6) is an immediate consequence of (13.2.1).

(14.7) PROPOSITION. Assume that p,1: X — Y are two wu.s.c. mappings.
Then:

(14.7.1) the map o U): X — Y is u.s.c.
(14.7.2) the map oN: X — Y is u.s.c.

provided it is well defined.

PROOF OF (14.7.2). Let 2 € X and V be an open neighbourhood of ¢(z)Ny(x)
inY. Then o(x) \ V and ¥(x) \ V are closed subsets of Y such that (¢(z)\ V)N
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(¥(z)\V) = 0. Let Wy and Wa be open neighbourhood of (p(z)\V) and (¢(z)\V),
respectively, such that W3 N Wy = () (metric spaces are normal!) since ¢ is u.s.c.
we choose an open neighbourhood U; of = in X such that ¢(U;) C V U W; and
an open neighourhood Uz of x in X such that ¢(Uz) C UUWs. Let U = Uy NUs.
Then (¢ N)(U) C V and the proof is completed. O

(14.8) PROPOSITION. Let ¢: X — Y and tp: X —o Z be two u.s.c. mappings.
Then the map ¢ X ¥: X — Y X Z is u.s.c.

Note, that (14.8) follows immediately from (13.4.1).
Until the end of this section we will restrict our considerations to multivalued
maps with compact values.

(14.9) PROPOSITION. Let p: X — Y be an u.s.c. map with compact values and
let A be a compact subset of X. Then @(A) is compact.

PROOF. Let {V;} be an open covering of ¢(A). Since ¢(x) is compact for every
x € X, we infer that there exist a finite number of sets V; such that p(z) C W,,
where W, is the union of the sets V4, for every x € A. This implies that the family
{W,}zea is an open covering of p(A). Let U, = ¢~ 1(W,) for each z € A. Then
{Us:}zea is an open covering of A in X. Since A is compact there exists a finite
subcovering U,,,...,U, of this covering. Consequently the sets W, ,... , W,
cover p(A), and since every W, is a finite union of sets in {V;} we obtain a finite
subcovering V4, , ..., V;, of the covering {V;} and the proof is completed. O

Now, from (14.9) and (13.3.1) we obtain:

(14.10) PROPOSITION. If ¢ : X — Y and .Y — Z are two u.s.c. mappings
with compact values then the composition Yoy : X — Z of ¢ and X is an u.s.c.
map with compact values.

Finally, let us observe that the upper semicontinuity for mappings with compact
values (on metric spaces) can be reformulated in the Cauchy sense as follows:

(14.11) PROPOSITION. Let ¢: X — Y be a multivalued map with compact val-

ues. Then ¢ is u.s.c. if and only if

(14.11.1) for allx € X and all € > 0 there exists § > 0
such that o(B(z,0)) C O (p(x)).

It is easy to see that if ¢ is w.s.c. then (14.11.1) holds true. Conversely, if U is
an open neighbourhood of ¢(x) in Y then, in view of compactness of ¢(z), we can
choose an ¢ > 0 such that O.(p(x)) C U and our assertion follows from (14.11.1).
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Let E be a Banach space and let ¢: X — FE be an u.s.c. map with compact
values. We define a map tonv p: X — E by putting:

conv p(x) = conv(p(x)),

where conv(¢(z)) denotes the closed convex hull of ¢(x) in E. Since ¢(z) is com-
pact, in view of Mazur’s Theorem (cf. Remark (3.6) or [De3-M]) the set conv(e(x))
is compact too. Recall that conv(y(x)) is the intersection of all convex closed sub-

sets of E containing ¢(x).
We prove the following:

(14.12) PROPOSITION. If ¢: X — E is an u.s.c. map with compact values,
then conv ¢ : X —o E is also u.s.c. with compact values.

PROOF. In the proof we shall use (14.11). Let ¢ > 0 and let 0 < &1 < e.
Assume that g € X. Since ¢ is u.s.c. there exists 6 > 0 such that ¢(B(zo,d)) C
051(410(-730))'

Consequently, ¢(B(zg,d)) C O, (Tonv p(xp)). Since O, (Conv ¢(zp)) is convex
we deduce that

conv $(B(o, 6)) C O, (0¥ (o))

and hence
conv p(B(x,0)) C cl (O, (conv p(x))) C O (conv ¢(xg)),

where conv ¢(x) = conv(p(x)) is the convex hull of ¢(z). Therefore, we have
proved (14.12). O

15. Lower semicontinuous mappings

By using the large counter image in the place of small counter image we get:

(15.1) DEFINITION. Let ¢: X — Y be a multivalued map. If for every open
U CY the set ¢ ' (U) is open in X then ¢ is called a lower semicontinuous (1.s.c.)
map.

Note that for ¢ = f: X — Y upper semicontinuity coincide with lower semicon-
tinuity and it means nothing more than continuity of f.

In what follows we say also that a multivalued map ¢: X —o Y is continuous
provided it is both u.s.c. and l.s.c.

(15.2) REMARK. Note that the maps presented in: (13.5.3), (13.5.5), (13.5.7),
(13.5.8) and (13.5.9) are l.s.c. The maps (13.5.3), (13.5.7) and (13.5.9) are contin-
uous. The maps (13.5.1), (13.5.2) and (13.5.4) are u.s.c. but not l.s.c. Finally, the
maps (13.5.5) and (13.5.8) are l.s.c. but not u.s.c.

In terms of the small counter image we can define the lower semicontinuity as
follows.
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(15.3) PROPOSITION. A map ¢: X — Y is l.s.c. if and only if for every closed
ACY the set ¢~ 1(A) is a closed subset of X.

Proposition (15.3) is an immediate consequence of (13.1.8) and (15.1).
The following two propositions are straightforward (see (13.2.3) and (13.3.2)).
(15.4) PROPOSITION.

(15.4.1) Ifo,9p: X — Y are two l.s.c. mappings, then pU: X — Y is Ls.c. too.
(15.4.2) If : X — Y and :Y —o Z are two l.s.c. maps, then the composition
Pop: X — Z of p and ¢ 1s l.s.c. too, provided for every r € X the set

U(p(x)) is closed.

We would like to stress that the intersection of two l.s.c. mappings does not

have to be Ls.c.
(15.5) ExamPLE. Consider two multivalued mappings ¢, v: [0, 7] — R? de-
fined as follows:

)ER? |y >0and 2 +y* <1}, forevery t € [0,n];
) €ER? |z = Acost, y = Asint, A€ [-1,1]}.

(

® {(z,y
Y(t) = {(z,y

Then ¢ is a constant map and hence even continuous, 1 is l.s.c. map but @ N is
no longer l.s.c. (to see it consider ¢t = 0 or t = 7).

One can prove the following:

(15.6) PROPOSITION. Let p: X — Y be an l.s.c. map f: X — Y and :: X —
(0,00) be continuous mappings. Assume further that for every x € X we have:

() N B(f(x), A(x)) # 0.

Then the map : X — Y defined by

s a l.s.c. map.

PROOF. Let zg € X and V be an open set of Y such that V N)(zg) # 0. Let
Yo € VN (p(xo) N B(f(xo), A(zo))) and let V,, be an open neighbourhood of yo
in Y such that Vi, C VN B(f(z0), A(z0))-

Now, continuity of f and A implies that there is an open neighbourhood Uy, of
xo in X such that V,,, C B(f(x), A(x)) for every = € Ug,.

Consequently, since ¢ is l.s.c. we choose an open neighbourhood Wy, of z¢ in
X such that ¢(z) NV, # 0, for every x € Wy,. Let U = Uy, N Wy,. Then we get
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that (p(z) N B(f(z), AM(x))) NV, # 0 implies cl(¢(z) N B(f(x), A(z))) NV # 0, for
every x € U and the proof is completed. O

For another formulations of (15.6) we recommend [BrGMO1-M] (see also refer-
ences in [BrGMO2-M] and [BrGMO3-M]).

We shall end this section by considering important examples of multivalued
maps to be tangent and normed cones.

Let M be a closed nonempty subset of a Banach space. By Ths(x) we shall
denote the tangent Bouligand cone at z to M and by Njs(x) the normal cone at
r to M, where z € M. We let:

Tar(z) = {y € E | liminf[t ™" dist(z + ty, M) t — 0"] = 0},
Ny (z) = {y € E | there exists a > 0 such that dist(z + ay, M) = a||y||}.

Observe that if M is convex or approximate retract contained in R™, then both
Tr(z) and Nyy(z) are nonempty.

Starting from now we shall assume that M C R”™ is a proximate retract. We
shall fix U to be an open neighbourhood of M in R™ and the metric retraction
r:U— M ie. |ly —r(y)|| = dist(y, M) (see (3.11)).

(15.7) PROPOSITION. Suppose that r: (M 4+ eB) — M is a metric retraction.
Then r(z +y) =z for any © € M and y € (Ny(x) NeB), where B is the unit
open ball in R™,

PROOF. Let x € M. Suppose that there exists y € (Np(z) NeB) such that
r(z+y) # z. Let ap = sup{a > 0| r(z + ay) = z}. If the inequality oy > 1 held,
there would be o > 1 such that r(z + ay) = x. So cl (B(x + ay, aly|) N M = {z}.
As cl(B(z + y,|y|) € c(B(z + ay, aly|)), we would get a contradiction to the
assumption r(z 4+ y) # x. So ag < 1. Let zg be given by zo = x + apy. Since r is
continuous, r(z9) = z. Let R = 27! min{ao|y|,e — agly|}. The radial retraction of
R™ \ B(z9, R) onto S(z, R) will be denoted by p (?). Let f:S(z0, R) — S(z0, R)
be the antipodal map. As B(zg, R)N M = (), the function ¢ from cl (B(zg, R)) into
S(z0, R) given by q(a) = f(p(r(a))) is well defined. According to Brouwer’s fixed
point theorem there must be z € S(zg, R) with ¢(z) = z. Since p(r(z)) = f(z), the
point zp must belong to the interval with ends z and r(z). Then r(zp) = r(z). As
r(z) = x we have z = f(p(x)). Since f(p(z)) = =+ (1 + R/(aoly|))oy, it follows
that r(z 4+ (1 4+ R/(aoly|))aoy) =  which is the desired contradiction. O

(15.8) PROPERTY. The normal cone map Npi: M — R™, & — Nps(x), has
a closed graph in M x R™.

(Q)P(Zo+b):ZO+R~m-
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PROOF. Suppose that sequences {z,} C M and y, € Ny (z,) satisfy the
following conditions: limz,, = z, limy, =y. By (15.7), we can choose a sequence
{a,} that converges to a > 0 and satisfies r(zy, + anyn) = x5, for every n. Since
r is continuous, it follows that r(z + ay) = x which completes the proof. O

Let T be a cone in a normed space E. Let E* denote the dual to E. For p € E*
and x € E we let:

(p, ) = p(z).

When T' C R”, then R* ~ R™ and (p, z) is nothing more than the scalar product
in R™.

Now, the polar cone T to T is defined as follows:
T+ ={pe E*|(p,x) <0 forevery v €T}.

We prove:

(15.9) LEMMA. Let M C R™ be a prozimate retract, then Ty (x) = Np(x)*
for any x € M.

PROOF. First we show that Ths(z) C Nas(x)*. Let y € Nas(x) Then there
exists z € Ny (z) such that (y, z) > 0. We can that suppose that B(z+z, |z|)N\M =
(. Tt is easy to check that

lim[t 'd(z + ty, R" \ B(z + 2, |2])) | t — 07] > 0.

From this, we conclude that y & T (z).
It remains to prove that Ny (x)~ C Ths(z). Let z ¢ Thr(z). Then there exist
R>0and c € (27'v/2,1) such that

(5.9.1) {z+y|0< |yl < Rand (z,y) > c|z| ly|} N M = 0.

We let

C={z+y|ly=3"Rand (z,9) = V(1 —2) |y| |2|}; D =convC;
P={z+w|(w,z =0}
p:R™ — P is the orthogonal projection;
q is the inverse function of p|p, where p|p denotes the restriction of the function

p to the set D.
Suppose that y, v € R™ satisfy the following conditions:

ly—vl <lyl, (y,2) = V(1 =¢) 2]yl
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and there exists a > 0 such that p(z +v) —z = —a(p(z +y) — ). Then by an
easy calculation we obtain that (v, z) > c|z] |v].

Suppose that there exists a € p(C) and a > 0 such that p(r(q(a))) —z =
—a(a — x). Since

{g(a) =z, 2) = /(1 =) |q(a) — 2| [2] and |g(a) —r(q(a))| < |g(a) — =],

the point 7(g(a)) must belong to the set {x+y |0 < |y| < R and (z,y) > c|z| |y},
contradicting (5.9.1). By the Birkhoff-Kellogg theorem there exists a € p(D)
such that p(r(g(a))) = x. So, there exists 3 € R such that r(¢(a)) = z + Bz. As
(q(a) — x,z) > 0 and |¢g(a) — r(q(a))| < |g(a) — x| we have 5 > 0. By (5.9.1), we
obtain 8 < 0. Then (q(a)—x) € Ny (x). As (z,q(a)—z) > 0 we have z ¢ Ny (z)*,
which completes the proof. O

Now, let us observe that if N: M — R" is a convex cone valued map with closed
graph 'y, then the map T: M — R™ given by T'(x) = N(z)* is Ls.c. (the proof
is straighforward).

So from (15.9) and (15.8) we deduce:

(15.10) PROPOSITION. The map Ta;: M — R"™, x —o Tp(x), is Ls.c. with
closed conver values.

16. Michael’s selection theorem

The most famous continuous selection theorem is the following result proved by
Michael (see [Mil]-[Mi3] for details).

(16.1) THEOREM. Let X be a metric space, E a Banach space and p: X — FE
an l.s.c. map with closed convex values. Then there exists f: X — E, a continuous

selection of ¢ (f C ).

PROOF. Step 1. Let us begin by proving the following claim: given any convex
(not necessarily closed) valued l.s.c. map ®: X — E and every € > 0, there exists
a continuous ¢g: X — FE such that dist(g(z), ®(x)) < e, i.e. g(z) € O (P(x)), for
every ¢ € X.

In fact, for every z € X, let y, € ®(z) and let §; > 0 be such that B(y,,e)N
®(z') # 0, for 2’ in B(z,d,). Since X is metric, it is paracompact. Hence there
exists a locally finite refinement {U,},ex of {B(x,0,)} rex. Let {Ly}rex be
a partition of unity subordinate to it. The mapping g: X — F defined as follows:

g(w) = 3 Lo(w) -y

zeX
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is continuous since it is locally a finite sum of continuous functions. Fix n € X.
Whenever L, (u) > 0, n € B(x,d,), hence y, € O.(P(u)). Since this latter set is
convex, any convex combination of such y’s belongs to it.

Step 2. Next we claim that we can define a sequence {f,} of continuous map-
pings from X to F with the following properties

1
(16.1.1) dist(fr (u), p(u)) < on n=12,..., ue X,
1
(1612) an(u) — fn_l(u)H < W, n=23,..., ueX.

For n =1 it is enough to take in the Step 1, ® = ¢ and £ = 1/2.

Assume we have defined mappings f,, satisfying (1.16.1) up to n = k. We shall
define fi41 satisfying (1.16.1) and (1.16.2) as follows.

Consider the set ®(u) = B(fx(u), 1/2¥)Np(u). By (1.16.1) it is not empty, and
it is a convex set. By (15.6) the map @ is L.s.c. so by the claim in Step 1 there
exists a continuous g such that

1

dist(g(z), ®(x)) < pYESE

Set fri1(u) = g(u). A portion dist(fri1(u), ¢(u)) < 1/28F1 proving (a). Also
fies (1) € Os s (8(u) € B( (0. 57+ gy ).

i.e.

s () = Fal0)l] < 55

proving (1.16.2).

Step 3. Since the series Y (1/2™) converges, {f,} is a Cauchy sequence, uni-
formly converging to a continuous f. Since the values of ¢ are closed, by (1.16.1),
f is a selection from F'. The proof is completed. O

Some applications of the Michael selection theorem to differential inclusions
we will show in the last chapter. Now, we explain the connection between the
continuous selection property and extension property. Namely, we would like to
show from (16.1) the following version of the Dugundji extension theorem.

(16.2) COROLLARY. If E is a Banach space, then E € ES.

PROOF. Let A be a closed subset of X and let f: A — E be a continuous map.
We define p: X — F as follows:

() = { f(z) T € A,
conv(f(A)) = ¢ A.
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Then ¢ is L.s.c. with convex, closed values. So it has a selection f C . Itis
evident that f is an extension of f.

We would like to stress that there are other Michael-type results concerning the
existence of continuous singlevalued selections. Below we formulate a result of this
type owed to McLendon and Bielawski (see [Bi-2], [Mcc2]).

Since for the proof of this result an apparatus concerning the Serre fibration
theory is needed we shall sketch the proof only.

(16.3) THEOREM. Let U be an open subset of S™ and let A be a closed subset
of U. Assume further that ¢:U —o S™ has open finitely connected values and
the graph I'y of ¢ is an open subset of U x S™. Then any continuous selection
g: A — 8™ for ¢ (i.e. g(x) € p(x) for every x € A) can be extended to a continuous
selection f:U — S™. Furthermore, any two such extensions are homotopic by
a homotopy h:U x [0,1] — S™ such that h(-,t) is a selection of ¢ for every
te0,1].

SKETCH OF PROOF. Assuming that the projection p,:I'y, — U is a Serre fi-
bration (see [Sp-M, Chapter 7]) consider a diagram:

A % T,
A
STL
where ¢'(z) = (z,g(x)), i(x) = x for every x € A. Since p,: 'y, — X is a sur-
jective Serre fibration with fibers ¢(z) which are infinitely connected, so standard
obstruction theory (see [Sp-M, p. 404, Theorem 22; p. 416, Theorem 9]) gives an
extension f:U — T'y, of ¢’ over U, and two such extensions are homotopic. Let
f=gqeo f'. Then f is the extension of g required in theorem and if f; and f, are
two such extensions and h is a homotopy joining f{ with f5 then h = g, o h is the
needed homotopy between f; and fa.

We are left with the problem of proving that p,:I'y, — U is a Serre fibration as
a specific problem from algebraic topology. O

We will use Theorem (16.3) in Section 33. Note, that in fact Theorem (16.3)
can be formulated in the following very general form (cf. [Bi-2]):

(16.4) THEOREM. Let A be a closed subset of X such that dim(X \ A) <n+1.
Let Y be a locally n-connected space. Let ¢q, ... ,pn: X — Y be mappings with
open infinitely connected values and open graphs. Then every continuous partial

selection g: A —'Y for po|a can be extended to a continuous selection f: X —Y
of .
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Ifin (164) weput Y = S", X =U C S" and ¢ = ¢pg = ... = ¢, then we
obtain (16.3). Observe that for A to be a singleton we can always find a partial se-
lection. So from (16.3) (resp. (16.4)) follows the existence of a continuous selection
for ¢ (resp. for ¢p,).

17. o-Selectionable mappings

The Michel selection theorem is not true for u.s.c. mappings (cf. (13.5.1) and
(13.5.2)) but under some natural assumptions u.s.c. mappings are o-selectionable.

(17.1) DEFINITION. We say that a map ¢: X —o Y is o-selectionable, if there
exists a decreasing sequence of compact valued u.s.c. maps ¢,,: X —o Y satisfying:

(17.1.1) @, has a continuous selection, for all n > 0,
(17.1.2) ¢(x) =), ¢n(z), forallz € X.

We prove the following:

(17.2) THEOREM. Let ¢: X — E be an u.s.c. map with compact convex values
from a metric space X to a Banach space E.

If cl (p(X)) is a compact set, then ¢ is o-selectionable. Actually, there exists
a sequence of u.s.c. mappings ¢, from X to ¢o(¢(X)), which approximate ¢ in
the sense that for all x € X we have:

(@) C ... Cpni1(x) CTon(z) C...C@o(x) foralln >0,
(17.2.1) for all € > 0 there exists ng = ng(e, )
such that ¢, (z) C 0-(p(x)) for all n < ny,

and moreover, the maps ¢,, can be written in the following form:

(17.2.2) on(z) = Z Lg")(x) -C’i(") for all z € X,
i€l(n)

where the subsets C’i(") are compact and convex and where the functions LE") form
a locally Lipschitzian locally finite partition of unity.
(17.3) REMARK. Note, that (17.2.1) imply that

p(x) = m Pm ().

n>0

If X is compact then the sets I(n), which appear in formula (17.2.2), are finite.

PROOF OF (17.2). Let K = conv ¢(X). Then K is a compact convex subset
of E. We fix p > 0. Let us cover X with the open balls {B(x,0)}scx. Let
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{QEO)}E[(O) be a locally finite refinement of {B(x,0)}zcx. For any i € I(0)
exists xgo) € X with QEO) C B(xgo), 0). We then define for any i € I(0) the set
C’i(o) = mgo(B(xgo)ﬂg)) which is a nonempty closed convex subset of K.

Now, we can associate a locally Lipschitzian partition of unity {LEO)}z’eI(o) to
open covering {QEO)}iEI(O) (see Theorem 0.1.2 in [AuC-M]).

We define the map @g: X — E by putting:

po@)= > LO)c”.
i€I(0)

Then the map fy: X — E given by:

fole)= > L) -y

i€I(0)

(0
i

) € C’i(o) is fixed for every i €
I(0). In order to define ¢; we do the some as before with the open covering

is a locally Lipschitzian selection of g, where y

{B(z,0/3)}sex. Thus we consider its locally finite refinement {le)}iej(l) and
associated locally Lipschitzian partition of unity {Lgl)}ie 1(1)-
As before we set, for all ¢ € I(1),

2
C’i(l) = mgo(B(xgl), f)) CK

and define 1: X — E by putting:

pr(w) = > L)V,
iel(1)

The map ¢, enjoys the some properties as q.
We shall now prove that ¢1(x) C @o(x) for every z € X. Let us fix z € X.

Then we define:
1) O
T € B(xg ),§>}.

Let i(0) € Iy and i(1) € I{}) be given. Then, if y € B(xg(ll)), 20/3) we obtain:

Iy ={ie10) |z € BE" 0},  Ify)= { e 1(1)

w,_ 2 . (0) 1y _ 0
d(y, xi(l)) < 3 with d(x,xi(o)) <o and d(x,xi(l)) < 3
Thus we have:

0 20 o
d(y, JJE(Q)) < 3 + 3 +0="20.
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Then B(x(},20/3) C B(z((}, 20) for all i(g) € If, and all i(y) € I?;). This leads

to C((l) C C((O) for such indexes. Then for all i(1) € (1) we have:

0 0 0
cye X L@e = 3 L0 = po(a).
zEI(O) i€1(0)

This being true by convexity arguments, and since {LEO)}iEI(O) is a locally finite
partition of unity associated with {QEO)}ieI(o), and thus also with {B(xgo), 0) Yicr(0)
in particular, says that LEO)(x) =0,if i € If).

Consequently, for the same reasons we get:

pi@)= Y LV @) oM = 3 L@l ¢ pola).

i€I(1) zEI(l)

Moreover, it is easy to see that p(z) C ¢1(x) for every z € X.

Now, let us define g, = (1/3) - o for any n = 1,2,.... Then we can build by
induction a sequence of multivalued maps ¢,,: X — E each of them being u.s.c.
nonempty convex compact valued and satisfying the first part of (17.2.1) (as ¢q
for oo = o and ¢ for g1 = 0/3).

So to end the proof we have to show that for every ¢ > 0 there exists ng =
no(e, z) such that @, (x) C O (p(x)).

Let € X be given. Since ¢ is u.s.c. for any € > 0 there exists n = n(e, z)
such that cl(y,z) < n implies ¢(y) C O:(p(z)). Then there obviously exists
ng = no(g, ) such that for n > ny we have g, < n/3.

Let us define as before If} ) = {i € I(n) | x € B(xgn), on)}. For the same reasons
as for g and @1 we can write:

’eIw

where C’i(") = conv w(B(xE"),2g) C K. Then for all y € B(xgn),2g) with 7 € If )
we have:

d(y, z) < d(y, E")) + d(xgn),x) <204 + 0n =30, <1, if we take n > ng.

Thus for all n < ng we have p(y) C O:(¢(x)) for all y € B(xgn), 20,) with i € If ).

But since O(p(x)) is closed and convex we obtain: C(") C O (¢(x)) and by
convexity we infer ¢, (z) C O.(p(x)) for all n > ng. Therefore the proof of (17.2)
is completed. O
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(17.4) REMARKS.

(17.4.1) Note that originally Theorem (17.2) was proved in [CR-M] (cf. also [HL]).

(17.4.2) If X is a compact space then ¢ is automatically compact (cf. (14.9)).

(17.4.3) If E = R" then any bounded u.s.c. map with convex compact values
satisfies assumptions of (17.2).

(17.5) REMARK. Instead of o-selectionable mappings we can define for exam-
ple, Lipschitz o-selectionable mappings (L-o-selectionable) or locally Lipschitz o-
selectionable mappings (LL-o-selectionable) if in (17.1.1) we ask ¢,, has Lipschitz
selection (locally Lipschitz selection) for every n > 0.

As we will see in Section 22 the following result, owed to A. Lasota and J. Yorke,
(see [Go2-M]) is useful in showing that a map is LL-o-selectionable.

(17.6) THEOREM (Lasota—Yorke Approximation Theorem). Let E be a normed
space and f: X — E be a continuous singlevalued map. Then, for each € > 0 there
is a locally Lipschitz (singlevalued) map fo: X — E such that:

|f(z) = fe(x)|| <& for everyz € X.

PROOF. Let Vo(z) = {y € X | [|f(y) — f(z)| < (¢/2)}. Then o = {Ve(z)}wex
is an open covering of the metric space X. Since X is paracompact there exists
a locally finite subcovering 8 = {Wi}xea of a. For every A € A we obtain
s X — R by putting

0 for x & W,
pa(@) =9
inf{d(z,y) | y € OWr} for z € W,.
Then py is a Lipschitz map with constant 1. Since 3 is locally finite we deduce
that for every A € A the map n): X — [0, 1] defined as follows

pia ()
m@) = =— "~
( ZQEA MQ('r)
is a locally Lipschitz map.
We let f.: X — FE by putting
2) =Y m@)- fla
AEA

where ay € W), is an arbitrary but fixed element. Then we have:

Ifo(x) = f@)ll = || D m(@) - flan) = > malz) - f(x)
\eA NeA
<Y m@|lf(an) = f@) <1-e=¢
NeA

and the proof is completed. O
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18. Directionally continuous selections

Michael selection theorem is no true for l.s.c. mappings with arbitrary compact
values. For example see (13.5.9). In 1988, A. Bressan ([Brel], [Bre2]) observed
there exists a directionally continuous selection.

In the following, a set I' C R™ will be called a cone if I' is a nonempty closed
convex subset of R such that

(18.1.1) ifx e, A>0then \x €T,
(18.1.2) 'n(-T) ={0}.

We now introduce the basic concept discussed in this section.

(18.2) DEFINITION. Let I" be a cone in R™ and let Y be a metric space. A
map f:R"™ — Y is '-continuous at a point T € R™ if and only if for every € > 0
there exists ¢ > 0 such that d(f(x), f(T)) < e forall z € B(Z,0)N(T+T). We say
that f is I'-continuous on A if it is I'-continuous at every point T € A.

In the above setting some preliminary results concerning directional continuity
are now listed.

(18.3) PROPOSITION.

(18.3.1) f is T-continuous at T if and only if lim, oo f(zn) = f(T) for every
sequence x,, tending to T such that (x, —T) € T for alln > 1.

(18.3.2) If f is T'-continuous at T then f is also I”-continuous at T for every cone
I CT.

(18.3.3) If (fu)n>1 is a sequence of I'-continuous functions which converges uni-
formly to f then f is I'-continuous.

All proofs are straightforward. Particularly interesting is the case where I' = R
is the cone of all points in R™ with non-negative coordinates (with respect to
the canonical basis). Indeed, a large class of R'-continuous functions can be
constructed. For every integer k define the partition Py of R™ into half-open
cubes with side length 27%:

(184.1) Pr ={QF |n=(m,....nm) € Z™},
(18.4.2) Qf] ={z=(x1,...,20) |27 Fmi —1) <az; <27%n;, i=1,...,m}.

In this setting, we have:

(18.5) PROPOSITION.

(18.5.1) Let k be any integer. If the restriction of f to each cube Qfl € Py is
R -continuous, then f is R'-continuous on R™.
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18.5.2) If, for some k, s constant on every cube QF € Py then f is R7-
7 +
continuous.

Proor. Let 7+ be the topology on R™ generated by the sets
Age={yeR™ | (y—2) eRY, [ly—z| <e},

with x € R™, ¢ > 0. Saying that a map f is R'-continuous simply means that f
is continuous with respect to the topology 7 +. Since all cubes Qfl are closed-open
sets in 7+, assertions (18.5.1) and (18.5.2) follow. O

The next result provides a useful tool for reducing a problem concerning an
arbitrary cone I' to the special case where I' = R'l".

(18.6) PROPOSITION.

(18.6.1) Let T be a cone in R™, Y a metric space. Let L be an invertible linear
operator on R™. Then a map f:R™ — Y is '-continuous at a point T
if and only if the composite map f o L~ is L(T')-continuous at L(T).

(18.6.2) For every cone I' C R™, there exists an invertible linear operator 1) on
R™ such that (T") C R’

PROOF. To prove (18.6.1) assume that foL~!is L(T')-continuous at L(Z). Take
any sequence x, — Z such that (x, — ) € T for all n > 1. Then L(x,,) — L(T)
and (L(zy,) — L(T)) € L(T"). Hence

d(f(zn), f(@)) = d(f o L7} (L(n)), f o L7 (L(T))) — 0,

showing that f is I'-continuous at T. The converse is obtained by replacing L
with L1,
To prove (18.6.2), let T be given and consider the positive dual cone

It ={yeR™| (y,z) >0, for all z € T}.

Since I'" has nonempty interior (see [De4-M]), there exists a unit vector wy €
int(I't) and some € > 0 such that

(18.6.3) (wr,2) > e||z|| forall x €T.
Choose m — 1 unit vectors wa, . .. , Wy, such that {wi,...,w,} is an orthonormal
basis for R™ and let {ej,..., e} be the canonical basis. Define the invertible

operators L1, Lo on R™ by setting:

Ll(wl) = w1 +€_1(UJ2 +. ..+wm),
Ll(wz) = Ww; i:2,...,m,

La(wj) =e; j=1,...,m.
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The transformation L = L o L; then satisfies our requirement. Indeed, if u =
ity Ajw; € T, (18.4.1) implies

m 1/2
(18.6.4) A > e(ZA§> > e\l
j=1

for all ¢ = 1,...,m. Let Li(u) = >/"; piw;. Then py = Ay > 0 and p; =
Xi + 71\ >0 for 2 < i < m, because of (18.6.4). Therefore,

m
L(u) = Z,uiei € RT". O
i=1

Now, we are able to prove the main result of this section:

(18.7) THEOREM. Let p:R™ —o Y be a l.s.c. map with nonempty closed values
and Y be a complete (metric) space. Then for every cone T C R™ the mapping ¢
admits a I'-continuous selection.

Proor. The proof will first be given in the special case I' = R’} then extended
to an arbitrary cone I'. We begin by constructing a sequence of approximate
selections (fy)n>1 on the half-open unit cube @ = {(z1,... ,2m) ER™ |0 < z; <
1, i=1,...,m}. Each f, will have the following properties:

(i)n There exists an integer h = h(n) such that f, is constant on every cube
QZ(") C @ of the partition Py (), defined at (18.2.1); say, f(z) =y, € Y
for all x € Qz(n),

(ii)n d(yp, p(x)) <27 for all z € Q™

(iii)n, d(fu(z), fn1(z)) <277 for all z € Q(n > 2).

To define fi, choose a finite set of points a1, ...,ar € Q, elements y; € F(a;)

and open neighbourhoods Vi, ..., Vj such that

(18.7.1) a; € Vi,
k: JE—
(18.7.2) Uvioa,
i=1
(18.7.3) d(yi, o(x)) < 27! forallz € V.

All this can be done because ¢ is lower semicontinuous on the compact set Q. Let
A be a Lebesgue number for the covering {V;} of Q and choose an integer h = h(1)
so large that the closure of every cube Q_ZL C Q is entirely contained in some V;.
This is certainly the case if /m - 27" < A. For each QZ C @, choose a V; such
that Q_ZL C V; and define fi(z) = y; for all z € QZ. Clearly (i); and (ii); hold.
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Let now f,, be defined and satisfy (i),—(iii),,. We shall construct f,4+1 separately
on each cube of the partition Pj(,). Fix o € Z™ such that QZ(") C Q. By (i)n,

fn(x) =y is constant on QZ("). Choose a finite set of points ay,...,ax € QZ(")
elements y; € F(a;) and open neighbourhoods Vi, ..., Vj such that
(18.7.4) a; €V,
k
(18.7.5) Uvi2 ™,
i=1
(18.7.6) d(yi, F(x)) <277, forallz €V,
(18.7.7) dy, yy) <27™

Notice that all this can be done because ¢ is lower semicontinuous, QZ(") is com-
pact and (ii), holds. Choose an integer h(c) so large that every closed cube
QZ(") C QZ(") is entirely contained in some V;. For every QZ("), select a V; for
which QZ(U) C V; and define f,11(x) = y;, for all x € QZ("). Repeating this
construction on every cube QZ(") C @, we obtain an approximate selection f,11
defined on the whole cube Q. Setting h(n+1) = max{h(o) | oc € Z™, QZ(") C @},
conditions (i),41 — (iii)p+1 are all satisfied.

By induction, we can now assume that a sequence (f,)n,>1 satisfying (i)—(iii)
has been constructed. By (iii) and the completeness of Y, the sequence (f,) has
a uniform limit f: Q — Y. Property (i) together with (18.5.2) and (18.3.1) imply
that f is R’’-continuous. Moreover, f(xz) € F(x) for all € @Q, because of (ii)
and of the closure of ¢(z). Therefore, f is an R’*-continuous selection of ¢ on Q.
Repeating the same construction on every cube Q%, n € Z™, and recalling (18.5.1)
we obtain an R'-continuous selection of ¢ defined on the whole space R™.

Consider now the case where I' C R™ is an arbitrary cone. Using (18.6.2), let L
be an invertible linear operator such that L(T") C R?*. Construct a R’*-continuous
selection g of the lower semicontinuous map ¢ o L~! and set f = go L. This yields

fla) = g(L(x)) € p o L7H(L(2)) = (z)

for every x € R™, hence f is a selection of ¢. Since L(I') C R7*, (18.3.2) and
(18.6.1) imply that g is L(I")-continuous and f is I'-continuous. The proof of
(18.7) is completed. O

Theorem (18.7) has important applications to the existence results for differen-
tial inclusions with 1.s.c. right hand sides.

Therefore, we shall come back to this theorem in the last chapter of our book.

Note that Theorem (18.7) is not a generalization of the Michael selection the-
orem. There exists the second additional result connected with Michael selection
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theorem. Namely, in 1983 A. Fryszkowski [Fry-1] (comp. also [FryR], [Fry-5])
proved the selection theorem for l.s.c. mappings with closed decomposable values.
A generalization of Fryszkowski’s theorem for separable spaces is proved by Bres-
san and Colombo in 1988. We do not present Fryszkowski’s result because we will
not apply it to differential inclusions. Moreover, let us remark that Fryszkowski’s
result is formulated more in terms of the measure theory rather than in topological
terms.

Finally, we would like to point out that in the next section we will present
Kuratowski-Ryll-Nardzewski selection theorem used in the theory of differential

inclusions.

19. Measurable selections

Apart from semicontinuous multivalued mappings, multivalued measurable map-
pings will be great importance in the sequel. In this section we assume throughout
that Y is a separable metric space, and (2,U, u) is a measurable space, i.e. a set
Q equipped with o-algebra U of subsets and a countably additive measure p on U.
A typical example is when € is a bounded domain in the Euclidean space RF,
equipped with the Lebesgue measure.

(19.1) DEFINITION. A multivalued map ¢: Q@ — Y with closed values is called
measurable, if o=1(V) € U for each open V C Y.

(19.2) DEFINITION. A multivalued map ¢: Q2 — Y with closed values is called
weakly measurable, if ¢~1(A) € U for each closed A C Y.

Another way of defining measurability is by requiring the measurability of the
graph I, of ¢ in the product QxY’, equipped with the minimal o-algebra Y ®B(Y")
generated by the sets A x B with A € Y and B € B(Y'), where B(Y) denotes the
family of all Borel subsets of Y.

For further reference, we collect some relations between these definitions in the
following

(19.3) PROPOSITION. Assume that @, 1):Q — Y are two multivalued mappings.
Then the following hold true

(19.3.1) ¢ is measurable if and only if 3" (A) € U for each closed A C Y,

(19.3.2) ¢ is weakly measurable if and only if o' (V') € U for each open V C Y,
(19.3.3) if o is measurable then ¢ is also weakly measurable,
(19.3.4) if ¢ has compact values, measurability and weak measurability of ¢ are

equivalent,
(19.3.5) ¢ is weakly measurable if and only if the distance function f,: Q — R,
fy(x) = dist(y, ¢(z)) is measurable for ally €Y,
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(19.3.6)

(19.3.7) if ¢ and ¢ are measurable then so is p U,
(19.3.8) if ¢ and ¢ are measurable then so is p N,
(19.3.9)

if ¢ is weakly measurable then the graph ', of ¢ is product measurable,

if ¢ and ¥ are measurable then so is ¢ X 1.

The proof of (19.3) is straightfoward and therefore we left it to the reader.

Of course, the composition of two measurable multivalued mappings need not
be measurable.

(19.4) ExAMPLE. Let ©Q = [0, 1] be equipped with the Lebesgue measure and
let f: 2 — R be a strictly increasing Cantor function which of course is measurable.
It is well known that one may find a measurable set D C R such that f~1(D) is
not measurable. If we define ¢: €2 — R and ¥: R — R by

{1} if ueD,

plt) = {0} forte w<u>={{0} e

then both ¢ and ) are measurable, but ¥ o ¢ is not.

For further reference, we collect the results and counterexamples given so far
on the conservation of semicontinuity or measurability properties in the following
table:

p,¥ | ws.c. | Ls.c. | measurable
pUy | yes yes yes
pNy | yes no yes
p x| yes* | yes* yes

po | yes yes no

* if ¢ and ¢ have compact values

A famous relation between measurability and continuity of singlevalued func-
tions is established by Luzin’s theorem, which states, roughly speaking, that
f: Q1 — Y is measurable if and only if f is continuous up on to subsets of € of
arbitrarily small measure. It is not surprising that this result has an analogue for
multivalued mappings (for details see [APNZ-M], [Fis-M]). Below we shall sketch
Luzin’s-type of multivalued results.

(19.5) DEFINITION. We will say that a multivalued map ¢: Q2 — Y with closed
values has the Luzin property if, given § > 0, one may find a closed subset 25 C 2
such that p(2\Qs) < § and the restriction ¢|q; of ¢ to 25 is continuous (of course
we have assumed that € is a metric space).

We have:
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(19.6) THEOREM. A multivalued map p: Q — Y is measurable if and only if ¢
has the Luzin property.

In what follows we shall use the following Kuratowski—Ryll-Nardzewski selec-
tion theorem (see [AF-M], [AuC-M], [Ki-M], [Sr-M]).

(19.7) THEOREM. LetY be a separable complete space. Then every measurable
©:Q — Y has a (singlevalued) selection.

ProoFr. Without loss of generality we can change the metric of Y into an
equivalent metric, preserving completeness and separability, so that ¥ becomes
a bounded (say, with diameter M) complete metric space. Now, let us divide the
proof into two steps.

Step 1. Let C be a countable dense subset of Y. Set g9 = M, g; = M/2¢. We
claim that we can define a sequence of mappings s,,: {2 — C such that:

(19.7.1) s, is measurable,
(19.7.2)  sm(x) € Oc,, (p(2)),
(19.7.3)  sm(x) € B(sm—1(x),em—1), m > 0.

In fact, arrange the points of C' into a sequence {c¢;};=o,1,... and define sy by
putting:

so(x) = ¢, for every z € Q.

Then (19.7.1) and (19.7.2) are clearly satisfied.

Assume we have defined functions s,, satisfying (19.7.1) and (19.7.2) up to
m =p — 1, and define s,, satisfying (19.7.1)—(19.7.3) as follows. Set

Aj =0 (Blej,ep)) N5yt (Blej ep-1)),
EOZA(), Ej:Aj\(E()U...UEj_l).

We claim that
Q =

s

E;.
0

J
Of course E;, j = 0,1,... is measurable (comp. (19.3)). In fact, let z € Q and
consider s,_1(z) and ¢(x). By (19.7.2) sp_1(x) € O¢,_,(¢(x)); by the density of
C there is a ¢; such that at once s,_1(z) € B(cj,ep—1) and p(x)NB(cj,ep—1) # 0,
ie. x € A;. Finally, either x € E, or it is in some E;, i < j. In either case
z € Uj2y Ej. We define 5,: Q2 — C by putting:

sp(z) =c¢; whenever x € E;.

Then s, satisfies (19.7.1)—(19.7.3). Condition (19.7.3) implies that {s,,(z)} is
a Cauchy sequence for every x € Q.
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We let s: Q2 — Y as follows:

s(z) = "}gnoo sm(z), =z e

Since ¢ has closed values by (ii) we deduce that s(z) € ¢(x) for every z € Q.

It remains to show that s is measurable. This is equivalent to show that counter
images of closed sets are measurable. Let K be a closed subset of Y. Then
each set s,,1(O., (K)) is measurable. We shall complete the proof showing that
s HK) =N s (Oe,,(K)). In fact on the one hand, when z € s7'(K), s(z) € K
and since d(sm, (x), s(z)) < €m, Sm € O, (K) for every m. On the other hand,
when z € 5,1 (O, (K)) for all m, s,,(z) € O, (K) and since {s,,(z)} converges to
s(x) and K is closed we get s(x) € K. The proof of Theorem (19.7) is completed.[]

Now, we shall be concerned with multivalued mappings which are defined on
the topological product of some measurable set with the Euclidean space R™. We
are particularly interested in Carathéodory multivalued mappings and Scorza—
Dragoni multivalued mappings. Apart from their fundamental importance in all
fields of multivalued analysis, such multivalued mappings are useful in differential
inclusions.

Let Q = [0, a] be equipped with the Lebesgue measure and Y = R".

(19.8) DEFINITION. A map ¢: [0, a] x R™ — R™ with nonempty compact values
is called u-Carathéodory (resp. -Carathéodory; resp. Carathéodory) if satisfies:
(19.8.1) t —o (¢, x) is measurable for every z € R™,

(19.8.2) x —o @(t,x) is u.s.c. (resp. l.s.c.; resp. continuous) for almost all ¢ € [0, al,
(19.8.3) |lyll < wp(@)(1 + ||z])), for every (t,x) € [0,a] x R™, y € o(t,z), where
u:[0,a] — [0, +00) is an integrable function.
As before, by U @ B(R™) we denote the minimal o-algebra generated by the
Lebesgue measurable sets A € U and the Borel subsets of R™, and then the term
“product-measurable” means measurability with respect to U ® B(R™).

(19.9) PROPOSITION. Let ¢:[0,a] x R" — R™ be a Carathéodory multivalued
map. Then @ is product-measurable.

Proor. Consider the countable dense subset Q™ C R™ of rationals. For closed
ACR" a € Q" and k, the set

Gi(A,a) = {t € [0,a] | @(t,a) N Oy x(A) # 0} x B(a, 1/k)

belongs to U @ B(R™). Since ¢ is l.s.c. in the second variable we have:

i@ c N U GrAa),

k=1acQm
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while the u.s.c. of ¢ implies the reverse inclusion. The proof is completed. O

The following example shows that an [-Carathéodory multivalued map needs
not to be product measurable.

(19.11) ExaMPLE. Let ¢:[0,1] x R — R be defined as follows:

ol ) = { {0} ifu=0,

[0,1] otherwise.
Then ¢ is [-Carathéodory but not u-Carathéodory.

An analogous example can be constructed for u-Carathéodory mappings.

Let ¢:[0,a] x R™ — R™ be a fixed multivalued map. We are interested in the
existence of Carathéodory selections, i.e. Carathéodory functions f:[0,a] x R® —
R™ such that f(¢t,u) € ¢(t,u) for almost all ¢ € [0,a] and all n € R™. It is
evident that, in the case when ¢ is u-Carathéodory, this selection problem does
not have a selection in general (the reason is exactly the same as in Michael’s
relation principle). For I-Carathéodory multivalued maps ¢, however, this is an
interesting problem.

We are now going to study this problem. We shall use the following notation:

CR",R") ={f:R"* — R"| f is continuous}.

We shall understand that C'(R™,R™) is equipped with the topology on uniform
convergence on compact subsets of R™. In fact this topology is metrizable (see
[AFG] for example). Moreover, as usually by L;([0,a], R™) we shall denote the
Banach space of Lebesgue integrable functions (see [DG1-M]).

There are two ways, essentially, to deal with the above selection problem. Let
©: [0, a] x R™ — R™ be a I-Carathéodory mapping. On the one hand, we may show
that the multivalued map

®: [0, a] — C(R™,R™),
O(t) = {w:R" - R" | u(z) € ¢(t,u(x)) and u is continuous}
is measurable.
Then, if we assume that ¢ has convex values, in view of Michael selection
theorem we obtain that ®(t) # () for every t. Moreover, let us observe that every

measurable selection of ® will then give rise to a Carathéodory selection of ¢.
On the other hand, we may show that the multivalued map:

U:R" —o Ly([a, 1],R™),
U(z) ={u:[a,1] = R™ | u(t) € ¢(t,u(t)), for almost all t € [0,a]}
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is a l.s.c. mapping.

Consequently, continuous selections of ¥ will then give rise to a Carathéodory
selections of . Hence, our problem can be solved by using Michael and Kuratow-
ski-Ryll-Nardzewski selection theorems. Let us formulate, only for informative
purposes, the following result owed to A. Cellina ([Cel]).

(19.11) THEOREM. Let ¢:[0,a] xR™ — R™ be a multivalued map with compact
convex values. If p(+,x) isu.s.c. for allz € R™ and p(t, -) isl.s.c. for allt € [0, a)
then ¢ has a Carathéodory selection.

We shall end this section by introducing mappings having Scorza—Dragoni prop-
erty.

(19.12) DEFINITION. We say that a multivalued map ¢: [0, a] x R™ — R™ with
closed values has the u-Scorza—Dragoni property (resp. I-Scorza—Dragoni propertys;
resp. Scorza—Dragoni property) if, given § > 0, one may find a closed subset
As C [0, a] such that the measure p([0,a] \ As) < 6 and the restriction @ of ¢ to
As x R™ is w.s.c. (resp. l.s.c.; resp. continuous).

Let us observe that the Scorza—Dragoni property plays the same role for multi-
valued mappings of two variables as the Luzin property for multivalued mappings
of one variable.

There is a close connection between Carathéodory multivalued mappings and
multivalued mapping having the Scorza—Dragoni property.

(19.13) PROPOSITION. Let ¢:[0,a] x R™ — R™ be a multivalued map with
compact values. Then we have:

(19.13.1) ¢ is Carathéodory if and only if ¢ has the Scorza—Dragoni property,
(19.13.2) if v has the u-Scorza—Dragoni property then ¢ is u-Carathéodory,
(19.13.3) if © has the l-Scorza—Dragoni property then ¢ is l-Carathéodory,
(19.13.4) if ¢ is product-measurable l-Carathéodory then ¢ has the l-Scorza—Dra-

goni property.
Assume further that ¢ satisfies the Filippov condition, i.e. for every open U, V C
R™ the set {t € [0,a] | ¢(t,U) C V'} is Lebesque measurable then:

(19.13.5) ¢ is u-Carathéodory multivalued map if and only if ¢ has the u-Scorza—
Dragoni property.

Proposition (19.13) is taken from [APNZ-M]. All proofs are rather technical
and need sometimes long calculations.
Therefore we shall present below only two examples showing that [-Carathéodo-

ry (u-Carathéodory) map need not have the I-Scorza—Dragoni (u-Scorza—Dragoni)
property.
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(19.14) EXAMPLE. Let ¢:]0,1] x R — R be a the map defined as follows:

{0} ifu=tandtel0,1]\A4,
o(t,u)=¢ {1} ifu=tandte A,
[0,1] otherwise,
where A is a nonmeasurable subset of [0,1]. Then obviously ¢ is I-Carathéo-

dory but does not have I-Scorza—Dragoni property. Moreover, ¢ is not product
measurable.

(19.15) EXAMPLE. Let ¢:[0,1] x R — R be defined as follows:

[0,1] ift=wandte€ A,
p(t,u) = .
{0}  otherwise,

where A is a nonmeasurable subset of [0,1]. It is not hard to see that ¢ is u-
Carathéodory but does not have u-Scorza—Dragoni property.

In Section 31 we will need some additional information about product measur-
able functions. Until the end of this section X is a metric separable space and
Q) a complete measure space. We let also that ¢: ) x X — X is assumed to be
a product-measureable multivalued mapping with compact values.

First we shall prove:

(19.16) PROPOSITION. If ¢: Q x X —o X is product-measurable then the func-
tion f:Q x X — [0, +00) defined by the formula:

flw,z) = dist(z, p(w, z))
18 also product measurable.

PrROOF. We have:
{w,2) €eAXx X | flw,z) <r} ={(w,z) € A x X | p(w,z)NO,.({z}) # 0}.

Therefore, our assertion follows from the assumption that ¢ is measurable. O

(19.17) THEOREM (Aumann). If ¢:Q — X is a multivalued map with compact
values such that the graph I', of ¢ is measurable then ¢ possesses a measurable
selector.

The proof of (19.17) is not in the scope of our book. Therefore, for the proof
we recommend [Hi2] (comp. also [CV-M], [Ki-M], [Ox-M]).

The following Scorza—Dragoni type result describes possible regularizations of
Carathéodory maps.
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(19.18) THEOREM. Let X be a compact subset of R™ and ¢:[0,a] x X — R™

a nonempty compact convexr valued Carathéodory map. Then there exists an u-

Scorza—Dragoni ¢: [0,a] x X — R™ with nonempty compact convex values such

that:

(19.18.1) 9(t,x) C p(t,x) for every (t,x) € [0,a] x X,

(19.18.2) if A C [0,a] is measurable, u: A — R"™ and v: A — X are measurable
maps and u(t) € (t,v(t)) for almost allt € A then u(t) € (¢, v(t)) for
almost all t € A.

Now, we prove:

(19.19) THEOREM. Let E, Ey be two separable Banach spaces and ¢:[a,b] x
E — E; an u-Scorza—Dragoni map with compact convex values then ¢ is o-Ca-
selectionable. The maps pi: [a,b] x E — E; (see Remark (17.5)) are u-Scorza—

artt.o)c (U ettn)).

A

Dragoni and we have

Moreover, if ¢ is integrably bounded then ¢ is o-mLL-selectionable.

Proor. Consider the family {B(y, rx)}yer, where 1y = (1/3)%, k = 1,2,...
Using Stone’s theorem for every k = 1,2,..., we get locally finite subcovering
{UFYicer, of {B(y,r)}yer. For every i € I, k = 1,2,..., we fix the center
y¥ € E such that UF C B(yF,ry). Now, let nf: E — [0,1] be a locally Lipschitz
partition of unity subordinated to {UF};cyx.

Define 9¥: [0, a] — E and fF:[0,a] — E as follows:

= U e,

yEB(yF,2ry)

and let fF be a measurable selection of 1¥ which exists in view of the Kuratowski—
Ryll-Nardzewski theorem.
Finally, we define ¢i: [a,b] x E — E; and fj: [a,b] x E — E; as follows:

an % ? fk t Z an fz

i€l i€l
Then fr C ¢p. Fix t € [a,b]. If ¢(t, -) is w.s.c. then ¢(t,z) = Nre, ¢x(t, z) and
vr+1(t, 2) C @i(t, z), for every z € E. By the assumptions on ¢ the map ¢(¢, -)
is u.s.c. for almost all ¢ € [0, a], and the first part of (19.19). The second claim is
an immediate consequence of the first one and theorem is proved. O

A map ¢:[a,b] x R — R™ is said to be integrably bounded if there exists an
integrable function p € L!([a,b]) such that ||y|| < p(t) for every z € R™, t € [a, b]
and y € ¢(t, x).
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We say that ¢ has linear growth if there exists an integrable function p €
L*([a, b]) such that

[yl < p(@)(X + )

for every © € R™, t € [a,b] and y € p(t, ).

20. Borsuk and Hausdorff continuity of multivalued mappings

According to Section 4 for a metric space (Y, d) we shall denote by B(Y') (C(Y))
the family of all nonempty closed bounded (compact) subset of Y. We shall
consider B(Y') as a metric space with the Hausdorff metric dy defined in Section 4
and in C(Y") we shall consider moreover, the Borsuk metric of continuity defined
also in Section 4. In what follows we will consider mappings of the type

F:X—-BY) or F:X—CY).

Any such a map can be reinterpreted as a multivalued map ¢: X — Y with closed
bounded and nonempty values or respectively with compact nonempty values de-
fined as follows:

p(x) = F(x) for every x € X.

For simplicity we shall use only one notion F' in the place of . We hope it will
not cause any confusion.

Observe that for F: X — B(Y) we have notion of continuity with respect to
the metric given in X and dy in B(Y') but for F: X — C(Y) we can speak also
about the continuity of F' with respect to the metric given in X and d¢ in C(Y).

As a first observation we get the following.

(20.1) PROPOSITION. If F: X — C(Y) is continuous with respect to do then
F is continuous with respect to d.

In fact our claim follows from the following inequality:

do(F(z), F(y)) = du(F(x), F(y)),

for every x,y € X, which we obtained already in Section 4.

(20.2) REMARK. Note that continuity with respect to dg does not imply con-
tinuity with respect to d¢.

For example the mapping ¢ considered in (13.5.1) is dg-continuous but not d¢
continuous.

In what follows we shall say also that dg-continuous maps are Hausdorff con-
tinuous and dc-continuous maps are Borsuk continuous. We prove the following:
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(20.3) THEOREM. A mapping F: X — C(Y) is Hausdorff continuous if and
only if it is both u.s.c. and l.s.c.

PROOF. Assume that F' is dg continuous and let U be an open subset of Y.
First we shall prove that the set F~}(U) = {z € X | F(x) C U} is open.

Let w9 € F~1(U). Then F(z0) C U. Since F(x¢) is compact there exists € > 0
such that O.(F(z¢)) C U. Since F is dg-continuous we can find 6 > 0 such that
for every = € B(xo,d) we have dy(F(zg), F(x)) < e. It implies that

F(z) CO(F(zg) CcU

so, B(xg,0) C F~1(U) and F~(U) is open.

Now we would like to show that the set F_'(U) = {z € U | F(z)NU # 0} is
open. Let xg € F{'(U). So F(zo) NU # 0. Let yo € F(z0) NU. We take & > 0
such that B(yo,e) C U. Now we find § > 0 such that for every x € B(zo,d) we
have:

dp(F(z0), F(z)) < €/2.
We claim that F(z)N B(yo, ) # 0. Assume to the contrary that F(z)N B(yo, ) =
(. On the other hand we have F(zg) C O./2(F(x)). Therefore, yo € O, /2(F(x))
and there exists zg € F'(z) such that d(yo, z0) < £/2. It implies zy € B(yo,¢) and
we obtained a contradiction.

Now assume that F' is both u.s.c. and l.s.c. and let ¢ > 0, zp € X. We
let U = O.(F(x0)). Then the sets F~(U) and F;'(U) are open and zg €
F-YU)NF;'(U). Let V.= F~Y{(U)NF;'(U). Then V is an open neighbourhood
of zg such that F(x) C O.(F(zo)) for every z € V. We are looking for 6 > 0 such
that B(xg,0) C V and F(xg) C O.(F(z)) for every x € B(xg,0). To find that
we cover the compact set by n open balls B(y;,¢), i = 1,...,n. Then F(zg) =
Ui, B(yi,e) C Ocy2(F(z0)) since F is Ls.c. there are open balls B(zo,d;) C V
such that

F(x) N B(yi,e/2) #0  for every x € B(xo, ;).
Let 6 = min{dy,...,0,}. Then B(zp,6) C V and any y € F(zg) belongs to
B(yi,e/2), for some i. Furthermore, we know that for any x € B(zg,d), F(z) N
B(yi,e/2) # 0 for every i = 1,... ,n. Thus for every z € B(zg, ) and y € F(z0)
there exists ¢ = 1, ... ,n such that:

dist(y, F(x)) < d(y. i) + dist(y, F(a) < 5 +5 =<

Therefore, for every x € B(xg,d) we obtain F(zg) C O.(F(z)) and the proof is
completed. 0O

Note that if F' is only u.s.c. or Ls.c. then F is not Hausdorff continuous in
general. For example the mappings defined in (13.5.1) or (13.5.2) are u.s.c. but not
dg-continuous. Below we present an example of 1.s.c. which is not dg-continuous.
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(20.4) EXAMPLE. Let X =Y =10,1]. Let F:[0,1] — C([0, 1]) be defined as
follows:

B [0,1] if x #0,
TV 0y ife=o.

Then F is l.s.c. with compact values but dg (F(0), F(z)) = 1 for every x # 0, so
F is not Hausdorft continuous.

We obtain:
(20.5) THEOREM. Let F: X — B(X) be Hausdorff continuous, then F is l.s.c.

The proof of (20.5) is strictly analogous to the respective part of the proof
of (20.3). Note that, under assumptions of (20.5), the map F has not to be u.s.c.

(20.6) EXAMPLE. Let X = R be the Euclidean space of real numbers and let
Y = R? be equipped with the bounded metric d defined as follows:

e -yl
d(z,y) = —= Y
@9 = T eyl

We consider the mapping F: R — B(R?) = 9R? \ {0} defined as follows:
F(t)={(t,y) |y € R} for every t € R.

Then we have dy (F(t), F(t')) < 2|t — t| so F' is Hausdorff continuous.
Let U = {(x,y) € R? | |y| < 1/z or z = 0}. Then U is an open subset of R?
but F~1(U) = {0} is not open in R. Consequently F is not u.s.c.
21. Banach contraction principle for multivalued maps
A multivalued map F: X — B(X) is called contraction provided, there exists
k € ]0,1) such that:
dg(F(x),F(y)) <k-d(z,y) forevery z,y € X.

We have the following result proved by H. Covitz and S. B. Nadler, Jr. ([Ki-M]).

(21.1) THEOREM. Let (X,d) be a complete metric space and F: X — B(X)
a contraction map. Then there exists x € X such that x € F(x).

PROOF. Assume that dy(F(z), F(y)) < k- d(x,y) for every x,y € X, where
k€[0,1). Let x € X. We let:

D(x,dist(z, F(z))) = {y € X | d(z,y) < dist(z, F(x)}.
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Then we have:

D(z,dist(z, F(z))) N F(z) # 0,
so we can select 21 € F(z) such that: d(x,z1) < dist(z, F(z)). Then for such x; €
X select xg € F(x1) such that d(z1,22) < Adist(x1, F(z1)). Continuing this pro-
cedure we can find a sequence {z,,} C X such that d(zp, xn41) < dist(xy,, F(z,)).
Hence it follows:

d(xp, Tpy1) < dist(zy, F(2,)) < dg(F(zn-1), F(zn))
< kd(xn—1,2n) < k"d(x,z1) < k" dist(z, F(z)).

So, it is easy to verify that {x,} is a Cauchy sequence. We let u = lim,, x,,. Then
we have {z,} — u and z,4+1 € F(z,) for every n = 1,2,... Since F is u.s.c. we
deduce that the graph I'r of F is closed and consequently we obtain u € F(u).
The proof of (21.1) is completed. O

There are many generalizations of theorem (21.1). We recommend [Ki-M] and
[We-M] for details. Below we shall concentrate our considerations on the topo-
logical structure of the set of fixed points of contraction mappings. First, observe
that multivalued contraction can possess not necessarily a unique fixed point.

(21.2) ExAMPLE. Let F:R — B(R) be a map defined as follows:
F(z)=10,1] for every x € R.
Then F' as a constant map is a contraction. Of course we have:
Fix(F)={z eR|x € F(x)} =[0,1].
Observe that for A € B(R) we can construct a multivalued contraction such that
Fix(F) = A.

Since, contrary to the singlevalued case, Fix(F) of a contraction F' may have
many elements, it is interesting to look for topological properties of it. In this
framework, the following two results are well known:

(21.3) THEOREM ([Ril]). Let E be a Banach space and let X be a nonempty
convex closed subset of E. Suppose F: X — B(X) is a contraction with convex
values. Then the set Fix(F') is an absolute retract.

(21.4) TueoreM ([BCF]). If X = LYT) for some measure space T and
F: X — B(X) is a contraction with decomposable values then Fix(F) is an ab-
solute retract.

Below we establish a result (see [GMS] or [GM]) which unifies and extends to
a larger class of multivalued contractions defined on arbitrary complete absolute
retracts both Theorems (21.3) and (21.4).
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Let (T, F, u) be a finite, positive, nonatomic measure space and let (E,| - ||)
be a Banach space. As before we denote by L!(T, E) the Banach space of all
(equivalence classes) p-measurable functions u: T — FE such that the function
t — ||u(t)|| is p-integrable, equipped with the norm

lllzacr.m) = /T ()] d.

We always assume that the space L!(T, E) is separable. Now, we set

(21.5) DEFINITION. A nonempty set K C L*(T, E) is said to be decomposable,
if for every uy,us € K and every pu-measurable subset A of T', one has

(xa-ur+(1—xa)- u2) € K,

where x4 denotes the characteristic function of A C T

Some basic facts about decomposable sets in L' (T, E) are collected in the fol-
lowing:

(21.6) REMARKS.

(21.6.1) Tt is easily seen that every decomposable subset of L'(T, E) is con-
tractible and, consequently, infinitely connected.
(21.6.2) Any closed decomposable subset of L' (T, E)) is an absolute retract.
(21.6.3) A simple calculation shows that the open (or closed) ball unit ball of
LY(T, E) is not decomposable.
For more details concerning the notion of decomposability we recommend [Fry2],
[Fry3] and [O13].
In the proof of our main result the following proposition will play an important
role.

(21.7) PROPOSITION. Let (X, d) be a metric space and let ®: X — 2% be a Lip-
schitzian multifunction. Set f(x) = d(x, ®(z)) for every x € X. Then the function
f: X — [0, 400[ is Lipschitzian.

PROOF. Let L > 0 be such that dg(®(x’), (")) < Ld(x’,2") for all 2/, 2" €
X. Pick 2/, 2" € X and choose € > 0. Owing to the definition of f there exists
z' € ®(a') satisfy

—f(z') < —d(2',2') +e.
By using the inequality d(z’, ®(z")) < Ld(2’,2") we can find 2’ € ®(2”) such
that
d(',2") < Ld(z',2") + e.
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Therefore,

f@") = f(2") <d(@", ®(z")) —d(z',2") + ¢
<d(z",2")—d(,2") +e < (L+1)d(z,2") + 2e.

Since ¢ is arbitrary, we actually have
f@") = f(@') < (L +1)d(2",2")

and, interchanging z’ with z”,

This completes the proof. O

We now recall the notion of Michael family of subsets of a metric space ([GMS]
Definition 1.4). In what follows, by M we will denote the class of all metric spaces.

(21.8) DEFINITION. Let X € M and let M(X) be a family of closed subsets
of X, satisfying the following conditions:
(21.8.1) X € M(X), {z} € M(X) for all x € X and if {4;};es is any subfamily
of M(X) then ,.; A € M(X).
(21.8.2) For every k € N and every z1,...,x, € X, the set

Ay, o, .. z) = J{A| A€ M(X), 21,72, 71 € A}

is infinitely connected.
(21.8.3) To each € < 0 there corresponds ¢ > 0 such that for any A € M (X), any
k €N, and any x1,...,2; € Os5(A), one has A(z1,...,zr) C O(A).
(21.84) ANB(z,r) e M(X) forall A € M(X), z € X, and r > 0.

Then we say that M(X) is a Michael family of subsets of X.

It is an easy remark (cf. [Bie-1], [GMS]) that in the Michael selection theorem
the notion of convexity can be replaced by a Michael family. Namely, we obtain:

(21.9) PROPOSITION. Let X,Y € M and let ®: X — 2 be a lower semicon-
tinuous multifunction. If Y is complete and there exists a Michael family M(Y)
of subsets of Y such that ®(x) € M(Y) for each x € X then, for any nonempty
closed set Xo C X, every continuous selection fo from ®|x, admits a continuous
extension f over X such that f(x) € ®(x) for all x € X.

The preceding result gains in interest if we realize that significant classes of sets
are examples of Michael families.
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(21.10) EXAMPLES.

(21.10.1) Let X be a convex subset of a normed space and let M (X) be the
class of all sets A C X such that A = () or A is closed and convex in X. Then
M (X) is a Michael family of subsets of X.

(21.10.2) Let X € M and let M(X) be the family of all simplicially convex
closed subsets of X (in the sense of [Biel]) or closed convex sets with respect to an
abstract convex structure (see [Wie-M]) then M (X) is a Michael family of subsets
of X.

In (21.10.2) we only signalized some non-typical examples of Michael’s families.

The following definition is crucial in what follows

(21.11) DEFINITION. Let X € M, let ®: X — 2% be a lower semicontinuous
multifunction, and let D C M. We say that ® has the selection property with
respect to D, when for any Y € D, any pair of continuous functions f: Y — X and
h:Y — ]0, +o0o[ such that

U(y) = 2(f(y)) N B(f(y),h(y)) #0, yeY,

and for any nonempty closed set Yy C Y, every continuous selection go from ¥y,
admits a continuous extension g over Y fulfilling g(y) € ¥(y) for all y € Y. If
D = M, then we say that ® has the selection property (in symbols, ® € SP(X)).

The above notion has some meaningful features, as below is pointed out.

(21.12) EXaMPLE. Let X € M and let ®: X — 2% be a ls.c. mapping. If
X is complete and there exists a Michael family M (X) of subsets of such that
®(x) € M(X) for all z € X, then ® € SP(X) (see (21.9)).

The above notion has some meaningful features, as below point out.

Now, we establish the following result:

(21.13) THEOREM. Let X be a nonempty closed subset of L'(T,E) and let
p: X — X be a lower semicontinuous map, with decomposable values. Then ¢ has
the selection property with respect to the family D of all separable metric spaces.

PROOF. Throughout this proof, we write 0 to denote the zero vector of L' (T, E)
with || - [[1(r,p). Pick Y € D and a pair of continuous functions f:Y — X,
h: Y —]0, +o0[ such that ¥ (y) = cl (o(f(y)) N B(f(y), h(y))) £ 0 for ally € Y. If
Yy is a nonempty closed subset of Y and gy denotes a continuous selection from
¥y, then the function ko: Yo — L'(T, E) defined by

ko(y) = h(y) ™ lgo(y) = fW)], fory € Yo,
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is a continuous selection of 7|y, , where

n(y) = L (My) " e(f(y) — fINB,1)), foryeY.

Evidently, the proof will be completed as soon as we show that kg admits a con-
tinuous extension k over Y, with the property k(y) € n(y) for every y € Y. We

first define
£(w) {ko(v)} ify €Yo,
Yy) = .
h) " e(f() — f)] iy €Y\ Yo.
It is a simple matter to see that the multivalued map: &Y — LY(T, E) is lower
semicontinuous and with decomposable values. Hence, by Theorem 3 of [BC1],

for any y € Y and any u € £(y) N B(0, 1), there exists a continuous selection
kyw:Y — LY(T, E) from & such that ky ,(y) = u. Let

Vyu={2 €Y [ [lkyu(2)lln <271+ [[ull)}-

The family of sets {V,., | y € Y, u € £&(y) N B(0,1)} is an open covering of the
separable metric space Y, so it has a countable neighbourhood finite refinement
{V. | n € N}. For each n € N, choose y, € Y and u,, € £(y,) N B(0,1) such
that V;, C Vy, w., and define k, = ky, 4. Let {p,} be a continuous partition
of unity subordinated to the covering {V,,} and let {h,} be a sequence of contin-
uous functions from Y into [0, 1], fulfilling the conditions h,(y) = 1 on supp py,,
supp hn, C V,,, n € N. We now set, for any y € Y,

en(y)(t) = [Fn(w)@)], fort e [0,a] and n €N,

1) =5 1= e w] Y

n=0
Since u, € B(0,1) and the above summations are locally finite, the function [
is well defined, positive, and continuous. Therefore, there exists a continuous
function Y — ]0, 400 and a family {4, » | 7 > 0, A € [0,1]} of measurable
subsets of T satisfying (comp. Lemma 2 in [BC1]):
(21.13.1) A,x, € Ay, if A1 < Mg,
(21.13.2) p(Ar, 2\ AAr, 2,) < M1 — 2| + 2|71 — 12] and p(Arx) = Au(T),
(21.13.3) foreach y € Y, A €0,1],and n € N, if h,,(y) = 1 then

‘/T(W t)du — A/ ()()du‘<41%

Finally, let us define, for y € Y and n € N, Ao(y) = 0, A\(y) = >_,, <, Pm(Y)s

Xy = XAr),an () \Ar@) A1 (1)

y) = Z Xy,n kn(y)
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Bearing in mind condition (b), it is a simple matter to see that the function
k:Y — LY(T, E) is continuous. Furthermore, for any y € Y one has k(y) € £(y),
because £(y) is decomposable. Thus, to complete the proof, we only need to show
that |k(y)|l1 < 1 at all points of Y. Fix(y) € Y and observe that if I(y) = {n €
N | pn(y) > 0} then 1 < #I(y) < >°>° | hn(y). From (21.13.1)-(21.13.3) we deduce

/ k@) Olldn < 3 / (1) (2) dp
nel(y) ” Arw) An \Ar @), 31 ()
_ SO di— M) | onl)(t)d
ne;(y) {/A ©nllY M Y /TQD Y M
- / o (0)(£) it + A1 (1) / o (0)(t) dpt + pu(y) / on()(0) du]
Ar(y), An_1 () T T

I(y) =1+ ||Junl 1 < 1 4 unlls
y) “r; B) pn(y) < m—y);hn(y) + Z Tpn(y)

(y), An (y)

Hence, by the definition of [, ||k(y)|1 < 1 as required. O
We are in a position now to prove our main result.

(21.14) THEOREM. Let X be a complete absolute retract and ®: X — 2% be
a multivalued contraction such that ® € SP(X). Then Fix(®) is a complete AR-
space.

PROOF. Since Fix(®) is nonempty and closed in X, we only have to show that if
Y € M, Y* is a nonempty closed subset of Y, and f*: Y* — Fix(®) is a continuous
function then there exists a continuous extension f:Y — Fix(®) of f* over Y.

Let d be the metric of X, let L €]0,1] be such that dg(®(z'), ®(z”)) <
Ld(z',2") for all 2/,2” € X, and let M €]1,L~![. The assumption X € AR
yields a continuous function fy: Y — X fulfilling fo(y) = f*(y) in Y*. We claim
that there is a sequence {f,} of continuous functions from Y into X, with the
following properties:

(21.14.1) fply» = f* for every n € N,
(21.14.2) fo(y) € ®(fn—1(y)) forally €Y, n € N,
(21.14.3) d(fa(y), fo1(9)) < L"1d(f1 (9), foly)+ M forevery y € ¥, n € N.

To see this we proceed by induction on n. From Proposition (21.7) it follows
that the function ho: Y — ]0, +o00] defined by

ho(y) = dist(fo(y), ®(fo(y))) +1 fory ey,

is continuous; moreover, one clearly has ®(fo(y))NB(fo (y), ho(y)) #D forally € Y.
Bearing in mind that ® € SP(X) we obtain a continuous function f1:Y — X
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satisfying fi(y) = f*(y) in Y* and fi(y) € ®(fo(y)) in Y. Hence, conditions
(21.14.1)—(21.14.3) are true for fi;. Suppose now we have constructed p continuous
functions fi,..., fp from Y into X in such a way that (21.14.1)—(21.14.3) hold
whenever n = 1,...,p. Since ® is Lipschitzian with constant L, (21.14.2) and
(2.14.3) apply if n = p, and LM < 1, for every y € Y we achieve

dist(f (1), @(fp(¥))) < du(®(fp-1()), ®(fp(¥))) < Ld(fp-1(y), fp(y))
< LPd(fi(y), foly)) + LM77 < LPd(f1(y), fo(y)) + M7,

so that
(fp(y)) N B(fp(y), L* d(f1(y), fo(y)) + M~7) # 0.

Because of the assumption ® € SP(X), this procedure yields a continuous function
fp+1:Y — X with the properties:

forily-=f" for1(y) € 2(fp(y)) forevery y €Y,
dist(fp+1(y), fo(y)) < LPA(fi(y), fo(y)) + M7 forally €Y.

Thus, the existence of the sequence {f,} is established.

We next define, for any a >0, Y, = {y € Y | d(f1(v), fo(y)) < a}. Obviously,
the family of sets {Y, | @ > 0} is an open covering of Y. Moreover, due to
(21.14.3) and the completeness of X, the sequence {f,} converges uniformly on
each Y,. Let f:Y — X be the pointwise limit of {f,}. It is easy to seen that the
function f is continuous. Further, due to (21.14.1) one has f|y- = f*. Finally, the
range of f is a subset of Fix(®) since, by (21.14.2), f(y) € ®(f(y)) for ally € Y.
This completes the proof. O

The same arguments used to prove Theorem (21.14) actually produce the fol-

lowing more general result.

(21.15) THEOREM. Let D C M, let X be a complete absolute retract, and let
®: X — 2% be a multivalued contraction having the selection property with respect
toD. Then, for any Y € D and any nonempty closed set Yy C Y, every continuous
function fo: Yy — Fix(®) admits a continuous extension over Y.

Finally, note that (21.3) and (21.4) are special cases of (21.15).






CHAPTER III

APPROXIMATION METHODS IN FIXED POINT THEORY
OF MULTIVALUED MAPPINGS

There are two significant sets of methods in the fixed point theory of multivalued
mappings. The first are the so called homological methods, started in 1946 by
S. Eilenberg and D. Montgomery ([EM]), and depend on using algebraic topology
tools, e.g. homology theory, homotopy theory, etc. The second, started in 1935 by
J. Von Neumann ([Neu]), are called the approximation methods.

Note that we will study homological methods in Chapter IV. In the present
chapter we shall concentrate on approximation methods, which are simpler than
homological methods, but they are sufficient for applications to nonlinear analysis
and some other branches of mathematics.

The main idea of approximation methods is simple: one approximate on the
graph a given multivalued map by a singlevalued map and, then, applying a limit-
ing process, investigates to what extent properties of singlevalued approximations
are inherited by the original map.

We recommend [Go2-M], [Kr2-M], [LR-M], [ACZ1]-[ACZ3], [Beel]-[Beed],
[Cl1], [GGK1]-[GGK3], [MC] as bibliography for this chapter.

22. Graph-approximation

We start with two preliminary facts.
Firstly, for two metric spaces (X, d;), (Y,dz) in the Cartesian product X x YV
we shall consider the max-metric d, i.e.

d((z,y), (u,v)) = max{d;(z,u),d2(y,v)} forz,y € X and u,v €Y.

Secondly, we shall use the following.

(22.1) PROPOSITION. Let K be a compact subset of X and let f: X — Y be
a continuous map. Then for each € > 0 there exists n > 0 such that da(f(x), f(u))
< g, provided dq(u,z) <n and z,u € Oy(K).

PROOF. Assume to the contrary. Then there exists € > 0 such that for
every n = 1,2,... there are x,,u, € O1,,(K) such that di(z,,u,) < 1/n,
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da(f(zn), f(un)) > € for every n = 1,2,... Since z,,u, € O1/,(K) we can find
T, Uy € K such that:

- 1 - 1
(22.1.1) di(Tn, Tpn) < — and  di(un,tp) < o
n
Then we deduce that
SO 3
(22.1.2) dy(Tp, Un) < —, n=12,...
n

Now, since K is compact we can assume that sequences {Z,} and {u,} are con-
vergent. So, in view of (22.1.2), we have:

(22.1.3) limz, = limu, = x.
n n

Consequently, from (22.1.1) we get lim, , = lim, v, = x. Then lim,, f(u,) =
lim,, f(x,) = f(z) and this contradicts the fact that:

da(f(un), f(zn)) =€ for every n.

The proof of (22.1) is completed. d

ASSUMPTION. Starting from now in this chapter until Section 27 all multivalued
mappings are assumed to have compact values.

(22.2) DEFINITION. Let ¢: X — Y be a multivalued map, Z C X and let
e > 0. A mapping f: Z — Y is an e-approzimation (on the graph) of ¢ if and only
if Ff - OE(Fsa)-

If Z = X and f is an approximation (on the graph of ¢), then we write f €

a(p;e).
Some important properties are summarized in the following.

(22.3) PROPOSITION.

(22.3.1) A mapping f: Z — Y is an e-approzimation of a multivalued map ¢: X —o
Y if and only if f(z) € O(p(Oc(x))) for each x € Z, where Z C X.

(22.3.2) Let P be a compact space, r: P — X a continuous map and let p: X — Y
be u.s.c. Then, for each o > 0 there exists €9 > 0 such that for any e
(0 < e < eg) and e-approzimation f: X — Y of ¢, the map for:P —Y
s a p-approxrimation of por.

(22.3.3) Let C be a compact subset of X and ¢: X —o X is an u.s.c. mapping
such that C NFix(p) = 0. Then there exists € > 0 such that, for every
f €alp,e), we have Fixf N C = 0.
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(22.3.4) Let C be a compact subset of X. Then, for everye > 0 there is § > 0 such
that the restriction flc of f to C is an e-approzimation of the restriction
ole of p: X — Y to C, whenever f € a (p,0).

(22.3.5) Let X be compact and x: X x [0,1] — Y be a multivalued map. Then,
for every t € [0,1] and for every e > 0 there exists & > 0 such that
ht € a (xt,¢€), whenever h € a (x,d), where hy: X =Y and xp: X — Y
are defined as follows:

xt(x) = x(z,t), h(x)=h(z,t) foreveryx e X andt € [0,1].

(22.3.6) Let ¢: X — Y and ¢:Y — Z be two mappings (with ¢ u.s.c. and g
continuous). Then, for every e > 0 there exists 6 > 0 such that go f €
a (gop,e), whenever f € a (p,0).

(22.3.7) Let p: X — Y and ¢: Z — T be two multivalued mappings. Then, for
every € > 0 there exists 6 > 0 such that, if f € a (p,0) and g € a (3, 9),
then fxg: X xZ — Y XT is an e-approzimation of px: X xZ —o Y XT.

PROOF. (22.3.1) Observe that f € a (¢,¢) if and only if I'y C O.(T'y). It is
equivalent that for every x € Z there is (z,y) € I', such that € O.(z) and
f(x) € Os(y). Consequently we have f(z) € O:(¢(Oc(x))) and (22.3.1) is proved.

(22.3.2) We shall prove it by contradiction. Assume that there is ¢ > 0 such
that for every € > 0 we have f. € a(p,e) and f. or & a(p or,p). We let
e=1,1/2,...,1/n,... Let f, € a(p,(1/n)). Then for every n we choose u, € P
such that:

(22.3.8) Ja(r(un)) # Oy((r(Ogwn))), m=1,2,...

Now, we can assume that lim, u, = w. By assumption we have f,(r(u,)) €
O(1/n)(@(O(1 /myr(un))). So, in view of (22.3.1) we have

(r(un), fu(r(un))) € O m)(Ty).

So we can choose x,, € X and y, € ¢(x,) such that

dl(xnar(un)) < % and d2(yn,fn(r(un)) < %

Therefore, lim, z,, = lim, r(u,) = r(u) and lim, y, = lim, f,(r(u,)) = y. So,
(r(u),y) € T'y, but it contradicts (22.3.8) and the proof is completed.

(22.3.3) Assume, to the contrary, that for every € > 0 there is f. € a(p,e) such
that Fix(fe)NC # 0. Welet e = 1/n, n=1,2,... Let f,, € a(yp, (1/n)) be such
that Fixf, N C # (. For every n = 1,2,... we choose a point z, € Fixf, N C.
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Since C' is compact we can assume that lim, z, = z. Then x € C' and we can
choose (un,vy) € I', such that:

1 1
di(Tn,un) < — and  di(xn,vn) < oy = 1,2,....
n

Thus lim, , = lim,u, = lim,v, = = and since ¢ is u.s.c. the graph I', is
closed in X x X. Consequently x € ¢(z) and we obtain Fixey N C # @ which is
a contradiction.

(22.3.4) Tt is enough to apply (22.3.2) to the inclusion map i: C' — X.

(22.3.5) It follows again from (22.3.2). We take r = i;: X — X x [0, 1] defined
by i:(z) = (z,1t).

(22.3.6) Tt is easy to prove by contradiction analogously to the proof of (22.3.2).
Note that, in fact, (22.3.6) is a generalization of (22.3.2).

(22.3.7) Follows directly from the observation that for every & > 0 there exists
d > 0 such that Os(x) x Os(y) C O((z,y)). O

For given two spaces X, Y we let:
Ap(X,Y) ={p: X — Y | ¢ is u.s.c. and for every € > 0 there is f € a(yp,¢)}.

The class Ag is adequate for obtaining global fixed point theorems, but it is not
sufficient to construct the topological degree. Fortunately, we will be able to define
a quite large class of multivalued maps appropriate to the topological degree theory.
We will do it in the sections which follow. Now, we shall describe properties of Ag.

(22.4) THEOREM. Let these be a map ¢ € Ap(X,X) and X be a compact
AR-space, then Fix(p) # 0.

PROOF. Lete=1/n,n=1,2,... and let f,, € a(p,1/n). Then from Schauder
Fixed Point Theorem (see Corollary (12.15)) we get that f,,(z,) = 2y, for some
xn, € X. Without loss of generality we can assume that lim,, f,,(z,) = lim, z, = x.

Then we can choose a sequence (uy,v,) € I'y, such that:

1 1
di(Tp,un) < = and di(zp,v,) <=, n=1,2,...
n n
and hence we obtain:
x = limz, = lim(f,(z,)) = limu, = limv,.
n n n n

Now because ¢ is u.s.c. the graf I', of ¢ is closed in X x X and consequently
x € p(x) what completes the proof. O
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(22.5) THEOREM. Let ¢ € Ap(X,R") and g:R™ — R™ be a continuous map.
Then the map p = g o p: X — R™ is o-selectionable.

PROOF. Let a mapping pi: X — R™ be given by the formula:

o(w) = el (O1/k(p(01/k()))), =z € X.

Then, using the Lasota—Yorke Approximation Theorem (see (17.16)), we may find
a locally Lipschitz map gg: R™ — R™ such that:

l9(2) — gx(2)]] < (2%) L eR™

Next define ¢;: X — R™ by the formula:

P (x) = cl (O1/u(gr(er(x)))), =€ X.

Then ¥y41(x) C Yr(x) and

Y(z) = ﬂ Yr(x), for every xz € X.

k>1

Since ¢ € Ag(X,R™) we find a (1/3k)-approximation hy, of ¢.
Once again, by the Lasota—Yorke Approximation Theorem, take a mapping fx
which is locally Lipschitzian and:

1
ka(.f)—hk(-f)”<§, JTEX, k:1,27

By (22.3.1) fj; is a selection of . Consequently wy, = gi o fi is a locally Lipschitz

selection of ¥ and the proof is completed. O
(22.6) REMARK. In fact we have proved that ¢ = g o ¢ is LL-o-selectionable.
We shall end this section by proving one more approximation-type result.

(22.7) PROPOSITION. Let E be a normed space and let p,1: X — E be two
multivalued mappings such that:

(22.7.1) 4 is l.s.c. with convex (not necessarily closed) values,
(22.7.2) @ is u.s.c. map with closed convex values.

Assume further that o(z) N(x) # O for every x € X. Then for any 6 > 0 there
exists a d-approximation (on the graph) f: X — E of ¢ such that:

(22.7.3) B(fs(t),8) Np(x) # 0, where B(fs(x),d) is the open ball with the center
in fs(z) and radius 6.
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PRrROOF. Let us put U(z) = B(z,0/2)N{z" € X | p(2') C Os/2(p(x))} for every
x € X. Let a = {V;};cs be an open star-refinement of the open cover {U(z)},ex
of X, i.e. for any i € J there exists x = x(7) € X such that st(V;, a) C U(z), where
st(Vi,a) =({V |V € aand V NV, #0}.

For any = € X, choose z; € ¢(z) N(x) and consider the open cover 7 =
{Tv(z)}zev of X, where

Ty(z) ={2' € V| p(z") N B(zy,6/2) # 0}.

Let {\s}ses be a locally finite partition of unity subordinated to 7. Hence, for
each s € S there are V; € a, x4 € V, with A\;(z') =0 for o’ & Ty, ().
The map f: X — FE defined by

flz) = Z)\S(x)zs, x € X, where z5 = z,,
seS

is clearly continuous. Moreover, for each x € X and each index s in the finite set
S(xz) = {s € 5| As(x) # 0}, there exists z, € ¥(x) such that ||z} — z;s|| < J because
x € Ty, (zs). Thus by the convexity of (x) we obtain:

(2 aoet) eva

seS(x)

and

D Al@)z - fl@)
s€S(x)
In other words, B(f(z),d) N(z) # O for every z € X. On the other hand, given
x € X, s € S(z), it follows that x € Ty, (z,) C Vs, where x4 € V;. Since « is a star-
refinement of {U(z)}zex, there exits T € X such that x,z, € U(T). Therefore
zs € p(zs) C Os(p(T)) and ||z — Z|| < §. The set B(¢(T),d) being convex, we
infer that f(x) € Os(p(z)) and the proof is competed. O

<Y la-al<e

seS(x)

The above lemma guarantees the existence of a so-called §-approximate selection
of ¢ which is also a J-approximation of ¢. As in Michael’s selection theorem,
assuming in a addition that the values of 1) are closed and E is a Banach space
we conclude:

(22.8) COROLLARY. Assume that E is a Banach space and ¢,9: X — E are
two multivalued mappings such that:

(22.8.1) ) is Ls.c. with closed convex values,
(22.8.2) ¢ is u.s.c. with closed convex values, and
(22.8.3) @(z) Np(x) £ O for every z € X.
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Then for any § > 0 there exists a countinuous map f: X — E such that:

(22.8.4) fC, and
(22.8.5) f is an d-approximation (on the graph) of ¢.

We will show in Chapter VI that Corollary (22.8) is useful for applications.

23. Existence of approximations

As we mention in last section to construct the topological degree theory (i.e.
the local fixed point theory) more assumptions have to be made on the class
of multivalued maps under consideration. Therefore, we shall define a subclass
A(X,Y) of the class Ap(X,Y).

(23.1) DEFINITION. We let ¢ € A(X,Y) provided ¢ € Ap(X,Y") and for each
d > 0 there is an g9 > 0 such that for every ¢ (0 < € < &g), if f,: X — Y are
g-approximations of ¢, then there exists a homotopy h: X x [0,1] — Y joining f
and g such that h; € a(p,d) for every t € [0, 1].

First, we would like to explain how large the class A(X,Y) is. In order to do
this we shall say that an u.s.c. map ¢: X — Y is a J-mapping (write ¢ € J(X,Y))
provided the set ¢(x) is co-proximally connected for every z € X (cf. Section 2).

Observe, that the definition of co-proximally connected sets can be formulated
in terms of J-maps as follows:

(23.2) PROPOSITION. If p € J(X,Y), then for each x € X, € > 0, there is an
n=mn(x,e), 0 <n < e such that for any positive integer n and a continuous map
f1OA™ — Oy(p(x)) there exists a continuous map g: A™ — O(p(x)) such that
9(z) = f(2) for every z € OA™.

(23.3) REMARK. Note that if ¢ € J(X,Y) and r: Z — X is a continuous map,
then por e J(Z,Y).

The following lemma is crucial in what follows.

(23.4) LEMMA. If X, Y are spaces, X is compact and ¢:X — Y is a J-
mapping, then for each € > 0, there exists a 6 = 0(g), 0 < 6 < &, such that for
each © € X and a positive integer n, if g:0A™ — Os(p(Os(x))) is continuous,
then there is a continuous map §: A™ — O (¢(Oc(x))) such that g(v) = g(v) for
v € OA™.

PROOF. Let € > 0. By the upper semicontinuity of ¢, for any y € X there
isap=py),0<p<nlye)/d (see Proposition (23.2)), such that ¢(O,(y)) C
O,/2(¢(y)). Let X be the Lebesgue coefficient of the covering {O,(y)}yex of X.



112 CHAPTER III. APPROXIMATION METHODS

We put 6 = 6(¢) = A/2. For an arbitrary x € X, there is y € X such that
Os(z) € Ou(y). Obviously,

O5((0s(x))) € Os5(£(Opu(y))) € Os(Oyy2(e(y))) € Onle(y))

because 6 < 2 < n/2. Let n > 1 be an arbitrary integer and let g: 0A™ —
O5(¢(Os(x))) be continuous. By definition of oo-proximally connected sets, there
isag: A™ — O.(¢(y)) such that g(v) = g(v) for v € A™. Since d(x,y) < p(y), we
have that y € Og(x), so O:(¢(y)) C Os(p(O(z))) which completes the proof. O

(23.5) THEOREM. Let P be a finite polyhedron and Py a subpolyhedron of P.
Let Y be a space and @: P — Y a J-mapping. For any € > 0 there is § > 0
such that, if fo: Ph — Y is a continuous d-approximation of , then there exists
a continuous f: P —'Y which is an e-approximation of ¢ such that f|p, = fo.

PROOF. Let us fix e > 0 and let dimP = N > Ny = dimPy. Let ey:= ¢
and assume that we have defined €11, 0 < k < N — 1. Now, we define a num-
ber e < ery1 such that, for any z € P, any positive integer n and any con-
tinuous map ¢: OA™ — O, (¢(O.,(x))), there is a continuous map g: A" —
Ocy1/4(9(O¢, ., /a(x))) such that g(v) = g(v) for v € JA™. The existence of
such an gy follows from Lemma (23.4). Let § = &¢/2 and let fy: Py — Y be a 0-
approximation of ¢. Suppose that (T, Tp) is a triangulation of (P, Py) finer than
the covering {O.,/4(x)}zep of P, ie. |T| = P, |Ty| = Py and Tj is a subcomplex
of T. By T¥, 0 < k < N, we denote the k-dimensional skeleton of 7" and let
Pk = |T*|. Similarly, T#, 0 < k < N, denotes the k-dimensional skeleton of Tp,
and let P¥ = |T}|. Tt is obvious that, for k < Ny, T is a subcomplex of T*.
Moreover, PN = P, Pdvo = P.

We shall define a sequence {f*: P* — Y}ffzo of continuous mappings such that

(23.5.1) for any k, 0 < k < N, f¥: P* — Y is an (e}, /2)-approximation of ¢;
(23.5.2) for any k, 0 < k < Np, fk|Pg = fo|ps and
(23.5.3) forany k, 0 <k < N —1, ff!|pe = fF.

Then the mapping f := fV will satisfy the assertion of Theorem (23.5). Indeed,
N pvo = fNoand V| po = (fN|pno)|p, = fo- Let P° = {xq,..., 2.} and let the
vertices be ordered in such a manner that 1,...,z, € PY, (¢ <7), Tg41,. .., 2 &
PY. Fori, 1 <i < gq, weput fO(x;) = fo(x;) and, for i, ¢ +1 < i < r, we put
fO(x;) € p(z;). Obviously f° satisfies (23.5.1)—(23.5.3) above.

Assume that, for k = 0,..., N—1, we have defined f* on P* satisfying (23.5.1)
(23.5.3). Now, it suffices to define f**! on an arbitrary (k+1)-dimensional simplex
S from T#*!. There exists « € P such that S C O, /4(x).
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For z’ € 0S, we have

FH (@) € Oc, p2(9(0c, 2(2"))) € Oc(9(Oc, 2(9)))
C Oci (#(Ocy j2420/a(7))) C Ocp((Ocy (2)))-

Thus f*(9S) C O, (#(Oc, (2)))-
(23.5.4) Tfk+1< Ny and S € Ty, then we put f*+1s = fols.
(23.55) If k+1 > Ny or S ¢ Té““, then, by the definition of €, there exists
fk—H: S — OEk+1/4(<)0(OEk+1/4('r)))'
Let y € S. If (23.5.4) holds, then

PP Y) = £2W) € Ocoy2((0zy 12(2(0z0 /2(U)))) € Oz 12(#(Ocy 4 /2(1))-

If (23.5.5) holds, then y € O 4(x). Hence & € Oc,/4(y), and therefore

OEk+1/4('r) C OEk+1/4+Eo/4(y) C OEk+1/2(y)'

Now, fk—H(y) € OEk+1/4(<p(OEk+1/4('r))) C OEk+1/2(§0(OEk+1/2(y)))' This proves
that f*+1 satisfies (23.5.1)-(23.5.3). O

From the above theorem we immediately obtain:

(23.6) COROLLARY. Let P be a finite polyhedron, Y a space and let ¢ €
J(P,Y). Then for any € > 0 there exists a continuous e-approzimation f: P —Y

of .

PROOF. Let T be a triangulation of P and T its O-dimensional skeleton. If
Py = |To| = {z1,...,2,}, then we define fo: Py — Y by putting fo(z;) € o(x;)
for i = 1,...,r. By Theorem (23.5), for any £ > 0, there is a continuous map
f: P — Y which is an e-approximation of ¢ and an extension of fy, since fj is
a selection of ¢|p, and, in particular, as such is a d-approximation of ¢ for any
0> 0. O

(23.7) COROLLARY. Let P be a finite polyhedron, Y a space, and let p: P — Y
be a J-mapping. For any e > 0, there exists a § > 0 such that if f,g: P — Y are
d-approzimations of ¢ then there is a continuous mapping h: P x [0,1] = Y such
that h(-,0) = f, h(-,1) = g and, for each t € [0,1], h(-,t) is an e-approzimation
of ¢.

PROOF. Let P’ = P x [0,1] be a polyhedron with the canonical triangulation
T'. (The triangulation T" is constructed in the following manner; to any simplex of
the triangulation T of P, with vertices {zo, . .., z,}, we join the family of simplices
spanned by the points g x {0}, ... ,2; x {0}, a; x {1},...2, x {1}, i=0,...,r,
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together with their faces). We put Py = P x {0} U P x {1}. Of course, Pj is
a subpolyhedron of P’.

Assume that ¢’: P’ — Y is given by the formula: ¢'(z,t) = ¢(x) for z € P and
t € [0,1]. Let us fix € > 0. By Theorem (23.5), since ¢’ is J-map in view of Lemma
(23.3), there exists 6 > 0 such that if ho: P; — Y is a §-approximation of ¢', then
there is a continuous mapping h: P’ — Y which is an e-approximation of ¢’ and
such that hl p; = ho. Now, take f,g: P — Y as continuous d-approximations of
v and define hg: Pj — Y by putting ho|p x {0} = f, ho|p x {1} = g. Obviously,
ho is a d-approximation of ¢'. Then the existing map h: P’ — Y satisfies our
assertion. O

Now, we shall show that the above results may be carried over to a larger class

of domains.

(23.8) THEOREM. Let X be a compact ANR-space, Y a space. For any e >0
and any J-mapping p: X — Y, there exists a continuous e-approzimation f: X —

Y of ¢.

PROOF. Using the Arens—Eells Theorem (1.6), we may assume that X C U C
E, where (E,|| - ||) is a normed space, U is an open subset of E and there is
a retraction r:U — X. Take ¢ > 0. By Proposition (22.1), there is 7, 0 <
v < g, such that O4(X) C U and for z,z € O(X) with ||z — z|| < v we have
dx(r(z),r(z)) < e. Take g, 0 < 20 <. Then Oz,(X) C U. Let x1,...,z5 € X
be such that

k
X c|JO,(@) =V
i=1
Thus
k
X cVc|JOgw)cU
i=1
ForzeV,i=1,...,k, we put
(x
wi(z) = max{0,0— ||z — z;||} and N(z)= k'uz( )
i=1 Hj(@)
Then, for z € V,
k
Z)\z(x) =1 and MN\(x)#0
i=1

if and only if € Opy(z;).
We define 7: V' — span{x1, ...,z } by the formula

k
w(z) = Z Ai(z)z;.
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Hence ||7(v)—v|| < g for any v € V. It is also easy to see that there exists a (finite)
polyhedron P such that m(V) C P C O2p(X) C U. Let ¢y = por:U — Y. By
Lemma (23.3), ¢ is a J-mapping. By Theorem (23.5), there exists a continuous
map g: P — Y being a g-approximation of ¢|p: P — Y. Let f V — Y be defined

by the formula: f(v) := g(w(v)) for v € V.
We claim that f is a y-approximation of ©. To the end of proof let v € V. Then
fv) = g(m(v)) € Op(Y(Op(m(v)))). So, there are z € Opy(m(v)) N P and y € ¢(2)

such that dy (f(v),y) < 0. But

Iz = ol < llz =7 ()| + [[7(v) = ]| <20 <.

Hence z € O,(v) NU, so f(v) € O,(¥(0(v))).

Now, let f = f| x: X — Y. We can see that f is an e-approximation of ¢.
Indeed, take z € X. Since f(z) = f(z) € O, (1(0O~(x))), we have z € O, (z) and
y € ¥(z) such that dy(f(z),y) < v < e. Since z,z € O,(X) and ||z — z|| < v,
therefore dx (r(x),r(z)) < e. So r(z) € O(xz) N X. Moreover, y € ¢¥(z) = p(r(z)).

Hence f(z) € O:(¢(O:(x))). The proof is complete. O
Finally, we prove the following:

(23.9) THEOREM. Let X be a compact ANR-space, Y a space and let ¢ €
J(X,Y). For any 6 > 0 there exists an €9 > 0 such that fore, 0 < & < &g, and for
arbitrary e-approrimations f,g: X — Y of @, there is a continuous map h: X X
[0,1] = Y such that h(-,0) = f, h(-,1) =g, and h(-,t) is a 0-approzimation of
@ for allt €[0,1].

PROOF. Again, we assume that X C U C E, where (E, |- ||) is a normed space,
U is open in F, and there is a retraction 7: U — X. Let us fix § > 0. Since the
proof is constructive, it will be carried out in several steps.

(23.9.1) By Proposition (23.1) we can choose 7, 0 < v < d such that O,(X) C U
and for z, 2’ € O4(X), if ||z — 2| < 7y then dx(r(2), (') < 4.

(23.9.2) Take 7, 0 < n < 7/4, such that for 2,2’ € O,(X), if |z =2 <n
then dx(r(z),r(')) < v/4. Hence O,(X) C U and, as it is easily seen, for any
2 € 0,(X), [l = ()| < /2.

(23.9.3) Now, take g, 0 < 20 < n. Hence Og,(X) C U. Let z1,...,z5 € X be
such that X C V = Ule O,(z;). As in the proof of Theorem (23.2) we construct
m:V — span{x1,...,xy} for which there exists a (finite) polyhedron P such that
m(X) Cw(V) C P C Og,(X) C U. Moreover, ||m(v) —v| < o for any v € V.

(23.9.4) By Corollary (23.7), there is a gg > 0 such that if F,G: P — Y are
go-approximations of ¢|p: P — Y, where ¢ = @or. Then there exists a continuous
map H: P x [0,1] — Y such that H(-,1) = G and H(-,t) is a g-approximation of
| p for any ¢ € [0, 1].
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(23.9.5) By (23.2.2), there exists an g, 0 < &g < /4, such that for any ¢,
0<e<eg,and f: X — Y, we have FF = fo (r|p): P — Y is a gp-approximation
of ¥|p provided that f is an e-approximation of .

(23.9.6) Takee, 0 < & < &g, and f, g: X — Y to be continuous e-approximations
of p. By (23.9.5), F = for|p, G = gor|p are gp-approximations of ¢|p. By
(23.9.4), there is a continuous map H: P x [0,1] — Y such that H(-,0) = F,
H(-,1)=G and H(-,t) is a p-approximation of ¢|p for any t € [0, 1].

(23.9.7) Consider a map k: X x [0,1] — Y given by the formula k(z,t) =
H(w(z),t) for z € X and t € [0,1]. We claim that k(-,t) is an n-approximation
of ¢ for any t € [0,1]. Indeed, let ¢ € [0, 1] and take z € X. We have

k(z,t) = H(m(x), 1) € Op((Op(m(x)) N P)).

Hence, there exists z € O,(m(z)) N P and y € ¥(z) such that dy (k(z,t),y) < o.
Since
Iz =z < ||z = 7(@)[| + [Im(z) — ] < 2¢ <,

we infer that z € O,(z) C U, and that k(z,t) € O,(¥(O,(x) NU)). Moreover,
observe that k(z,0) = F(r(z)), k(z,1) = G(x(x)) for each z € X.
(23.9.8) Let us define &/, k”: X x [0,1] — Y by the formulas

Kz, t) = fr((1 =t +tn(),  K'(z,t)=g(r((1 - t)n(z) + tx))
for 2 € X, t € [0,1]. This definition is correct since
I-t)ix+tn(zx)=z+t(n(x) —z) €O0p(z) CU and (1—t)n(z)+tzeclU
for each z € X, t € [0,1]. Next, we define h: X x [0,1] = Y by

k' (x,3t) for t € 10,1/3],
h(z,t) =< k(z,3t—1) forte[1/3,2/3],
k' (x,3t—2) forte[2/3,1],

for x € X. Then h is continuous and h(-,0) = f, h(-,1) =g.

(23.9.9) We shall show that h(-,¢): X — Y is a y-approximation of ¢ for any
t € [0,1].

(a) Let t € [1/3,2/3]. By (23.9.7), h(-,t) = k(-,3t — 1) is an n-approximation
of 1. Since n <+, h(-,t) is a y-approximation of .

(b) Let ¢t € [0,1/3]. Take z € X. By the definition,

h(z,t) =K' (z,3t) = f(r((1 — 3t)x + 3tw(z))) € f or(O,(x)).
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Hence there exists z € O,(x) C Oy () such that h(x,t) = f(r(z)). We shall show
now that h(z,t) € O,(¢(O~(x))). Since f is an e-approximation of ¢, we infer
that f(r(z)) € Oc(p(O:(r(2)))). So, there are € O.(r(z)) and y € ¢(Z) such
that dy (f(r(2)),y) < e. Since z € O, (X), therefore, ||z—r(2))|| < /2 by (23.9.2).
Hence

Iz =2l < dx(Z,7(2)) + lIr(2) = 2l <e+7/2 <37v/4

because € < g9 < /4. Moreover, ||z — z|| < o < n/2 < 7/8; thus
dx (2,7) < |7 = 2| + ||z —zf| <.

So finally, T € O4(z), y € ¢(Z) and h(z,t) = f(r(2)) € O,(p(0,(x))).

(c) Let t € [2/3,1]. By an analogous reasoning to the above we show that
h(z,t) € Oy(p(O4(x))) for z € X.

(23.9.10) By (23.9.1), proceeding in exactly the same way as in the last part
of the proof of Theorem (23.8), we now show that, for any ¢t € [0,1], h(-,¢) is
a d-approximation of .

This completes the proof of Theorem (23.9) O

From Theorems (23.8) and (23.9), we immediately have:

(23.10) COROLLARY. Let X be a compact ANR-space and Y a space. If ¢ €
J(X,Y) then p € A(X,Y).

So, for X a compact ANR-space and Y an arbitrary space we obtain:

(23.11) PROPOSITION. J(X,Y) C A(X,Y) C Ay(X,Y).

24. Homotopy

In fixed point theory an appropriate notion of homotopy is needed. In what
follows we let:

AX) = A(X,X) and Ac(X) = {p e A(X) | Fix(p)NC = 0},

where C'is a closed subset of X.
Now we shall give the definition of homotopy in Ac(X).

(24.1) DEFINITION. Two maps @, € Ac(X) are called homotopic (in Ac (X))
if there exists a mapping x € Ap(X x [0, 1], X) such that x(z,0) = ¢(z), x(z,1) =
() for each x € X and x(z,t) # = for each x € C, t € [0,1]. If ¢ and 1) are
homotopic then we write ¢ ~¢ .

Obviously, the relation ~¢ is reflexive and symmetric. To see that it a transitive,
we need the following lemma.



118 CHAPTER III. APPROXIMATION METHODS

(24.2) LEMMA. Ifx € Ao(X x[0,1],Y) where X is compact then for each e >0
and t € [0,1], there is 0 > 0 such that if h: X x [0,1] —= Y is a g-approzimation
of X, then h(-,t) is an e-approximation of x: = x(-,1).

PROOF. Fixe > 0 and t € [0,1]. Since y is u.s.c. for any z € X, there is
d=104(x) (0 <0 <e)such that x(Os(x,t)) C Oc2(x(x,1)).

Let n(z) = 6(z)/2. Obviously, X x {t} C U{Oy (s (2,t) | € X}. Since X x {t}
is compact, there exists x1,...,x, € X such that X x {t} C (U{Oy@, (2 1) | i =
1,...,k}.

We put n = min{n(x;) | i =1,...,k}. Weclaim that, for any € X there exists
i, 1 < i <k, such that O, (x,t) C Op(z,)(2s,t). Indeed, let x € X. Then there
is4, 1 <1i <k, such that d(z,z;) < n(x;). If («/,t') € Oy(x,t) then d(a',z;) <
d(a',x)+d(z, ;) < n+n(x;) < 2n(z;) = §(x;). Moreover, |t —t'| < n(z;) < §(z;).
So, we obtain (2,t") € Og(a,) (x4, 1).

Let o = min{n,e/2}. Consider a g-approximation h: X x [0,1] — Y of x. Take
x € X. By (22.3.1) we have hy(z) = h(z,t) € Ou(x(Op(x,t))). Consequently,
there exists (z/,t") € O,(x,t) and y' € x(z’,t') such that dy (hi(x),y") < o.

Choose x4, such that O,(x,t) C Oy, (wi,t). Then ' € x(2',t") C x(Op(x, 1))
C X(Os(zy) (i, 1)) C Ogya(x(x4,t)). We find y € x(z4,t) such that dy (y,y') < /2.
Next, d(z,z;) < 6(x;) < e. So z € Oc(z), y € x(z4,t) and dy(h(x),y) <
dy (he(z),y') + dy (y,¥') < 0+ ¢/2 < &; hence hi(z) € O (x:(Oc(x))) and this
completes the proof. O

(24.3) PROPOSITION. If C is a closed subset of a compact space X then the

relation ~¢ is an equivalence.

PROOF. Obviously ~¢ is reflexive and symmetric. Let ¢; € A(X), i =1,2,3
and ¢1 ~¢ 2, Y2 ~c 3. There are x; € Ag(X x [0,1], X), ¢ = 1,3 such that
x1(+,0) = ¢1, x1(-,1) = g2 = x3(+,0), and x3(-,1) = ¢3. Moreover, for any
t €[0,1], z € C, we have x;(z,t) # = (i = 1,3). Let x: X x [0,1] — X be given
by the formula

x1(z, 3t) for ¢ € [0,1/3],

x(x,t) =< wa2(x) for t € (1/3,2/3],
x3(z,3t—2) forte (2/3,1].

Obviously, for any ¢ € [0,1] and € C, x & x(z, ).

Take any 6 > 0. By Definition (24.1), since p2 € Ac(X), there is g9 > 0 such
that for €, 0 < e < g, any two approximations of s are homotopic to each other;
moreover, the homotopy joining them is a d-approximation of po. By (24.2), there
is 0, 0 < g < 4, such that if h;: X x[0,1] — X is a g-approximation of x; (i =1, 3)
then hyi(-,1), hs(-,0) are gg-approximations of .
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Let ha: X x [0,1] — X be a homotopy joining hi(-,1) and hs(-,0) such that
ha(-,t) is a d-approximation of ¢3. We define h: X x [0,1] — X by the formula

hi(x,3t) for t € 10,1/3],
h(z,t) =< ho(z,3t—1) forte (1/3,2/3],
hs(z,3t—2) fort e (2/3,1].

It is easy to verify that h is a d-approximation of y, thus x € Ao(X x [0, 1], X)
and joins ¢1 with @3 in the sense of the relation ~¢; the proof is complete. O

We denote the homotopy class of ¢ € Ac(X) by [¢]c and the set of all homotopy
classes by [Ac(X)]. Let Sc(X) denote the class of all continuous (singlevalued)
mappings f: X — X such that Fix(f) N C = 0.

We say that two maps in S¢(X) are homotopic if there exists a singlevalued,
continuous and fixed point free (on C) homotopy joining these maps. We denote
the homotopy class of f € Sc(X) by [f]c and the set of all homotopy classes by
S (X)),

Now, we are in a position to prove our first fundamental result of this section.

(24.4) THEOREM. If C is a closed subset of a compact ANR-space X then there
is a bijection F:[Ac(X)] — [Sc(X)].

PROOF. Let w = [¢] € [Ac(X)]. By (22.3.3), we have §(p) > 0 such that any
d(¢p)-approximation of ¢ is fixed point free on C. By definition, we find £¢(¢),
0 < g9(p) < 0(y), such that for €, 0 < € < g9(y), any two e-approximations of ¢
are joined by a homotopy being a d(yp)-approximation of ¢. We put

where f: X — X is an arbitrary eo(¢)-approximation of ¢. We shall show that
the definition of F' is correct. Obviously f € Sc(X). It is easily seen (from the
construction), what F'(w) does not depend on the choice of f. Now, let ¢ € w.
Thus ¢ and 1 are joined in Ac(X) by a homotopy x € Ap(X x [0,1], X) (see
Definition (24.1)).

By (22.3.3), there is 6(x) > 0 such that for any §(x)-approximation h: X X
[0,1] — X of x we have h(z,t) # x for z € C, t € [0,1]. By (24.2), there is
0 < d(x) such that for any p-approximation h: X x [0,1] — X of x, h(-,0) is an
eo(p)-approximation of ¢ and h(-, 1) is an &¢(¢)-approximation of ¢. According
to our definition we assigned to [¢]c the element [h(-,0)]c and to [¢]¢ the element
[h(-,1)]c; thus our definition is correct.

Observe that since X is a compact ANR-space we have that S (X) C Ac(X)
and hence, F is surjective. To prove the injectivity of F' it is enough to show that
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having ¢ € Ac(X) there is € > 0 such that for any e-approximation f: X — X of
©, one has f € [p]c. Applying (22.3.3), we gather that there is § > 0 such that
for each € C' we have © € Os(¢(Os(x))). Take €, £ < ¢ (given in (24.1) for ¢
and §) and let f be an e-approximation of p. We put

o(x) for t € [0,1/3],
x(x,t) =< clOs(e(Os(x))) fort e (1/3,2/3],
f(x) for t € (2/3,1].

It is easy to see that x is an u.s.c. map. We shall show that x € Ag(X X
[0,1],X). Let n > 0 (we may assume without loss of generality that n < &)
and let g: X — X be an n-approximation of ¢. By the construction there is
a mapping k: X x [1/3,2/3] — X such that k(-,1/3) = g, k(-,2/3) = f and
k(-,t) is a d-approximation of ¢ for each ¢ € [1/3,2/3]. Define h: X x [0,1] — X
by the formula

g(x) fortel0,1/3],

h(z,t) =< k(z,t) forte(1/3,2/3],

f(z) for t € (2/3,1].
We can see that h is an n-approximation of x. It is also obvious that « & x(x,t)
for x € C, t € [0, 1]; the proof is complete. O

(24.5) REMARK. Let us note that F' may be defined for an arbitrary compact
space and its closed subsets.

The above theorem enables one to provide a construction of the fixed point index
and the Lefschetz number for maps from A(X), where X is a compact ANR~space.
We will show it in the next section.

25. The fixed point index in A(X)

It is well known that in order to define a fixed point index for a class of multi-
valued mappings, some important facts from homology theory are, so far, indis-
pensable (cf. [Brl-M], [Do-M]). Here we present a new approach to the fixed point
index theory of multivalued maps, much simpler than those considered earlier.
Note that for this purpose we use the approximation technique only, thus for our
considerations, homology theory is superfluous. We believe that readers will find
our approach more natural, convenient, and interesting from the point of view of
applications in nonlinear analysis. Our presentations is connected with those pre-
sented in [CL1], [GGK1]-[GGK3] in the context of the topological degree theory.

Let U be an open subset of a compact ANR-space X and let ¢ € Ap(X).
By (24.4), we obtain a map f € Sy (X) such that [flov = F([¢]ov). We put

(25.1) ind (X, ,U) :=ind (X, f,U),
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where ind (X, f,U) denotes the fixed point index for singlevalued f as defined in
[Br1-M] or [Do-M].

The number ind (X, ¢, U) is called the fized point indez of ¢: X — X (from the
class A(X)) with respect to U. In view of (24.4) this definition is correct. We
define also the Lefschetz number A(¢) of ¢ € A(X, X) by putting

(25.2) Alp) = A(S),

where f: X — X is a singlevalued map homotopic to ¢. Once again, in view
of (24.4) our definition is correct.
Below there are the most important properties of the fixed point index.

(25.3) THEOREM. Let X be a compact ANR-space and let U be an open subset
of X. Let p,¢ € Agy(X).

(25.3.1) (Existence) If ind (X, @, U) # 0 then Fix(p) # 0.

(25.3.2) (Excision) IfFix(¢) C V C U, where V is open in X thenind (X, ¢, U) =
ind (X, ¢, V).

(25.3.3) (Additivity) Let Uy, Us be open in X and such that Uy N Uy = () and
Fix(p) NclU \ (U U Us) = 0; then ind(X,¢,U) = ind(X,p,U1) +
ind (X, ¢, Us).

(25.3.4) (Homotopy) If x € Ao(X x [0,1], X) joins ¢ and ¢ in Agy(X) then
ind (X, p,U) =ind (X,9,U).

(25.3.5) (Normalization) If U = X then ind (X, ¢, X) = A(y).

(25.3.6) (Contraction) Let Y be a compact ANR-space such that Y C X. If
e(X)CY and ¢ly € Agwny)(Y) then ind (X, ¢, U)=ind (Y, ¢|y,UNY).

PROOF. (25.3.1) Assume that ind (X,¢,U) = m # 0. For any sufficiently
large n, if f: X — X is an n~! approximation of ¢, then

ind (X, p,U) =ind (X, f,U) = m.

By the existence property for singlevalued maps, we infer that there is z,, € X
such that f(z,) = x,. Hence z,, € O1/,(p(O1/n(2n))). Since X is compact and
© is u.s.c., we obtain xq such that xg € ¢(zg).

(25.3.2) follows immediately from the excision property of the classical index.

(25.3.3) is equivalent to (25.3.2).

(25.3.4) is a direct consequence of definition (25.1). (25.3.5) is obvious.

(25.3.6) Take an arbitrary ¢ > 0. By (22.1), there is §, 0 < § < 27!, for which
there exists a retraction r: Os5(Y) — Y such that d(r(z),2) < 27'o. Let ¢ > 0
and € < §. By the upper semi-continuity of ¢, for any ¢ > 0, y € Y, there is
n=mn(y,e), 0 <n <4 'e such that (O, (y)) C Oc/2(p(y))-
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Let 2X be the Lebesgue coefficient of the covering {X \ Y, {O,(y)}yey } of X.
Take any y € Y. There is y~ € Y such that Ox(y) C Oyy~)(y™~). Then y~ €
O:(y). Let f: X — X be a A-approximation of ¢.

By (22.3.1), f(y) € OA(¢(Ox(y))) € Ox(@(Ony~)(¥™))) T Oxiepa(p(y™))-
Since A < 2n(y™), we obtain that A +¢/2 < e. Thus, f(y) € O(p(O:(y))) and
f(y) € O5(Y). Hence, ro fly:Y — Y is a g-approximation of ¢|y.

If o (and, consequently, A) is sufficiently small, then ind (X, ¢, U) =ind (X, f,U)
and ind (Y, ¢|y,UNY) =ind (Y,r o fly,UNY). By the contraction property of
the ordinary index ind (Y, 7o f|y,UNY) =ind (X, ro f,U). Since X is uniformly
locally connected (ULC-space, see Section 2) then, for sufficiently small ¢ the maps
ro f and f are homotopic. So, ind (X,r o f,U) = ind (X, f,U) which completes
the proof. O

(25.4) REMARK. Observe that we have proved that |y € Ag(Y") provided that
¢ € Ag(X). Moreover, it is not clear whether ¢|y € Agwny)(Y) if ¢ € Agy(X).
That is why the condition: ¢|y € Ajwny)(Y) seems to be indispensable as an
assumption (23.5.6).

Note, that from the existence and normalization properties we get:

(25.5) THEOREM (Lefschetz Fixed Point Theorem). Let X be a compact ANR-
space and ¢ € A(X). If the Lefschetz number A(¢) of ¢ is different from zero,
then Fix(p) # 0.

Since any mapping ¢ € A(X) has the Lefschetz number A\(¢) equal to 1 provided
X € AR (see Section 12) we obtain

(25.6) COROLLARY. If X is a compact AR-space then for any ¢ € A(X) we
have Fix(p) # 0.

Let us note that a version of the Lefschetz fixed point theorem can be formulated
also for mappings in Ay (X, X).

Let X be a compact ANR and let ¢ € Ag(X). For each € > 0 there exists
a continuous (singlevalued) mapping f € a(y, ¢).

We let:

A(p) ={A) | f € alp,e)}-

We define the Lefschetz set A(p) of ¢ € Ag(X, X) by:

Alp) = [{A(p) | £ >0}

The following fact is obvious (see Section 12).
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(25.7) PROPOSITION. If X a compact AR-space, then the set A(p) = {1} is
a singleton for each ¢ € Ag(X).

By using the Lefschetz fixed point theorem for singlevalued mappings of com-
pact ANRs analogously to the proof of (22.4) one can obtain:

(25.8) THEOREM. Let X be a compact ANR-space and let ¢ € Ao(X). If the
Lefschetz set A(p) of ¢ contains a non-zero integer then Fix(p) # 0.

Now, from (25.7) and (25.8) we get (22.4) as a corollary.
(25.9) COROLLARY. If X is a compact AR and ¢ € Ao(X) then Fix(p) # 0.

26. Topological degree in R"

The fixed point index defined in the last section is unfortunately not sufficient
for applications in the theory of differential inclusions, which we will consider
in Chapter VI. In the next two sections therefore we will define the topological
degree theory which will be adequate for the mentioned applications, and so in
Chapter IV we will present a more general theory then the presented here. The
aim of such approach is to give a reader who is not interested in algebraic topology
or more precisely in homological methods a chance to go directly from Chapter I1T
to Chapter VI.

In what follows we will use the following notations. Throughout this section
a closed ball in R” with center x and radius r > 0 is denoted by K™ (z,r). Fur-
thermore, we are putting:

K"(r)=K"(0,7), S"(r)=0K"(r), P"=R"\/{0},

where K" (r) stands for the boundary of K™(r) in R™.
For any ANR-space X we set

J(K"(r),X)={F: K"(r) — X | F is u.s.c. which Rs-values}.

In view of (2.13) the above definition coincides with the one given in Section 23.
Moreover, for any continuous f: X — R™, when X € ANR, we put

Jr(K"(r),R") ={p: K"(r) = R" |p = fo F
for some F € J(K"(r), X) and ¢(S" " (r)) C P"}.

Finally, we define

CI(K™(r),R") = J{Jp(K"(r),R") | f: X = R"
is continuous, with X € ANR}.
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Note that from results obtained in Sections 22 and 23 immediately follows that:
CJ(K"(r),R") C A(K™(r),R™).

We are going to show that on C.J(K™(r),R™) it is possible to define topological
degree. To do so we need an appropriate notion of homotopy in CJ(K"(r),R™).

(26.1) DEFINITION. Let @1, @2 € CJ(K"(r),R™) be two maps of the form

Fy
(pl :floFla Kn(T)—OX—>Rn

F>

(pg :fQOFQ, Kn(T)—OX—>Rn

We will say that @1 and ¢o are homotopic in CJ(K"™(r),R™) if there exist an
u.s.c. Rs-valued homotopy x: K™(r) x [0,1] — X and a continuous homotopy
h: X x [0,1] — R" satisfying:

(26.1.1) x(u,0) = Fi(u), x(u,1) = Fg(u) for every u € K™(r),

(26.1.2) h(z,0) = fi(x), h(z,1) = fo(x) for every z € X,

(26.1.3) for every (u,\) € S"~1(r) x [0,1] and z € x(u, \) we have h(z,\) # 0

then the map H: K"(r) x [0,1] —o R™ given by
H(u, A) = h(x(u, A),A)  for every (u,\) € K™(r) x [0,1]

is called homotopy in C'J(K™(r), R™) between @1 and ¢s.
Now we are able to prove the following.

(26.2) THEOREM. There exists a map Deg: CJ(K"(r),R) — Z, called the topo-
logical degree function, satisfying the following properties:

(26.2.1) If o € CJ(K"(r),R™) is of the form ¢ = f o F with F single valued and
continuous then Deg(p) = deg(y), where deg(y) stands for the ordinary
Brouwer degree of the single valued continuous map @: K™(r) — R™.

(26.2.2) If Deg(p) # 0, where p € CJ(K™(r),R"™), then there exists u € K™(r)
such that 0 € o(u).

(26.2.3) Ifo e CJ(K™(r),R") and {u € K™(r) |0 € o(u)} C Int K™(¥) for some
0 < 7 < r, then the restriction @ of ¢ to K™(7) is in CJ(K™(r),R™) and
Deg(p) = Deg(y).

(26.2.4) Let @1, 02 € CIJ(K™(r),R™) be two maps of the form

Fy
(pl :floFl, Kn(T)—OX—>Rn

F>

(pg :fQOFQ, Kn(T)—OY—>Rn
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where X, Y € ANR. If there exists a continuous map h: X — Y such
that the diagram

is commutative, that is Fo = ho Fy and fi = f2 o h, then Deg(p1) =

Deg(s2).
(26.2.5) If 1,02 are homotopic in CJ(K™(r),R™) then Deg(¢1) = Deg(v2).

PROOF. Let ¢ = fo F € CJ(K™(r),R™) be a map of the form

K"(r) — X L5 R", where X € ANR.

Analogously to the the proof of (22.3.3) we can find £y > 0 such that no element
of a(p;ep) has zero value on S"~1(r). By (22.3.6), there is a pg > 0 such that
fog€alp,ep) for g € a(F, po). At last, by (23.9) there is a dp > 0 such that for
91,92 € a(F,dp) the maps f o g1, f oga are homotopic and the joining homotopy
has no zero value on S™"~1(r).

By the homotopy property of the Brouwer degree (cf. [Br1-M], [Br2M-M], [Do-
M], [Ro-M]) we have

deg(f o g1) = deg(f o ga)-

So, we can put:
(26.2.6) Deg(y) = deg(f og), where g € a(F,dp).

The topological degree Deg(y) of ¢ is well defined since it does not depend on the
choice of g.

Then properties (26.2.1)—(26.2.5) follow directly from (26.2.6), (22.3), (24.2)
and the properties of the Brouwer degree for singlevalued mappings. O

(26.3) REMARK. Note that our definition in formula (26.2.6) depends not only
on ¢ € CJ(K™(r),R™) but also on the decompositions F' and f of ¢. In fact, to
be precise we should use the following notation

Deg(§07 f? F), Where @ = f oF.

For better understanding of the above remark let us present the following ex-
ample.
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(26.4) ExAMPLE. We let K? = K?(1) and S' = S'(1). Moreover, we shall
identify R? with the field of complex numbers. For given z € R? by |z| we will
denote its modulus (also called “absolute value”). We shall write z in trigonometric
from:

z = |z|(cos s + i sin s).
Let ¢: K? — K? be the mapping defined as follows:
o(z) ={lz| x|z e S} forxze K>
We shall also consider F': K? —o K? defined by
F(|z|(cos s +isins)) = {|z|(cos(s + t) +isin(s + 1)), t € [0,37/4]}

and
fi.for K2 — K2, fi(2) = 2%, fa(z) =2°

Of course F € J(K? K?)and p = fioF or p = faoF. Since fi C p and fo C ¢
we deduce that f1, fa € a(p, ) for every € > 0. Therefore,

Deg(p; f1 o F) = deg(f1) =2 and Deg(p; fa o F) = deg(f2) = 3.

The topological degree Deg(y) of ¢ depends on its decomposition. Therefore, in
what follows, the notation Deg(¢) we will denote the degree of ¢ with respect to
the fixed decomposition ¢ = fo F.

The following proposition is useful in applications.

(26.5) PROPOSITION. Let 1, p2 € CJ(K™(r),R™) be two maps of the form
B f1
¥1 :floFl, Kn(T)—OX—>Rn,
ik f2
»2 :fQOFQ, Kn(T)—OY—>Rn,
where X,Y € ANR, such that
(26.5.1) 0 & Ap1(u) + (1 — Npa(u)  for every (u, \) € S"~*(r) x [0, 1].

Then Deg(p1) = Deg(p2).

ProOF. Consider the following two diagrams:

G )
K'(r) — X xY 2L R™, i=1,2,
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where for every u € K™(r) and (z,y) € X XY,

G(u) = Fi(u) x Fa(u), gi(z,y) = fi(z), g2(z,y) = fa(y).

Clearly, the maps 1; = g1 0o G and ¥2 = g2 0 G are in CJ(K™(r),R™). In order
to verify that ¢ and w2 are homotopic in CJ(K™(r),R™), consider the maps
x: K"™(r) x [0,1] — X xY and h: X x Y — R" given, respectively, by

X(u? )‘) = G(u), h(x,y, )‘) = (1 - )‘)gl(x,y) + )‘92(x,y)'

Observe that y is an u.s.c. Rs-valued homotopy, and h is a continuous homotopy
satisfying conditions (26.1.1) and (26.1.2) of Definition 26.1 ((26.1.1) with F; =
F, = G). To check (26.1.3), let (u,\) € S"7!(r) x [0,1] and (z,y) € x(u,\) be
arbitrary. Then we have:

h(z,y, A) = (L= A fi(z) + Af2(y) € (1= N)epr(u) + Ap2(u).

Hence, in view of (26.5.1), it follows that h(x,y, A) # 0, proving (26.1.3). Thus 1),
and 12 are homotopic in CJ(K"(r),R™) and, by (26.2.5), Deg(¢)1) = Deg(1)2).
On the other hand, the following two diagrams

X xY X xY
RN N
K™(r) m R"™ and K™(r) m2 R"™
X Y

where 1 (z,y) =  and 72 (z, y) = y, are commutative. By (26.2.4), it follows that

Deg(¢1) = Deg(¢1) and Deg(1)2) = Deg(p2), thus Deg(p1) = Deg(y2), completing
the proof. 0

From Theorem (26.2) we shall deduce some fixed point results. More details
will be presented in the next chapter by using homological methods as a tool.

First we shall recall the following well known property of the Brouwer topolog-
ical degree.

(26.6) PROPOSITION (see [Br2-M], [Do-M], [Ro-M]). Let i: K™(r) — R" be the
inclusion map:

i(x) =z for every xz € K"(r).



128 CHAPTER III. APPROXIMATION METHODS

Then the Brouwer degree deg(i) of i is equal to 1.

Moreover, for given subsets A C R™ and B C R™ CJy(A4, B) will denote the
following class of mappings:

Clp(A,B)={p:A—B|lp=foF, F:A— X, Fisus.c.

with Rs-values and f : X — B is continuous},

where X € ANR. We prove the following;:

(26.7) THEOREM (Brouwer Fixed Point Theorem). If o € C'Jo(K"™(r), K™ (r)),
then Fix(p) # 0.

PROOF. Let ¢ = f o F where F: K"(r) — X and f: X — K"(r). We can
assume, without loss of generality, that Fix(¢) N S""1(r) = 0. Then we will
consider the mappings:

G:K"(r) - X x K"(r), G(z) ={(y,z) |y € G(z)} forevery ze K"(r),
g:X x K"(r) — R", 9y, z) =x— f(y) for every y € X
and z € K" (r).

Note, that in view of (1.2.4) and (1.9) we have (X x K™(r)) € ANR.
Consequently, we get ¢ = go G € CJ(K"(r),R™). We define the homotopy

h: X x K™(r) x [0,1] = R", h(y,z) =z —t f(y).

Then for z € S* we have z # t f(y) for every t € [0,1] and y € F(z) because
Fix(p) N S"~! = @ and p(K™) C K™. Therefore, we see that 1 is homotopic
to the inclusion i: K™(r) — R™. Consequently, Deg(¢)) = deg(i) = 1. So, from
(26.2.2) we infer that 0 € 9(zo) for some zy € K"(r) and what means x¢ € Fix(y).
The proof is completed. U

Let us make a simple observation that the Brouwer Fixed Point Theorem re-
mains true when we replace K" (r) by a space A such that:

A is homeomorphic to K" (r) or A is a retract of K" (r).

(26.8) THEOREM (Nonlinear Alternative). Assume that ¢ € CJo(K™(r), R™).
Then ¢ has at least one of the following properties:

(26.8.1) Fix(p) # 0,
(26.8.2) there is an x € S"71(r) with x € A\p(z) for some 0 < X < 1.
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PROOF. Proceeding as in the proof of Theorem (26.7) we obtain the homotopy
h: X x K*(r) x [0,1] = R", h(y,z) =z —1t f(y).

If the homotopy h has no zero on S"~1(r) then, as we known, Fix(y) # 0. If for
some z € S"L(r), x — t f(y) = 0, then = € tp(x) for some t € (0,1) (because for
t = 1 we have assumed that Fix(¢) N .S"~1(r) = ) and the proof is completed. [J

In fact we are able to prove the following:
(26.9) COROLLARY. Theorems (26.7) and (26.8) are equivalent.

For the proof it is sufficient to see that if ¢ € C'Jy(K™(r)) then the possibility
(26.8.2) cannot occur.

Finally, we shall show, using approximation arguments, the famous Borsuk—
Ulam Theorem.

(26.10) THEOREM. Let p € Ag(S™(r),R™). Then there is a point xo € S™(r)
such that

p(zo) N p(=z0) # 0.

PROOF. For every k = 1,2,... we take f, € a(p,1/k). Then in view of the
classical Borsuk—Ulam Theorem (see [DG-M]) we have:

fre(zr) = fu(—zy) for some z, € S™, k=1,2,...

Since fr € a(p,1/k) there are z; € O1/i(zk), 2, € O1/k(—2k), Yr € ©(2x) and
Yy, € ©(2,) such that:

1 1
lyr — fr(zn)| < ; and ly = fr(—=zp)|| < s

Since S™ is compact we can assume that:
liénxk =x= liénzk.
Let m be a natural number and let k,, > 4m be such that
(2h) € Ot jam((@)) and  @(zh,) C O jam(ip(—2)).
Then there are uy,, € ¢(z) and u), € ¢(—z) such that:

1 1
Yk, — Uk, || < . and |y, —up, || < e
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It implies that

1 1
i (@) = el < 5— and | fe, (= 2,,) —uy || < Py

Finally, we obtain

ke, — g, | < o (@) = ke |+ [ i (=20 ) — 0,
1 1 1
+ ko @) = S (2, ) < 5=+ 5—+0< —
2m  2m m
for every m = 1,2,... Hence lim,, uy,, = limp,uy,  (o(z) is compact) and the
proof is completed. U

(26.11) REMARK. Observe that if ¢(z) is a closed subset of R we are getting
(from the above proof) only that dist(p(z), o(—z)) = 0.

27. Topological degree for mappings with non-compact values in R"

Since we would like to consider mappings with closed nonempty, but not nec-
essarily compact, values we need the appropriate notion of approximation. As we
observed in Section 14 the notion of PCS subsets of X differs from co-proximally
connected sets (cf. (2.17)—(2.20)). Roughly speaking in the case of arbitrary closed
sets we have to replace e-approximation by a-approximation or W-approximation,
where « is an open covering and W is an open neighbourhood of the graph I',, for
given multivalued map .

Let X, Y be spaces, A C X, ¢: X —o Y a set-valued map and let W C X x Y
be an open neighbourhood of I',. A map f: A — Y is a W-approximation (on
the graph) of ¢, if I'y C W. By admissible open covering of I', we mean the
family o = {US x W | © € U2 and o(z) C W2, x € X}, where U§ and W2
are open in X and Y, respectively. We write « € U(p). One can see that the set
laf = U, ex (Ug x Wg) is an open neighbourhood of I'y, in X x Y. Let a, 3 € U(p).
We will say that 3 is a refinement of o (8 C «) if UY C UY and Wf C W for
every x € X. We say that f: A — Y is an a-approzimation of ¢ if I'y C |o] or,
equivalently

for all z € A exists y € X such that (z, f(z)) € U x W

(we denote it by the symbol f € a(A, p,a) or f € a(p,a) if A= X).
Define a diameter of a € U(yp) as
d(a) = max{ sup 6(Uy), sup inf{r > 0| W C Nr(go(x))}}
z€X zeX

The following example shows that there are maps which have a-approximations
for every a € U(p) but do not have W-approximations for some open W O T',,.
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(27.1) EXAMPLE. Let ¢:[—1,1] — R be defined by the formula

1 .
R if z=0.

Wy = {(J; Y | z€[-1,0)and y € (%%)}
W, {(J;,y) z e (0,1] andyE(%,%)},
W3 {(J;y) xE(—%,O) andy>%}
U{(x,y) xe(O,%) andy<%}U({0}xR)

and W = Wy UW,o U Ws3. Then I'y C W and there is no W-approximation of ¢
because Wy, Wa and W3 are pairwise disjoint. However, for each o € U(¢p) there

Let

exists f € a(yp, a).

Note that the compactness of values of ¢ implies an equivalence of W-approxi-
mation and a-approximation in the following sense: ¢ has a W-approximation for
every W D T’y if and only if ¢ has an a-approximation for every a € U(y). In
fact, |a| is obviously an open neighbourhood of the graph of ¢, where |a| = (J{U |
U € a}. Thus it is sufficient to show that ¢ has a W-approximation for every
W DT, whenever ¢ has an a-approximation for every a € U(yp).

Let W DTy, and x € X. The set {z} x ¢(x) C W is compact, thus there is
e > 0 such that N.(x) x No(p(z)) = N-({z} x o(x)) C W. Let UY = N.(x),
W = N.(p(x)) and a = {U2 x W2 | x € X}. Now, every a-approximation of ¢
is also W-approximation of ¢.

Some important facts are summarized in the following proposition (cf. (22.3)).
(27.2) PROPOSITION.

(27.2.1) Let X, Y be spaces, p: X — Y an u.s.c. map, P be a compact space and
let : P — X be a map. Then for each oo € U(p o) there is € U(p)
such that for € a(por,a) whenever f € a(p, 3).

(27.2.2) Let X, Y be spaces, C a compact subset of X, y € Y and p: X — Y,
be an u.s.c. multivalued map. If w;l(y) N C = 0 then there exists € > 0
such that for every a € U(yp), 6(a)) < e and for every f € a (p,a) we
have f~1(y) N C = 0.

(27.2.3) Let X, Y be spaces, C' a compact subset of X and p: X — Y be an u.s.c.
multivalued map. Then for every o € U(p|c) there exists f € U(p) such
that g = flc € a(p|c) whenever f € a(p, ).



132 CHAPTER III. APPROXIMATION METHODS

(27.2.4) Let X, Y be spaces, X compact, and x: X x [0,1] — Y an u.s.c. map.
Then for every t € [0,1] and for every a € U(x¢) there exists 5 € U(x)
such that hy € a(xt, ) whenever h € a (x, ), where xt,hy: X — Y
are defined in the following way: x+(x) = x(x,t) and hi(x) = h(x,t) for
every x € X.

Proor. To prove (27.2.1). Let a = {Uy x W' | p € P}. For every p € P there
is e(p) > 0 such that N, (p) C US".

Let x € r(P). For p € P such that x = r(p) we have p(z) C W, thus there is
n(x,p) > 0 such that o(Ny( p)(x)) C W' By the continuity of r we have:

for all p € P there exists 8(p), 0 < 0(p) < (p),
r(No@) (P)) C Naj2ymr(p).p) (r(P))-

By the compactness of P, P = J;_; No(p:)(pi)- Let & := min{(1/2)n(r(p:),p:)}.

For z € r(P) we define W/ = N{W3 | p(z) C W2} and UJ := Nj(z).
For © ¢ r(P) we have: If there is i, 1 < ¢ < n such that ¢(x) C Wy, then
WE =W | o(x) Cc Wb If o(z) ¢ WS, 1 < i <n, then W is an arbitrary
open neighbourhood of p(z). For x & r(P) we define U? := Ns(z).

Now, let 3 = {US x WP | x € X} and let f € a(p,3). Take p € P. There
exists x € X such that (r(p), f(r(p))) € UZ x WB. Moreover, there is i, 1 <i < n,
such that p € Ny(p,)(pi). Therefore, 7(p) € N1 2)n(r(pi),p:)(T(pi)) and p € U
since O(p;) < e(p;). But by the definition of § we have d(r(p),xz) < J, thus
& € Nyr(p,)ps)(r(pi)). This implies p(x) € W2. Hence, W/ C W2. Finally,
(p, for(p)) € Uy x Wt and the proof is completed.

To prove (27.2.2). Suppose that

for all € > 0 there exists a € U(p),d(a) <&
and there exists f € a(p, a) such that f~!(y) N C # 0.

Consider the sequence {e,}, 0 < &, < 1/n. Now,

for any n > 1 there exists ay, € U(p),d(ay,) < 1/n,
there exists f,, € a(p, ay), and there exists z, € C such that f,(z,) =y.

Let o, = {U? x W2 | z € X}. Then, for any n > 1 there is z, € X such that
r, € Ul and y = fu(v,) € W1 But d(2n,2,) < 1/n and y € Ny/n(@(2n)),
therefore there exists ¢,, € ¢(zy) such that d(y,t,) < 1/n.

We may assume without loss of generality (since C' is compact), that z,, — = €
C. Then z, — x and ¢(2,) 2 t, — y. This implies that y € ¢(x) since Ty, is
closed. We have a contradiction which completes the proof of (27.2.2).
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To prove (27.2.3) and (27.2.4). These are easy consequences of (27.2.1). Tt is
sufficient to take r :=i: C' — X, i(z) = x, in (27.2.3) and r :=i;: X — X x [0, 1],
it(x) = (z,t) in (27.2.4). The proof of (27.2) is completed. O

(27.3) DEFINITION. Let X, Y be spaces, C C X be a compact subset and
yeyY.

(27.3.1) ZO(X, Y) (resp. EO(X)) is a class of all u.s.c. maps p: X — Y (resp.
©: X —o X)) such that for every o € U(yp) there is f € a(p, a).

(27.3.2) A(X,Y) (resp. A(X)) is a class of all u.s.c. maps @: X —o Y (resp.
©: X — X) such that ¢ € Ag(X,Y) (resp. ¢ € Ag(X)) and for each
a € U(p) there is 5 € U(p) such that, if f,g € a(p, 5) then there exists
a continuous mapping h: X x[0,1] — Y (resp. h: X x[0, 1] — X) such that
h(z,0) = f(z), h(z,1) = g(x) for each z € X and hy = h(-,t) € a(p, @)
for every ¢ € [0, 1].

(27.3.3) XC(X, Y;y) is a class of all maps ¢ € Z(X, Y) such that ¢3! (y)NC = 0.

Now we shall define a notion of homotopy in Ac (X,Y;y).

(27.4) DEFINITION. Two maps ¢ and ¢ in ZC(X,Y;y) are homotopic (in
Ac(X,Y;y)) if there exists x € Ag(X x [0,1],Y) such that x(z,0) = (),
x(x,1) = ¢(z) for each z € X and y & x(x,t) for each x € C, t € [0,1]. If
o and v are homotopic then we write ¢ ~¢ 1.

(27.5) PROPOSITION. If C is a closed subset of a compact space X then the
relation ~¢ is an equivalence.

PROOF. Obviously, the relation ~¢ is reflexive and symmetric. Let @1 ~¢ 2
and @92 ~¢c 3, that is, there are two homotopies x; and xs3 joining respectively
1 with v and @9 with ¢3. We define x: X x [0,1] = Y,

x1(z, 3t) for ¢ € [0,1/3],

x(@,t) = ¢2(2) for t € (1/3,2/3],
x3(x,3t—2) fort e (2/3,1].

We can see that x(z,t) Z y for every (z,t) € C x [0,1]. We show that y €
Ap(X x [0,1],Y).

Let @ € U(x), a = {U2, x W2, | (2,t) € X x [0,1]}. Denote X; = X x [0,1/3],
Xo = X x [1/3,2/3] and X3 = X x [2/3,1]. Then X x [0,1] = X; U X5 U X.

Let X7 = x|x,- We define o; € U(X7), a; = {(XiN ULy X We oy x W 4y |
(2,t) € Z;},i =1,2,3. We find for every (z,t) € Xo a number 7(z,t) > 0 such
that Nﬂ(zvt)((z’t)) - U((,Xz,t) and X(Nﬂ(zvt)((z,t))) - W((;t)-

We have Ny:1)((2,t)) = Nyy(t) and Xo N Ny ((2,1)) = Nyeer)(2) x
(Ny(zty(t) N [1/3,2/3]). By the compactness of Xp, Xo = (Jj_, U(’Zj7tj), where
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Ule, ) = Nayamz.e0(25) X (Nay2ym(z;.e(t5) N [1/3,2/3]). Let A > 0 be the
Lebesgue number of this covering.
Define 3 = {UP x WP | z € X} € U(p2) in the following way:

UL = Naja(2), W= {WE, . [92(2) CWE, )1

Take ho: Xo — Y such that ho(-,3t — 1) € a(yp2, 3) for each t € [1/3,2/3]. Then
for every (r,t) € Xy there is z € X such that z € UP and ho(z,3t — 1) € WP.
For (z,t) € Xo we find (z;,t;) such that (z,t) € U(’Zj7tj). Then d(z,z) < A/2
and d(z, z;) < (1/2)n(zj,t5), thus z € Ny, 4,)(25). Hence, (z,t5) € U(’Zj7tj) C
U&jvtj) N X and pa(2) = x(z,t;) C W(ij,tj)' This implies W2 C W(‘;jtj) and
ho € a(xz, a2).

Let B2 € U(p2) be such that B C B and for any f,g € a (p2,02) there is
ho: X x [0,1] — Y such that ha(-,1) = g and hao(-,t) € a (p2,0) for every
t € [0,1].

By Proposition (27.2.4), there are 8; € U(x;), i = 1,3 such that 5; C «; and
hi(-,1) € a(pa, B2), ha(-,0) € a(pa, B2) whenever h; € a(xi, 3i)-

Let ho: X x [0,1] = Y joins hi(-,1) and hs(-,0) as above. Define

hi(x,3t) for t € 0,1/3),
h(z,t) =< ho(z,3t—1) forte (1/3,2/3],
hs(x,3t—2) fort e (2/3,1].
Now, h € a(x, @) and this ends the proof. O

Now, let [Ac (X, Y;y)] denote the set of all homotopy classes [¢]¢ of the relation
~c, Sc(X,Y;y) a class of all continuous mappings f: X — Y such that f(z) #y
for each x € C and [Sc(X,Y;y)] the set of all homotopy classes [f]¢ of ordinary
singlevalued homotopy without y as a value on C.

The following theorem is crucial in the sequel:

(27.6) THEOREM. IfC is a closed subset of a compact space X andY is a space
with the property:
(27.6.1) for every space Z and for every e > 0 there exists 6 > 0 such that each
two continuous 6-near mappings f,g: Z — Y are e-homotopic,

then one can construct a bijection F: [Ac(X,Y;y)] — [Sc(X,Y;y)].

PROOF. Let ¢ € Ao (X,Y;y). By Proposition (27.2.2), there exists € > 0 such
that for every ag € U(p), 6(ap) < € and for every f € a(p, ag), f~1(y) NC = 0.
Let ag € U(p) be such that d(ag) < e.

By the definition of a class E(X, Y) there is a@ € U(p), @ C ap such that
each f,g € a(p,a) can be joined by a homotopy h: X x [0,1] — Y such that
h(-,t) € a(yp, ap) for every ¢ € [0, 1].
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Let f € a(p, ). Define F: [EC(X,Y;y)] — [Sc(X,Y;y)],
F([¢le) = [flE-

We shall check the correctness of the above definition. It is easy to see that this
definition does not depend on the choice of agy. Let ¢ ~¢ 1. We show that
F(lele) = F([Y]c). Let x € Ao(X x [0,1],Y) be the homotopy joining ¢ and
in Ac(X,Y;y) (see Definition (27.4)). By Proposition (27.2.2), there is 7 € U(x)
such that for any h € a(x, 7), h(x,t) # y for every z € C, ¢ € [0, 1]. By Proposition
(27.2.4), there exists 7/, 7/ C 7, such that, for any h € a(x,7’), ho € a(p, a(p)) and
hi € a(y, a(y)) where a(p), a(y) are such that F([p]c) = [hol& and F([¢]¢) =
[h1]&. Let h € a(x,7'). Thus we have F([¢]c) = [hol& = [M]& = F([¢)c) and
hence the definition is correct.

For the proof of surjectivity of F' it is sufficient to show that Sc(X,Y;y) C
Ac(X,Y;y). Let f € So(X,Y;y) and let v € U(f), a = {U> x W2 | z € X}. For
every z € X there is n(z) > 0 such that Ny.(2) x Ny (f(2)) C U¥ x W2 By
the continuity of f, for every z € X there exists v(z), 0 < v(z) < n(z) such that
F(Ny(2)(2)) C Neijoyn)(f(2)). By the compactness of X, X = JI_; Ny (%)
For every z € C' we have f(z) # y hence r = mingec{d(f(z),y)} > 0.

Let € = min{r, (1/2)n(z1),...,(1/2)n(z,)}. By the property of the space ¥
there exists §, 0 < § < € such that any two J-near mappings are e-homotopic.
By the compactness of X there is n, 0 < n < min{n(z1),...,n(zn)} such that
d(f(z), f(2)) < /2 whenever d(z,z) <.

Consider 8 € U(f), B = {(Ny(2)NUZ) x (N5/2(f(2))NW) | z€ X}. One can
see that 5 C v and if g € a(f, §) then for every x € X there exists z € X such that
(x,g(x)) € Ny(2)xNsj2(f(2)). Hence d(x, z) < n what implies d(f(z), f(z)) < §/2
and d(g(z), f(z)) < §/2. Thus d(f(x),g(z)) < § what means that f and g are 6-
near.

Let g,¢9' € a(f, ). From the above discussion one can see that g and ¢’ are
homotopic in Sc(X,Y;y). Let h: X x [0,1] — Y be that homotopy joining g
and ¢'. For every t € [0, 1] and for every z € X we have d(h(x,t), f(x)) < e.

Let t € [0,1] and € X. There is i, 1 <1 < n such that x € N,,)(2z;) C UZ.
Then f(x) € N(i/2)n(=)(f(2i)). This implies H(xz,t) € Ny, (f(2:)) € Wg. Thus
h(-,t) € a(f,a) for every t € [0, 1] what proves that f € Ac(X,Y;y).

Now, we shall prove that F is injective. It is sufficient to show that for any
p E XC(X,Y;y) there is 8 € U(p) such that each f € a(p,B) is in [p]c. In
fact, suppose that it is true. Let ¢, € XC(X, Y; y) and suppose that F([¢]c) =
F([Ylc) = [f]¢, where fis such that f € a(p, o), f € a(y,a”), &/ C B(p), o C
a(p), o’ C B(Y), o C a(y). B(e), B(¥) are chosen by the assumption mentioned
above and a(p), a(1)) are chosen by the definition of F'. Then f € [¢]cN[¢]c and
thus [p]c = [¢]c-
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Let p € ZC(X ,Y;y). By the compactness of C' and since Iy, is closed, there is
a€U(p), a={U%x W& |z € X} such that y ¢ W2 for every z € C.

Take, for every z € X, the set U, C UZ such that ¢(U,) C W2. By the
compactness of C' and X \ C

k

X:CJ{U% xiEC}U U {Uaff,

i=1 i=m-+1

and C c U :=J.~ {Us, | z; € C}.

Let 0 < v := min{dist(y, W) | i = 1,...,m}. There is § > 0 such that
N@(C) cU.

Define o € U(p), o/ = {U> x W' | z € X} in the following way:

US i=U. N Ny(z), W =W |e(z) c W2}
There exists 8 € U(p), B C o' such that for every f € a(p,8), f~Hy)NC =10

and [ is the same as in Definition (27.3.2) for ¢ and o'. Let f € a(p, 8). Define
x: X x [0,1] = Y by the formula

o(x) for t € [0,1/3),
x(z,t) = A (U{We | d(z,2) <0/2}) fortel[l/3,2/3],
f(x) for t € (2/3,1].

We see that x has closed values. It is easy to check that y is a u.s.c. map.

Now, we show that x(z,t) Z y for every (z,t) € C'x [0, 1]. Let (x,t) € C' x[0,1].
If t € [0,1/3), then x(z,t) = o(x) Fy. If t € (2/3,1], then x(z,t) = f(z) #y.

Let t € [1/3,2/3]. Then x(z,t) = cl (U{W2' | d(z,2) < 6/2}). Let z € X be
such that d(z,x) < /2. Then z € Ny(x) and, hence, z € U, thus there is z; € C
such that z € U,,. This implies p(z) C Wy and hence we ¢ W,. Therefore,
y & W2 and dist(y, We') > ~. We conclude that dist(y, x(z, t)) > v and, finally,
y & x(z,1). B

Now, we shall show that x € Ag(X x [0,1],Y). Let o € U(x), o = {UZ, x
We 4 1 (2,t) € X x[0,1]}. We show that there is h € a(x, o).

Take, for every (z,t) € X x [0, 1], the set U, 1) := Ny.1)((2,1)) = Ny(z,0)(2) X
Ny (t) C UC..1 such that x(U.)) C W, 1y By compactness, X x [0,1/3] C

le U(/zqz,yq',)’ where U(/thi) = N(1/2)n(z7:,t7:)(zi) X N(1/2)n(zi,ti)(ti) and (Zi,ti) S
X x[0,1/3] for every i =1,...,p. Let A = min{n(z,t;) |i=1,...,p}.

Define o/ € U(yp), o’ = {U7 x WZ | z € X} as follows:

U =UP N Nyjo(2), WS = ﬂ{W("mi) | 2 € Nyzy 1) (Zi)} NWE.
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Let g € a(p,0’). Then g € a(p, 5) and there is k: X x [1/3,2/3] — Y such that
k(-,1/3)=g, k(-,2/3) = f and k(-,t) € a(p, ) for every t € [1/3,2/3].

Define h: X x [0,1] — Y by the formula

g(z) for t € [0,1/3),
hz,t) =< k(z,t) forte[1/3,2/3],
f(z) for t € (2/3,1].
It is sufficient to show that h € a(x, o). Let (z,t) € X x [0,1].

If t € [0,1/3), then there is (2;,t;) such that (z,t) € U(, ., C UZ_ .. There
exists z € X such that z € U? and h(z,t) = g(z) € W2 . Thus d(z, z) < /2 and
d(z,z;) < (1/2)n(2i, t;). Hence z € Ny(., 1,)(2). This implies W2 C W, i

Ift € [1/3,2/3], then h(x,t) = k(z,t) and there is z = z(z, t) such that z € U
and k(z,t) € W' C x(z,t). If t € (2/3,1], then h(z,t) = f(x) = x(z,1).

Finally, h € a(x, o) and a proof of Theorem (27.6) is completed. O

(27.7) DEFINITION (cf. (2.16)). For spaces X,Y, let C' C X be a compact
subset and y € Y we define the following classes of J-maps:

(27.7.1) JX,)Y)={¢: X =Y us.c. | p(z) € PCY for all z € X},
(27.72)  Je(X,Yiy) = {p € JX,Y) |7 ) NC = 0},

(27.8) REMARK. It is easy to check that ¢ € J(X,Y) if and only if ¢ is u.s.c.
and for each x € X, and for each open set W, C Y such that ¢(x) C W, and
for n > 1 there exists an open set V,, C W,, ¢(z) C V, such that, for any k,
0 < k < n and a continuous map g: 0A* — V., there exists a continuous extension
g: AF — W, of g.

Let A* denote the standard k-dimensional simplex in R*. The following fact is
obvious.

(27.9) LEMMA. Let X, Y, Z be spaces, r:Z — X be continuous and ¢ €

J(X,Y). Then gore J(X,Y).
The following Lemma will be needed in the proof of the main result of this

section.

(27.10) LEMMA. Let X, Y be spaces, X be compact and ¢ € J(X,Y). Then
for each n > 1 and o € U(yp) there exists € U(p), B C a such that, for each
z€ X and k, 0 < k <n, if g: 0AF — WP is continuous, then there is a continuous
extension g: A¥ — W< of g.

PROOF. Let a € U(p), a« = {UF x W2 | z € X}. Then for any z € X there
exists W2 C W2 such that (27.8) holds for z, W and WS, Let U? > z be such
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that U? C U2 and ¢(UP) € W8, by ws.c. Then g = {U? x WP | 2z € X} is
a good covering of I',,. O

Now, we prove the following crucial theorem:

(27.11) THEOREM (cf. (23.5)). Let P be a finite polyhedron, Py its subpolyhe-
dron, Y be a space and ¢ € J(P,Y). For any a € U(p) there is B € U(p) such
that, for any fo € a(Po, v, B) there exists an extension f: P — Y of fy being an
a-approzimation of ¢.

PROOF. The idea of the proof is similar to that in (23.5). Let a € U(p) and
let N = dimP > Ny = dim Py. For every z € P there is ny(z) > 0 such that
Nyy(2)(2) CUZ and (N, (2)(2)) € W2

Consider the P = |J_cp Nyy(2)/a(2) = U:Sf) NnN(Z;v)/él(zzN), by the compact-
ness of P. Let Oy > 0 be the Lebesgue number of this covering and ny =

min{ny(z¥)}. Define for every » € P.

waon if z2=2V,
WoN = )
WoN | ze Ny ()N W if 2 #£ 2N forevery 1 <i < r(N),
Z; NN\~ z i

UIN = Nyy/a(2) NNy (2) and  ay :={Ny,,a(z) x WIN | z € P}.
Suppose that a1 is constructed for same k = 0,..., N—1. There isay € U(yp)
such that, for any z € P, U2 C US*", W% ¢ W and every g: OA™ — W2+
may be extended to g: A” — W** for any 1 < n < N.
Take for any z € P a positive number 7;(2) < 141 such that Ny, (.)(z) C U2*
and (N, (»)(2)) C W2, By the compactness of P

r(k)
P = Najaym () = | Nayaym ) ()
zeP i=1

Let 6 > 0 be the Lebesgue number of this covering and 7, = min{ng(z¥) | i =
1,...,7(k)}. Define for every z € P.

WEoE if z=zF
AR
2 —
{ ﬂ{Wjj |z € Nnk(zf)(zf)} AW if 2 # 2F for every 1<i <r(k),

Uit = Nﬂk/4(z) mNﬂk(z)(z) and oy 1= {Nﬂk/4(z) x W2t | z € P}.

z

Now, we have defined o := {U2 x W2 | z € P}. Let f:= ap and fo: Py = Y
be a (-approximation of .
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Let (T,To) be a triangulation of (P, Py) such that §(7) < min{fy,...,00}. It
implies that for every simplex S € T and for every k, 0 < k < N there exists z*
such that S C Nnk(zf)/él(zf).

By TF, 0 < k SVN (TF, 0 < k < Np), we denote a k-dimensional skeleton
of T and Ty, respectively. Denote P* = |T*| and P} = |T{|. Note that T} is
a subcomplex of T* for every k < Ny and PN = P, Pdvo =F.

Now, we shall construct a sequence of maps {f*: P¥ — Y} such that

(27.11.1) F*lpr = folpe for any k, 0 < k < N,
(27.11.2) e o = fF for any k, 0 < k < N,
(27.11.3)  f* is a By-approximation of ¢ for any k, 0 < k < N,

where 3, = {UP* x WP+ | z € P} is such that UPx = Ny, s2(2) NV Ny, (2y(2) and
WPk = W,

Let P° = {z1,...,24,Tg41,...2}, where z; € PY for 0 < i < g and z; ¢ P}
forg+1<i<r. If 0<i<qthen we put fO(x;) := fo(x;). For q+1<i<r we
put fO(z;) € p(x;). One can see that fO satisfies (27.11.1)—(27.11.3).

Let k < N — 1. Suppose that we have defined f7 satisfying (27.11.1)-(27.11.3)
for all 0 < j < k. We shall define f*+!.

Let S be an arbitrary (k + 1)-dimensional simplex in 7. There is zF € P
such that S C Nnk(zf)/él(zf). Let x € 0S. By assumption, there exists z € P
such that (z, f*(x)) € UPx x WPk, Then d(x,z) < ni/2, what implies d(z, 2F) <
(1/A)nk(2F) + (1/2)m(2F) < mi(zf). Hence WP = Wer C WS5F which gives
FE(x) € WS Thus (2, (@) € Ny, (a(zb) x W ’

(27.114) If k+1 < Npand S € Té““ then we put f*|s = fols.
(27.11.5) If k+1 > Ny or S & T then there is fF+1:5 — W5 such that

fF 1 as.

We shall show that f*+1 is a 3 i-approximation of . Let = € S.

If (27.11.4) holds, then (z, f**1(z)) = (z, fo(z)) € U2 x W2 for some z € P.
There exists zF € P such that z € N, ,x)/4(2F). Thus d(z,z) <no/4 < ne(2})/4

)
and d(z,zf) < nk(z;?)/él. It follows that = € Nnk(zy)/z(zf) C NnHl/g(zf) and
k Br

x € Nnk+1(zf)(zj ). Hence, z € UZ;“.

Moreover, there exists zj, € P such that d(z,z)) < no(z)p))/4 < (m)/4),
what implies W0 C W3’ . There exists zil(l) € P such that d(z,zil(l)) <

i(0)

771(%1(1))/4- Therefore, d(z?(o),zil(l)) < 771(,22.1(1))/2 and W' C W3 . Since
i(0) (1)
We CW, We c W

Zi(0) Zi(0) Zi(1)
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It is easy to check, by induction, that W2 C W5k, C Wik = Wf,f“. Hence
J J J
(w, 4 () € ULEH < W,
If (27.11.5) holds, then (z, f**1(x)) € Nnk(zf)/él(zf) x WSS, Hence x €
Norr 2(zF)ON, oy (2F) and (x, f441 () € Uj;“ x Wf;“.
Now, we conclude that f**1 is a (). 1-approximation of . This completes the
proof. O

As an immediate consequence of the above theorem we obtain:

(27.12) COROLLARY. If P is a finite polyhedron, Y is an arbitrary metric space

and ¢ € J(P,Y), then for every a € U(p) there exists € a(p, a).

(27.13) THEOREM. If P is a finite polyhedron, Y is an arbitrary metric space
and ¢ € J(P,Y) then for every a € U(yp) there exists € U(p) such that for
any two maps f,g € a(p, B) one can find a homotopy h: P x [0,1] — Y such that
ho=f, h1 =g and hy € a (¢, a) for every t € [0, 1].

PRrOOF. Consider the polyhedron P’ = P x [0, 1] (with the canonical triangu-
lation). Let P) = (P x{0})U (P x {1}). Define ¢": P x [0,1] = Y, ¢'(z,t) := p(x)
for each (z,t) € P x [0, 1].

Let a € U(p), a ={UF x W2 | z € P}. For any t € [0,1] and z € P define:

U&7t) = Uza X [0, 1], W((;t) = Wza

Let o/ = {Wg,) x W&, | (2,t) € P'}. By Theorem (27.11), there is 3 € U(¢')
such that for any ho € a (P}, ¢, ') there exists an extension h: P’ — Y of hg
which is an o/-approximation of ¢’.

Notice that for any z € P there exists v(z) > 0 such that N,.)((2,0)) C U{;O)
and Ny»)((2,1)) C Uél). Define for every z € P:

U i= Nyy (2), WY ZZW(ZO)mW(iJ)

and 3 :={UP x WP | z € P}. Let f,g € a (p,[). Define ho: P} — Y,

B f(z) fort=0,
ol £) = { g(x) fort=1.

For any (z,t) € P x [0,1]

((x,0), f(z)) fort=0,

x,t), ho(z,t)) =
(@.2). hofa 1)) {((x,l),g(x)) for ¢ = 1.
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There is z € P such that (z, f(z)) € U? x WP, thus (z,0) € Ny.)((2,0)) C U(ilo)

and f(z) € Wé:o). Analogously, one can find p € P such that ((z,1),g9(z)) €
U (ﬁp ,71) X ng ,71). This implies that hq is a 3 -approximation of ¢'.

Let h: P’ — Y be an extension of hy and let (z,t) € P’. There exists a
(z,8) € P’ such that ((z,t), h(z,t)) € U(‘is) X W(‘is). By the definition of o/ we
have x € U2 and he(z) = h(z,t) € W. We conclude that h; € a(p, «) for every
t € [0,1]. The proof is completed. O

The facts (27.12) and (27.13) imply J(P,Y) C A(P,Y).

Using the above results we will construct the topological degree for maps with
proximally co-connected values. Note that the values do not have to be compact
(cf. Section 26).

Let U be an open, bounded subset of a space R™ and ¢ € jaU(U, R;y). Since Iy,
is closed, the set F = ¢ ' (y) is closed in U and there is V' C V C U such that F C
V and V is a finite polyhedron. The fact that V' C U is an open neighbourhood of
the set F with V being a polyhedron will be denoted by the symbol V' € N?(F,U).
We see that ¢y := <p|7:7 — R"™ is an element of j@v(v, R™y). By (27.14)
and Theorem (27.6), there is f:V — R™ an ay-approximation of ¢y such that
F(lglov) = [flby- Define

Deg(U, ¢, y) :=Deg(V, ¢v,y) := deg(V, f,y),

where deg(V, f,y) stands for the Brouwer degree (cf. [Ro-M]).

By Theorem (27.6) and the properties of a topological degree for singlevalued
maps, we can see that this definition is correct. We shall show that it does not de-
pend on the choice of V. In fact, suppose that we have two sets V, W € NP(F,U).
Let O € NP(F,U) be such that O C VNW. Let 9o = ¢|g and ao be the same
as in definition of Deg(O, ¢o,y). There exist ay € U(py) and aw € U(pw)
such that, if f € a(ov,av), g € alpw,aw) then fl5,9l5 € alpo,ao) and

Deg(va PV, y) = deg(v? f7 y)v deg(W? PW, y) = deg(W? g, y) Let f € a(‘)DVa OéV)
and g € a(ow, aw). Then, applying the excision property of the Brouwer degree,

Deg(va A% y) = deg(v? f? y) = deg(a? f |6? y) = Deg(a? $O, y)
= deg(0, g 5, y) = deg(W, g,y) = Deg(W, 0w, y).

In the following proposition we collect some properties of Deg:
(27.14) PROPOSITION. Let U be an open and bounded subset of a space R™ and
0.0 € Jou (U, R y).
(27.14.1) (Additivity) Let Uy, Uy C R™ be open, Uy UUy C U, Uy NUs = () and
¢ (y) N U\ (U1 UU)) = 0. Then Deg(U, ¢,y) = Deg(Un, v, y) +
Deg(Uz, ¢us, y)-
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(27.14.2) (Existence) If Deg(U, ¢, y) # 0, then ¢ ' (y) N U # 0.

(27.14.3) (Excision) Let V C U be open and such that (U\V)Ne3'(y) = 0. Then
Deg(U, ¢, y) = Deg(V, pv,y). B

(27.14.4) (Homotopy) If x € Ao(U x [0, 1],R™) joins ¢ and ¢ in Asy (U, R™;y),
then Deg(U, ¢,y) = Deg(U, 1, y).

PROOF. (27.14.1) Let V4 C Un, ay, € U(pv,), Vo C Uz and ay, € U(pv,)
be the same as in definition of Deg(Uy, oy, ,y) and Deg(Us, ¢u,,y). Define V =
Vi UVa. Then V is an appropriate set for defining Deg(U, ¢, 7). Let a(V) be
such that for any f € a(py,a(V)) we have deg(V,pv,y) = deg(V, f,y) and
flvi € alpv,, ay,) for i = 1,2. Now, take f € a(py,a(V)). Then

Deg(U, ¢,y) = Deg(V, pv,y) = deg(V, f,y)
= deg(V, flvi,y) + deg(Va, flva, y)
= Deg(Ux, pu,,y) + Deg(Uz, u,, y).

(27.14.2) The proof is a consequence of compactness of U, u.s.c. of ¢ and the
existence property for singlevalued maps. We omit details.

(27.14.3) Use (27.14.1) for Uy =V, Uy = U \ V and (27.14.2) for Us.

(27.14.4) Suppose that x € Ag(U x [0, 1],R™) joins ¢ and 9 in Agy (U, R™;y).
Let V € NP(F,U) be such that x(z,t) # y for any x € U\ V, t € [0,1].
Then both deg(V, v, y), deg(V,vyv,y) are well defined and yy := X|Vx[0,1] €
Ap(V x [0,1],R™) joins ¢y and ¥y in Asy(V,R™y). By Proposition (27.2.4),
we can find h: V' x [0,1] — R™ such that h(z,t) # y for every (x,t) € OV x [0,1]
and deg(V, ho,y) = Deg(V, ¢v,y) and deg(V, h1,y) = Deg(V, v, y). So by the
homotopy property of the Brouwer degree we have

Deg(va PV, y) = Deg(v? ¢Va y)

and the proof is completed. O

We shall end this section by giving some applications of the above results. The
first observation is negative.

(27.15) EXAMPLE. (The nonlinear alternative is not true for mappings in space
J(K?,R?)). Consider ¢: K — R? defined as follows:

.1 {rf ifz =0,
P, Y) = .
(lll, £Cllzl)) it = # 0,
where f:(0,1] — R, f(t) =1+ 1/t. Obviously, x € ¢(x) for each x € K?2. Tt is

easy to see that # & \p(z) for every z € S and A € (0,1) but ¢ € J(K?,R?).

Observe that by the same arguments as in the proof of (26.7) or (26.8) we can
obtain the following weaker version of the nonlinear alternative.
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(27.16) THEOREM. Ifp € J(K"(r),R™) then ¢ has at least one of the following
properties:

(27.16.1) Fix(p) # 0,
(27.16.2) there is wg € S™1 such that dist({zo}, A) = 0, where A = {t - p(z0) |
te(0,1)}.

We can also get the following version of the Borsuk—Ulam Theorem (cf. (26.10)
and (26.11):

(27.17) THEOREM. If ¢ € Ao(S™(r),R") then there exists zo € S™(r) such
that:

dist(¢(z0), ¢(—0)) = 0.

(27.18) REMARK. We would like to point out that the problem of extending
the topological degree onto the class CJ(K™(r),R™) is open.
28. Topological degree in normed spaces

In this section by F we shall denote a real normed space. We let
K(r)={zeE||zl<r}, Str)={zecE||zl=r}, P=E\{0}.
Moreover, we shall use the notations of earlier sections. First we define:
CJc(K(r),E)={® = foF|where ® € J(K(r),X), f1 X - E,
X € ANR, Fix¢ N S(r) =0 and cl (K (r)) is compact}.

In what follows, with given ® € CJ(K(r), E) we shall associate ¢: K(r) — E,
p =j — ® given as follows:

for every © € K(r), where j: K(r) — E, j(x) = x is the inclusion map. Note that
it ® € CJo(K(r), E) then ¢(S(r)) C P. We claim more:

(28.1) PROPOSITION. If ® € CJc(K(r), E) then ¢ € CJ(K(r), E).

F
PROOF. In fact assume that ® = fo F: K"(r) — X L, E. Then we let:

. _
K™(r) —o K"(r) x X -1 B,

where F(z) = {(z,y) | y € F(2)} and f(z,y) = = — f(y). Since (K"(r) x X) €
ANR (cf. (1.2.4)) and ¢ = f o F we infer that ¢ € CJ(K(r), E) and the proof is
completed. 0O
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In what follows ¢ is called a compact vector field associated with ®. Proposi-
tion (28.1) allows us to define:

Clov(K(r),E)={p € CJ(K(r), E) | ¢ is a compact vector field
associated with some ® € C'Jo(B(r), E)}.

We shall use also the following general property.

(28.2) THEOREM. Assume that U: X — E is an u.s.c. and compact map, i.e.
clU(x) is compact. Let : X — E be a compact vector field associated with U,
where X C E. Then 1 is a closed map, i.e. for every closed A C X the set 1(A)
1s closed.

PROOF. Let A be a closed subset of X. Since ¥ is compact then there exists
a compact subset K C F such that ¥(X) C K. Let {y,} C ¥(4) and lim, y, = y.
For the proof it is sufficient to show that y € ¥(A4). We can assume that

Yn =Tp — 2Zn, N=12,...,

where x,, € A and z, € U(z,,) for every n. Since {z,} C K and K is compact we
can assume that:

lim z,, = z.
n

Consequently, we deduce that lim, x, = x and = € A because A is closed. Since
U is u.s.c. we deduce that z € ¥(x) but lim, y, =y = lim, (2, — z,) = — z and
hence y € 1(A). The proof is completed. O

Now, we are going to define a topological degree on C'Joy (K(r), E). Let ¢ €
CJov(K(r), E). Then from (28.2) we deduce that:

p(S(r)) c P

and ¢(S(r)) is a closed subset of E. Hence § = dist(¢(S5(r)),0) > 0. Let p = j—
and let K = d®(K(r)). Then K is a compact subset of E. We have a compact
inclusion i: K — E, i(z) = .

Let € > 0 be such that e < §/2. By using Schauder Approximation Theorem
(see (12.9)) to the map i we get a finite dimensional subspace E™) of E and
a compact map i.: K — F such that:

(28.2.1) |z —ic(z)|| <e for every x € K,
(28.2.2) ie(K) C B9,
(28.2.3) the maps 7 and i. are homotopic.
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F ry .
Assume that ® = fo F: K"(r) — X Lk -5 E (we know that f(X) C K).
Now we can consider the map

P
B.=f.oF:K"(r) —o X 15 B,

where f. =i o f. It follows from (28.2.1) that ®. € JCc(K™(r), E). In view of
(28.2.2) f.(X) € E™). So we can define the map @, € CJc(K"®)(r), E")
by putting.

D)= feoF, where f.: X — E™e)

is defined by the formula: f;(x) = fo(x).

(28.3) REMARK. Let us observe that ¢, () € C’J(K"(E)(r), E™®), where Pn(e)
is a compact vector field associated with ®,, (.

Therefore we can define:

(28.4) DEFINITION. Let ¢ € CJeov(K(r), E). We define the topological degree
Deg(y) of ¢ as follows:

Deg(<p) = Deg(‘pn(a))a
where @y, (.) is obtained by the above procedure and Deg(yy, (<)) is defined in (26.2).

In view of (28.2.3) any two approximations i, and i, of i are homotopic so by
the homotopy property (26.2.5) it follows that Definition (28.4) is correct.
By standard arguments we deduce from (26.2):

(28.5) THEOREM. The topological degree Deg: CJoy (K(r), E) — Z defined
in (28.4) satisfies the following properties.

(28.5.1) Ifp € CJov(K(r), E) is of the form ¢ = foF and F is singlevalued then
Deg(y) = deg(p), where deg(yp) stands for Leray—Schauder topological
degree (cf. [Gr1-M], [Gr2-M], [Gr3-M] or [Ro-M]).

(28.5.2) If Deg(p) # 0 then there exists x € K(r) such that 0 € ¢(z).

(28.5.3) Ifpe Cloy(K(r),E) and {ue K(r)|0€ o(u)} CInt K(7), 0 <7 <,
then the restriction @ of ¢ to K(7) is in CJov(K(7), E) and Deg(y) =
Deg().

(28.5.4) If 1,92 are homotopic in CJoy(K(r), E) then Deg(v1) = Deg(yp2),
where homotopy in CJov(K(r), E) means that joining homotopy is a
compact vector field (cf. (26.1)).

(28.5.5) Let @1, P2 € JCo(K(r), E) and assume that:

x & {APy(u) + (1 — N)Pa(u) | for every (u, A) € S(r) x [0,1]}

then Deg(p1) = Deg(p2).
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The proof of (28.5) is left to the reader. Now we will sketch possible conse-
quences of (28.5).

Note, that there are standard topological facts which follow from a topological
degree theory (cf. [Br2-M], [Do-M], [Gr1-M], [L1-M], [LR-M], [Ro-M] [Sp-M] and
[Wa-M]).

The inclusion j: K(r) — FE is a compact vector field because ®(z) = 0 for every
x € K(r) a compact map and j = j — ®. Now by the construction of topological
degree we have:

jn(a): Kn(a)(r) - En(a), ]n(a)(‘r) =T

for every o € K™ (r). So, in view of (26.6), we obtain

(28.6) Deg(j) = deg(j) = deg(jin(e)) = 1.
Below we give examples of mappings with degree different from zero.

(28.7) EXAMPLE. Let ®: E — E be of the from ® = fo F: F 4 x L E,
x € ANR, where F' has Rs-values and ® is u.s.c. and compact. Let » > 0 be such
that cl1®(E) C Int K(r). If p: K(r) — E is a compact vector field associated with
© then Deg(p) = 1. In fact, consider the homotopy x: K(r) x [0,1] — E given as
follows:

x(x,t)=a —t ®(z).

Then x(S(r) x [0,1]) C P and for every ¢t € [0,1] the map x(-,t) is a compact
vector field. Consequently from (28.5.5) we deduce that

Deg(y) = Deg(j) = 1.

(28.8) REMARK. From (28.7) and (28.5.2) we deduce that Fix(®) # () provided
® is the same as in (28.7).

Now we are able to prove:

(28.9) PROPOSITION. Let X € AR and ®: X — X be a compact u.s.c. map of
the form:

F f
X —0Y —X,

where F is u.s.c. with Rs-values, Y € ANR and f is continuous. Then Fix(®) # ().

PROOF. In view of the Arens—Eells embedding Theorem (1.6) we can assume

that X is a closed subset of a normed space E. Consequently, it follows from
(1.8.1) that there exists a retraction r: E — X. We have diagram:

F .
EXx oy L x 1 E,

where j is the inclusion map.
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Welet F; = For and f; = jof. Then we get a map ¥ = f; o F} which satisfies
assumptions of (28.8) and hence Fix(1)) # 0. Now by using standard arguments
we deduce that Fix(®) # () and the proof is completed. O

(28.10) EXAMPLE. Let ¢ € CJoy(K(r), E) be such that (—Az) & ¢(x) for all
x € S(r) and A > 0. Then Deg(y) = 1.

In fact assume that ¢ is associated with ® € CJo(K(r), E). We consider the
homotopy x: K(r) x [0,1] — E defined by:

\(,1) = 7 — ()
Assume that for some z € S(r) and t > 0 we have 0 € x(z,t). It implies that
0=x—ty foreveryy € @(x).

Consequently x € f - ®(z) and hence (1 — 1/t) - & € (x) but it contradicts our
assumption. Therefore x(S(r) x [0,1]) C P and Deg(yp) = deg(1) = 1.

29. Topological degree of vector fields
with non-compact values in Banach spaces

In this section all metric spaces are assumed to be complete. We would like
to point out that the problem of defining topological degree on J (K(r), E) for
arbitrary normed space E is still open (cf. [Ga-1], [Dal-M], [BM-7]). In this section
we will restrict our considerations to the case of closed convex and bounded subsets
of a Banach space F.

First, following Section 4 for a complete metric space X by B(X) we shall
denote the complete metric space of closed bounded and nonempty subsets of X
with the Hausdorff metric dy. If X = E is a Banach space then we will consider

CB(FE) to be a subspace of B(F) defined as follows:
CB(E)={A € B(E) | A is convex}.

We start with the following theorem:

(29.1) THEOREM. Let ¢:Y — B(X) be a continuous and compact map where
Y is a metric space. Then there exists a compact subset K C X such that:

(29.1.2) oY) NK £ for every y €Y.

For the proof of (29.1) we need the following lemma.
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(29.2) LEMMA. Let F:Y — B(X) be a continuous compact map and A be
a compact subset of X such that:

(29.2.1) du(A,F(y)) < e for somee >0 and everyy €Y.
Then for every o > 0 there exists a compact set B C X such that:

(29.2.2) AC B CO.(A),
(29.2.3) the set B\ A is finite,
(29.2.4) dpy(B,F(y)) < « for every y € Y.

PROOF. Let € > 0 be a given positive real number. Since F' is compact the set
F(Y) € B(X) is a relatively compact subset of a complete space B(X). Therefore
for given € > 0 we can find a finite e-net F(y1),..., F(yx) of F(Y), i.e. for every
y € Y thereisi =1,...,k such that dy (F(y:), F(y)) < &, so in particular F(y;) C
0.(FP(y)).

Now, for every i =1, ..., k we choose a point x; € F(y;) such that dist({z;}, A)
< e. It is possible, owing to (29.2.1) and the compactness of A. Let B = A C
{z1,...,zr}. Now, it is evident that B satisfies (29.2.2)—-(29.2.4). O

PROOF OF THEOREM (29.1). First, we let ¢ = 1 and choose a finite 1-set of
oY) in B(X). Let ©(y1),...,¢(y) be the above set. We choose x; € ¢(y;),
i=1,... k.

Let Ag={z1,...,2}. Then Ay is compact and dg (Ao, p(y)) <1 for every y€Y.
So Ay satisfies all assumptions of Lemma (29.2). By applying Lemma (29.2) to Ay
and € = 1/2 we get a compact (finite) set A; such that: Ag C A; C O:(p(Ao))
and (29.2.3) and (29.2.4) are satisfied.

Consequently, by induction we can construct a sequence {A,} of finite subsets
of X such that:

(2925) A, CApy1 C Ol/2n+1 (An),
1
(29.2.6) di(An, o(y)) < on forevery y e Y andn=1,2,...
We let -
B=cl ( U(An)>.
n=0

Now, from (29.2.5), we deduce that for every € > 0 B possesses a finite e-net. In
fact, we choose k € N such that

=1
22_k<€’
n=~k

then Ay is the needed e-set of B and since X is complete we obtain that B is
compact. Moreover, from (29.2.6) we infer dy(B,¢(y)) = 0 foreveryy € Y.
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Consequently compactness of B implies that B N p(y) # 0 for every y € Y and
the proof is completed. O

(29.3) COROLLARY. Let F:Y — B(E) be a continuous compact map such that
for every y € Y we have F(y) € CB(E), where E is a Banach space. Then there
exrists an u.s.c. compact map p: X — E with convex values such that:

(29.3.1) o(y) C F(y) for everyy €Y.

PROOF. By applying theorem (29.1) to the map F we get a compact set K C E
such that:
FlyynK #0 for every y € Y.

We let:
Y — B, p(y) =F(y) NK.

Then from (14.7) we deduce that @ is u.s.c. As we already remarked (see (3.6))
by the Mazur Theorem the closed convex ball of a compact subset in a Banach
space is again a compact set. So we are allowed to define:

Y — E, o(y) =conv(p(y)) for every y € Y.

Then from (14.12) we deduce that ¢ is u.s.c. and by applying again the Mazur
Theorem we deduce that ¢ is compact. The proof of (29.3) is completed. O

Now we are able to define the topological degree for vector fields with convex
closed bounded values in Banach spaces.
First, let us introduce some notations. We let:

Jo(K(r), E) = {F: K(r) — B(E) | F continuous, compact,
F(z) € CB(E) and z ¢ F(x) for every z € S(r)}.

We have of course:
Fo(K(r), E) C J(K(r), E).

As before by Jov (K(r), E) we shall define the set of all associated vector fields,
i.e. a map f: K(r) — B(E) belongs to Joy (K(r), E) if and only if there is F' €
Jo(K(r), E) such that:

flx)={r—ylycF(x)}

Note that for f € Joy (K(r), E) we have 0 ¢ f(x) for every x € S(r).
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(29.4) DEFINITION. Two compact vector fields f, g € Jov (K (r), E) are homo-
topic provided there exists a compact vector field h € Joy (K (r), x[0,1], E) such
that:

(29.4.1) h(z,0) = f(x),

(29.4.2) h(z,1) = g(x),

where h(z,t) ={z —y |y € H(x,t)} and H: K(r) x [0,1] — B(FE) is continuous

compact with closed convex values and = ¢ H(z, t) for every z € S(r) and ¢t € [0, 1].
We prove:

(29.5) THEOREM. There is a function Deg: jCV(K(r), E) — Z which satisfies
the following conditions:

(29.5.1) If Deg(f) # 0, then there is x € K(r) such that 0 € f(x).

(29.5.2) If {x € K(r) | 0 € f(x)} C K(F) for some 0 < 7 < r and f €
Foy(K(r), B), then f = f|y: € Jov(K(7), B) and Deg(f) = Deg(f).

(29.5.3) If f,g € Jov(K(7), E) are homotopic, then Deg(f) = Deg(g).

(29.5.4) If f: K(r) — E is a singlevalued compact vector field then

Deg(f) = deg(f),

where deg(f) stands for the Leray—-Schauder degree (cf. [Br2-M], [Grd-M],
[L1-M], [Ni-M] or [Ro-M]).

PROOF. Let f € Jov (K (r), E) be of the form:
f@)={z—ylyeF(x)}

where F € jc(K(r),E). By applying Corollary (29.3) to F, we get a compact
map ®: K(r) — E with convex values such that ®(x) C F(x) for every x € K(r).
Note that, if U: K(r) — E is a second map satisfying Lemma (29.3) then for any
fixed ¢ € [0, 1] the map x4: K(r) — E defined by

xe(x) =t - ®(x) + (1 —t)¥(x)
is again an u.s.c. compact map with convex values such that:
xt(z) C F(x) for every x € K(r),

and moreover, x & x:(z) for every x € S(r). It means that the topological degree
Deg(j — @) and Deg(j — ¥) is well defined (cf. the preceding section) and

Deg(j — @) = Deg(j — ¥).
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Therefore, the following definition:
(29.5.5) Deg(f) = Deg(j — @)

is correct. O

Now, properties (29.5.1)—(29.5.4) are easy consequences of the previous section
and (29.3).
Applying Theorem (29.5), by standard arguments (cf. Sections 27, 28) we ob-

tain:

(29.6) THEOREM. Let F: K(r) — B(E) be a continuous compact map such
that F(x) C K(r) and F(z) € CB(E) for every x € K(r). Then Fix(F) # 0.

Theorem (29.6) is an interesting generalization of the Kakutani-Brouwer fixed
point theorem (cf. [Ma-M]). Note that F. S. De Blasi and J. Myjak in [BM-7]
proved Theorem (29.5) but without property (29.5.1). Finally, we would like to
add that the topological degree for multivalued mappings with non-compact values
were studied in [Dal-M] and [Ga-1].

(29.7) REMARK. Let us remark that in all considerations of this section it
is sufficient to assume that F: K(r) — B(FE) be us.c. considered as the map
F: K(r) — FE instead of continuity of F' (of course we keep that F' be compact).

30. Topological essentiality

In this section we will be looking at a more general construction than topological
degree — the essentiality, also called topological transversality. Topological essen-
tiality can be defined on a larger class of mappings than topological degree but
yields less information. So, one can consider topological essentiality as a weaker
from of the topological degree theory.

First the concept of topological essentiality was systematicaly studied in [Gr4-
M] (cf. also [Gr2-M], [DG1-M]).

Let E, E; be two Banach spaces and let K(r) C E. We will consider:

Jou(K(r), E1) = {F: K(r) — B(E1) | ¢ is compact with convex values and F
considered as a multivalued map from K(r) to E; is u.s.c.},
Jou (K (r), By) ={F € Jeo(K(r), Ey) | F(z) = {0} for all z € S(r)},
Jo(K(r), Ey) ={F: K(r) — CB(E;) | 0 & F(x) for every = € S(r)

and Fis u.s.c. as a map from K(r) to E1}.

We can now define:
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(30.1) DEFINITION. A map F € Jo(K(r), E1) is called essential (with respect
to ng(K(r),El)) if for every G € ng(K(r),El) there exists a point z € K(r)
such that:

F(xz)NG(x) # 0.

Let us enumerate several properties of the above defined essentiality.

(30.2) PROPERTY (Existence). If F € Jo(K(r), Ey) is essential, then there
exists x € Int K(r) such that 0 € F(z). In fact, we take G(x) = {0} for every
z € K(r). Then G € J&;(K(r), E1) and our claim follows from (30.1).

(30.3) PROPERTY (Compact perturbation). If F € Jo(K(r), Ey) is essential
and G € J2;(K(r), E1), then (F + G) € Jo(K(r), E1) and (F + G) is essential.

Property (30.3) is self-evident.

(30.4) PROPERTY (Coincidence). Assume that F € Jo(K(r), E1) is essential
and H € Joy(K(r),E1). Let A={z € K(r) | F(x)N(tH)(x) # 0, for somet €
[0,1]}. If A C Int(K(r), then F and H have a coincidence.

PRrROOF. First observe that the essentiality of F' implies that A is nonempty.
Moreover, A is closed and such that AN S(r) = 0.

Let s: K(r) — [0,1] be an Urysohn function such that s(z) =1 for x € A and
s(x) =0 for z € S(r). We define the map G: K(r) — E; as follows:

G(z) = s(x)- H(z) for every x € K(r).
Then G € J2,;(B(r), E1) and since F is essential, we get
F(x0) N G(z0) #0 for some zg € K(r).

This implies that 9 € A and hence S(z¢) = 1. Finally, we get F(xo) N H (zg) # 0
and the proof is completed. O

(30.5) PrROPERTY (Normalization). The inclusion map i: B(r) — E is essen-
tial.

PROOF. Let G € ng(K(r),E). We let:
A={x e K(r) |z € (t-G)(x), for some ¢ € [0, 1]}.

Then A is a closed nonempty subset of K (r) such that 0 € A and A C Int K(r).
We consider an Urysohn function s: E — [0, 1] such that s(x) = 1 for z € A and
s(x) = for x ¢ Int K(r). We consider H: K(r) — K(r) defined as:

H(z) = s(z) - Glp(a),
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where p: E — K(r) is the retraction map defined as follows:

r(x/||x for x ¢ K(r),
p(x):{ (/) for x ¢ K(r)

z for x € K(r).

It follows from (29.6) that Fix(H) # 0. If x ¢ Int K(r), then s(z) =0 and z =0
but 0 € B(r) so we get a contradiction. Therefore, we deduce that x € Int K (r).
So, = i(x) € G(x) and the proof is completed. O

(30.6) PROPERTY (Localization). Assume that F € Jo(K(r), E1) is an essen-
tial map such that the set
A={z e K(r)|0e F(z)} CInt K(¥) for some 0 <7 <r.

Then the restriction F of F to K(7) is an essential map in Jo(K(7), Ey).
PRrROOF. We know that A # (). We let:

B={xe K(F)|z e (F(z)N(tG)(x)) # 0, for some ¢ € [0,1]},

where G € ng(K(ﬂ, E;). Then A C B. Againlet s: K(r) — [0, 1] be an Urysohn
function such that s(z) = 1 for some z € A and s(z) = 0 for x ¢ Int K(7).
Moreover, we consider p: K(r) — K(7) defined as follows:

x for z € K(7),
pE) =9 -
7 (z/|x]])  forz & K(r).
We define the map H: K(7) — E; by the formula:

for every x € K(r). Obviously H € J2,(K(r), E1). Since F is essential there is
a point € K(r) such that F(z) N H(z) # (. Tt is easy to see that z € K(¥) and
this ends the proof. O

(30.7) PROPERTY (Homotopy). Let F € Jo(K(r), E1) be an essential map.
Let H: B(r) — B C (F1) be compact u.s.c. map such that:

(30.7.1) H(x,0) ={0} for every x € S(r),
(30.7.2) {zx € K(r)| F(z)NH(z,t) #0 for some t € [0,1]} C Int K(r).

Then the map Fi(z) = {u—v | u € F(z) and v € H(z,1)} belongs to Jo(K(r), Ey)
and is essential.

PROOF. Let G € ng(K(r),El). We let:

A={ze K(r)| F(z)}N{u+v]|ueG(z) and v € H(z,t), for some ¢ € [0, 1]}.
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Since (G + H(-,0)) € ng and F' is essential we obtain that A # (. Evidently
A is closed. Let s: K(r) — [0,1] be an Urysohn function such that s(x) = 1, for
x € A and s(z) =0 for x € S(r). We define the map G by putting:

Gi(z) = ¢(x) + x(z, s(2)) = {u+ v [ u € ¢(z) and v € x(z, s(x))}-

Then G, € ng (K (r), F1) and our assertion follows from essentiality of F'. O

(30.8) PROPERTY (Continuation). Let F € Jy(K(r), E1) be an essential map-
ping. Assume that F is proper, i.e. {x € K(r) | F(x) N K # 0} is compact for
every compact K C Ei. Assume further that H: K(r) x [-1,1] —o CB(E1) is
a compact u.s.c. map such that H(x,0) = {0} for every x € S(r). Then there
exists € > 0 such that the mapping (F — H)(-,t)), (F — H)(-,t))(x) = {u—v |
u € F(z) andv € H(x,t)} belongs to Jo(K(r), E1) and is essential for every
t e (—ee).

PROOF. According to the homotopy property it is sufficient to show that there
exists € > 0 such that F(z) N H(z,t) =0 for every x € S(r) and ¢t € (—¢,¢). O

But this condition is easy to verify by contradiction.

(30.9) REMARK. Observe that in the proofs of all the properties here we were
using essentially the following facts:

(30.9.1) for any two maps F and G from Jey(K(r), E1) and JO(K(r), E) the
mappings F' 4+ G, F' — G, sF belong to the respective classes; and
(30.9.2) the Brouwer Fixed Point Theorem holds for these maps (with respect to
essentiality).
Therefore, it is possible to repeat all results of this section for arbitrary classes
of multivalued mappings satisfying the above properties.

(30.10) REMARK. Observe that the technique of essential mappings allows us
to obtain the same type topological results as by using the topological degree
theory. Below we will prove only the nonlinear alternative but, for example, the
Leray—Schauder alternative, the Birkhoff-Kellogg theorem and Borsuk’s theorem
on antipodes are also possible. A systematic approach to these applications of the
topological degree theory we will present in Section 33.

(30.11) THEOREM. Let F € Jou(K(r), By) be essential and G € Joy(K(r), By).
If F(x)NG(x) =0 for every x € S(r) then at least one of the following conditions
holds:

(30.11.1) there exists x € K(r) such that F(z) N G(x) # 0,
(30.11.2) there exists A € (0,1) and x € S(r) such that F(z) N (AG(x)) # 0.
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To prove (30.11) it is sufficient to apply the homotopy property for F and H,
where H(x,t) =t-G(z) for x € K(r), ¢t € ]0,1].

Now, if E = E; then from (30.11) and the normalization property immediately
follows:

(30.12) PROPERTY (Nonlinear alternative). Let G € Joy (K(r), E). Then at
least one of the following conditions is satisfied:
(30.12.1) Fix(G) # 0,
(30.12.2) there exists x € S(r) and A € (0,1) such that x € (AG(z)).

31. Random fixed points

A systematic study of Random Operators was initiated in the 1950s in the
Praque school of probabilists. Today the research in random operators includes
such areas as operator valued random variables and functions and their properties,
random equations, random dynamical systems, measure-theoretic problems and
obviously random fixed point theorems.

In this section we would like to give a short presentation of the random topo-
logical degree theory. We assume X to be a separable metric space and §2 be
a complete measure space (cf. Section 19).

(31.1) DEFINITION. Let A be a closed subset of X and ¢:Q x A — X be
a multivalued map with compact values. We will say that ¢ is a random operator
provided the following two conditions are satisfied.

(31.1.1) ¢ is product-measurable,
(31.1.2) p(w, -) is w.s.c. for every w € §.

(31.2) DEFINITION. Assume that ¢:2 x A — X is a random operator. A

measurable map: £:Q —o A is called a random fized point for ¢ provided we have:

¢(w) € p(w,&(w)) for every w € Q.
We prove the following:

(31.3) PROPOSITION. Let ¢: 2 x A — X be a random operator such that for
every w € Q) the set of fized points of o(w, -) is nonempty (Fix(p(w, -)) # 0).
Then ¢ has a random fixed point.

PRrROOF. For the proof we define the multivalued map F: Q) — A defined by:
F(w) = Fix(¢(w, -)) for every w € Q.

To deduce that the graph I'p of F' is measurable we consider f:Q x A — [0, +00)
defined as follows:

fw,z) = dist(z, p(w,x)) for every (w,x) €  x A.
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In view of (19.16), f is measurable. But I'r = f~%({0}). So, I'r is measurable
and hence, in view of (19.17), F' possesses a measurable selector £&: Q) — A i.e.
¢(w) € F(w) for every w € Q. Observe that £ is the needed random fixed point
of ¢. The proof is completed. O

Note, that having (31.3) one can formulate in a natural way the random version
of the Banach fixed point theorem, the Brouwer fixed point theorem, and the
Schauder fixed point theorem for both single and multivalued random operators.

From (31.3) it follows that the deterministic fixed theorem implies the respective
random fixed point theorem. Roughly speaking the same is true in the case of the
topological degree theory. We will sketch it below.

We denote by M(Q x K™(r),R") a family of random operators such that the
following two conditions are satisfied:

(31.4)  for every p € M(Q x K"(r),R"™) we have 0 & (2 x S"~1(r));
(31.5)  for every w €  for the map ¢(w, - ): K™(r) — R™ the topological degree
Deg(¢(w, -)) is defined (cf. earlier sections of this chapter).

By homotopy in M(Q x K"(r),R™) we will understand a random homotopy,
i.e.
x: 2 x K™ (r) x [0,1] — R",

which is product-measurable u.s.c. with respect to the last variable, such that:
0 ¢ x(Qx S"1(r) x [0,1]),
x(+, -, t) € M(Q2 x K"(r),R™) for every ¢ € [0, 1].
Let ¢ € M(Q2x B™(r),R™). We define the random degree Deg, . (¢) of ¢ as follows:
(31.6) Deg,, () = {Deg(p(w, -) |w € Q}.

Then we have:

(31.7) PROPERTY (Existence). If 0 & Deg,.(p) then there exists a measurable
map &: Q — B™(r) such that:

0€ p(w,é(w)) forwe.

The proof is strictly analogous to the proof of (31.3).

(31.8) PROPERTY (Localization). If ¢ € M(Q x K"(r),R") and {x € K"(r) |
exists w € N 0 € p(w,z)} C Int K(F) for some 0 <7 < r. Then the restriction @
of v to Q x K™(7) belongs to M (2 x K™(¥),R™) and

Deg,,(¢) = Deg,,(9).
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(31.9) PROPERTY (Homotopy). If ¢ and ) are homotopic in M (Qx K™ (r), R™)
then
Deg,,(¢) = Deg,, (1)

Proofs of (31.8) and (31.9) are strictly analogous to the proofs of respective
properties in deterministic case.
Finally, note that we can do exactly the same as above if we replace R™ by an

arbitrary separable Banach space F.






CHAPTER IV

HOMOLOGICAL METHODS IN FIXED POINT THEORY
OF MULTIVALUED MAPPINGS

In this chapter we would like to present a systematic study of the fixed point
theory for multivalued maps by using homological methods. Homological methods
were initiated in 1946 by S. Eilenberg and D. Montgomery in their celebrated
paper [EM]. Using methods of homology we can obtain stronger results than those
obtained by means of the approximation methods as used in Chapter III. Hence in
this chapter the results will be formulated in a more general form than previously.

32. Acyclic mappings

In this section we would like to study general properties of acyclic mappings in-
cluding the Lefschetz fixed point theorem. Note that the class of acyclic mappings
was introduced by S. Eilenberg and D. Montgomery in the paper [EM].

(32.1) DEFINITION. An u.s.c. map ¢: X —o Y with compact values is called
acyclic provided for every = € X the set p(z) is acyclic (cf. Section 8).

Denote by AC(X,Y) the class of all acyclic mappings. Let us remark that in
particular we have:

J(X,Y) C AC(X,Y),

i.e. u.s.c. mappings with Rs-values are acyclic mappings. Unfortunately the class
of acyclic maps is not closed with respect to the composition law.

(32.2) EXAMPLE. Let ¢:S' — S* be the map given by the formula:

p(x) ={y eS| llz -yl <3/2}.

Then ¢ is acyclic but the composition ¥ = ¢ o ¢: S' — S! is no longer acyclic
because ¥(z) = S' for every x € S*.

We have the following:
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(32.3) PROPOSITION. If ¢: X —o Y is an acyclic map then the natural projec-
tion py:T'y — X, po(x,y) =z, is a Vietoris map.

PROOF. Since p;l(x) is homeomorphic to ¢(x) for every z € X we get that
p;l(x) is acyclic. Now, let A C X be a compact set. Then

pTHA) C A x p(A).

Since p~1(A) is closed and in view of (14.10), p(A) is compact, so p~1(A) is
compact as a closed subset of the compact set A x ¢(A). Therefore p is proper
and the proof is completed. O

Let ¢: X — Y be an acyclic map. In view of (32.3) we can associate with ¢
the diagram:
x&r, 2y

in which p,, is a Vietoris map. By applying to the above diagram the Cech homol-
ogy functor with compact carriers we obtain the following diagram:

(qW)*

Ho(X) L2221, (0,) 2, (v)

~

for every n = 1,2,3..., in which (py,)«n is an isomorphism. Therefore, we can
define the induced by ¢ linear @, : H.(X) — H.(Y") by putting:

Px = {<P*n}a

where ¢.n = (gp)s © (Pp)ins n = 1,2,... It is easy to see that if p = f is
a singlevalued map then ¢, is equal to the induced linear map f, defined in
Section 7.

(32.4) DEFINITION. Assume that ¢: X — X is an acyclic map.

(32.4.1) If the graded linear space H.(X) is of finite type then we define the
(ordinary) Lefschetz number A(¢) of ¢ by letting:

Alp) = A(px)-

(32.4.2) If ¢.: H(X) — H.(X) is a Leray endomorphism then we define the
(generalized) Lefschetz number A(p) of ¢ by:
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(32.5) DEFINITION. Two acyclic maps ¢, ¢: X —o Y are called homotopic (writ-
ten ¢ ~ 1)) provided there exists an acyclic map x: X x [0,1] — Y such that:

(32.5.1) x(z,0) = ¢(x) for every z € X,
(32.5.2) x(z,1) =1(1) for every x € X.

We prove:

(32.6) PROPOSITION. If two acyclic mappings ¢,¥: X — Y are homotopic
then g, = .
PROOF. Let x: X x [0,1] — Y be joining homotopy such that x(z,0) = ¢(z)

and x(z,1) = ¥(x) for every x € X. Consider the commutative diagram:

X&ng

I

X x [o,1]<p:xrxq—">y

T A

X Py Fw

in which ig(z) = (,0), i1(z) = (x,1), jo(z,y) = (x,0,y), 1(z,y) = (x,1,y).
Since (ig)« = (i1)« (f0 ~ 41!), by applying to the above diagram the functor H we
obtain our assertion and the proof is completed. O

From (32.6) immediately follows:

(32.7) COROLLARY. If two acyclic mappings ¢, v are homotopic then

(32.7.1) M) = A(¥) provided H.(X) is of a finite type,
(32.7.2) A(p) = A(Y) provided . or 1. is a Leray endomorphism.

We shall prove the following theorem:

(32.9) THEOREM (The Lefschetz Fixed Point Theorem for acyclic mappings).
If X € ANR and ¢: X — X is an acyclic compact map, i.e. clo(X) is a compact
subset of X, then ¢, is a Leray endomorphism and A(p) # 0 implies that

Fix(p) # 0.
PRrROOF. We have the diagram:
x&r, Lx

in which p,, is a Vietoris map and ¢ is compact because ¢ is compact. By definition,
s = (qp)s 0 (pp)y *, so from (12.11) it follows that ¢, is a Leray endomorphism.
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Assume that A(p) = A(ps) = A(gp)« © (pp)r*) # 0. Then, in view of (12.11),
there is a point (z,y) € I', such that p(z,y) = q(x, y). It implies that x = p(x,y) =
q(xz,y) =y. So, (z,x) € T'y, and therefore x € ¢(z). The proof is completed. [

Since any X € AR is acyclic we obtain:

(32.10) COROLLARY. If X € AR and ¢: X — X is an acyclic compact map,
then Fix(p) # 0.

In fact, from (2.12) we know that A(¢) = 1. Note that Theorem (32.9) for
compact ANRs was proved in 1946 by S. Eilenberg and D. Montgomery ([EM]).
Theorem (32.9) can be proved also for compact AANR spaces.

(32.11) THEOREM. Let X € AANR and ¢: X — X be an acyclic map. Then
X is a space of a finite type and A(p) # 0 implies that Fix(p) # 0.

PROOF. Let X € AANR. By using Theorem (3.4) we obtain a compact ANR-
space Y such that X is an approximative retract of Y. Therefore, for every € > 0
we have a e-retraction r.: Y — X.

Let i: X — Y, i(z) = x, be the inclusion map. Of course, in view of (2.10) we
infer that Y is of a finite type.

We have two maps i o r, idy:Y — Y which are e-close. So, from (6.1) we
obtain that

(ldY)* =14 O (TE)*

and hence i.: H.(X) — H,(Y) is an epimorphism. But Y is of a finite type so,
X must also be of a finite type and the proof of the first part of our theorem is
completed.

Now assume that A(¢) # 0. Then by taking Y € ANR as above we have the
diagram:

Ho(X) — " H7.(Y)
(qW)*O(ptp)_lT (qmp#,)_lo(rg)* Ti*o(%ﬂ)*o(ptp)_lo(ra)*
\
H.(X) ———— H.(Y)

By applying (6.1) again, we infer that for sufficiently small & the above diagram is
commutative. Then:

Ap) = Ap:) # 0,

where . =iopor.:Y — Y is an acyclic map (cf. (10.1)). Therefore, from (32.9)
for every & > 0 (sufficiently small) Fix(p.) # 0.

So we can construct a sequence {y,} of points in Y such that y, € ¢. (yn)
and {e,} | 0. Let x, = -, (yn). We can assume, without loss of generality, that
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lim, y, = y and lim, ,, = z. Then we have y,, € o(r., (yn)) = ©(x,). Since the
graph I', of ¢ is closed we obtain y € ¢(z).

But ¢., (Y) C X so y, € X for every n and therefore d(yn,r:, (zn)) < en.
Hence y = lim,, y,, = lim,, r.(z,) = z. Finally, we obtain = € ¢(z) and the proof
is completed. O

(32.12) COROLLARY. If X is an acyclic AANR, then any acyclic map ¢: X —o
X has a fixed point.

It is interesting to establish connections between acyclic maps and its continuous
selections. Namely, we shall prove:

(32.13) PROPOSITION. Assume that ¢: X — X is an acyclic map and f: X —
X is its selection, i.e. f(x) € p(x) for every x € X. Then:

(32.13.1) fu = s,
(32.13.2) f. is a Leray endomorphism if and only if v is a Leray endomorphism,
(32.13.3) A(f«) = A(px) provided ¢, or f. is a Leray endomorphism.

PROOF. It is evident that (32.13.2) follows from (32.13.1) and that (32.13.3)
follows from (32.13.2). So, for the proof it is sufficient to prove (32.13.1). Consider
the following commutative diagram:

Ly
7N
X 5 X
ik /
X
in which f(x) = (z, f(x)). By applying to the above diagram the homology functor

H, we obtain: ¢, = gy, Op;*l = f.o(idx);! = f« oidx+ = f. and the proof is
completed. 0O

(32.14) REMARK. Observe that (32.13.1) remains true for an arbitrary acyclic
maps @, 1: X — Y such that ) C ¢ i.e. ¥(z) C p(x) for every z € X.
33. Strongly acyclic maps

Recall that the notion of strongly acyclic sets was introduced in the last part
of Section 9.

(33.1) DEFINITION. An u.s.c. multivalued map ¢: X — S™ is called strongly
acyclic (shortly ¢ € SAC(X)) if () is a strongly acyclic subset of S™.
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From (9.10) we obtain:
(33.2) SAC(X) € AC(X, S™).

Observe, that if the map ¢: X —o S™ is strongly acyclic, then the map @: X — S™,
o(x) = S™\ ¢(x) has open graph and values to be infinitely connected.

In what follows, a continuous selection f: X — S™ of ¢ is called co-selection
for ¢. We have:

(33.3) PROPOSITION. Let X be a finite dimensional space and let ¢: X —o S™
be a strongly acyclic map. If f: X — S™ is a co-selection of ¢ then there ezists
a strongly acyclic homotopy x: X x [0,1] — S™ joining ¢ with oo f such that
fx) & x(z,t) for every (x,t) € X x[0,1] and x(z,t) is homeomorphic to o(x) for
every x € X and t # 1, where a: S™ — S™, a(x) = —x, is the antipodal map.

PRrROOF. Fix a point p € S™. Let e,: S™ \ {p} — R" denote the stereographic
projection of S™ \ {p} onto R"™. We consider h,: (S™ \ {p}) x [0,1] — S™ defined
as follows:

hp(u,t) = 651(t ep(=p) + (1 = t)ey(u))

for every u € S™ \ {p} and ¢ € [0, 1].
Then the homotopy x: X x [0,1] — S™ given by:

X(Jf,t) = {hf(af)(u?t) | u€ QD(J:)}
satisfies (33.3) and the proof is completed. O

Now we define a fixed point index for strongly acyclic maps. By Kga we denote
the class of all triples (S™, U, ), where U is an open subset of S™ and ¢ € SAC(U)
is such that Fix(y) is compact; n =1,2,...

If (S™, U, 1) and (S™, U, ¢3) are two triples in Kga, then by homotopy joining
1 and 2 we shall understand a strongly acyclic map x:U x [0,1] — S™ such
that x(-,0) = @1, x(+,1) = @2 and the set {J,¢(o 1) Fix(x(-,?)) is compact. Such
a homotopy Y is called an SAC-homotopy joining ¢, and .

The following fact allows us to define a fixed point index for strongly acyclic
mappings.

(33.4) PROPOSITION. Let (S™,U, ) € Ksa. Then:

(33.4.1) there is a SAC-homotopy x:U x [0,1] — S™ such that x(-,0) = ¢ and
x(-,1) is singlevalued,
(33.4.2) if f,g:U — S™ are singlevalued and SAC-homotopic to ¢, then there is

a singlevalued homotopy h:U x [0,1] — S™ joining f and g such that h
is an SAC-homotopy, i.e. the set Ute[o,l] Fix(h(-,t)) is compact.
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PROOF. Since Fix(y) is compact, there is an open set V such that Fix(p) C
V C clV C U. Therefore, the inclusion map #:U \V — 8™, i(z) = z, is a co-
selection for ¢ on U \ V. By Theorem (16.3), we can extend the map ¢ to a co-
selection g:U — S™ for ¢. By Proposition (33.3), there is an SAC-homotopy
X joining ¢ and « o g such that g(z) & x(z,t) for every t € [0,1] and = € U,
therefore, Ute[o,l] Fix(x(-,t)) € V C V and hence it is compact. Thus we have
proved (33.4.1).

Now, let x1, x2 be two homotopies joining ¢ with f and ¢ with g respectively.
Define an SAC-homotopy ¥ joining f and g by putting:

x1(zx,1—2t) fort<1/2,
x(z,t) =

x2(z,2t —1) fort>1/2.

By the assumption, there is an open set V C clV C U such that
U Fix(x(-,5) C V-
tef0,1]

Therefore, the projection po: (U \ V) x [0,1] — S™, p(x,t) = x is a co-selection
for the restriction x |(\vyxjo,1] of x to (U \ V) x [0,1]. Again, by (16.3) we can
extend pg to a co-selection p: U x [0,1] — S™ for x. Let ¢: U x [0,1] x [0,1] — S™
denote an SAC-homotopy joining x and « o p with properties such as in (33.3).
Let ¢ = ¢(-,0, ) and r = ¢(-,1, ) Since 9(x,t,s) is homeomorphic to x(z,t)
for s #1 and x(-,0) = f, x(-,1) = g we conclude that ¢ and r are singlevalued.
Define h: U x [0,1] — S™ by

q(z, 3t) for t <1/3,
h(z,t) =< (aop)(x,3t—1) for1/3<t<2/3,
r(z,3— 3t) for t > 2/3.

Then A is continuous and
U Fix(h(-,t) cVcdVvcU
t€[0,1]
hence (J,¢(o 1) Fix(h(- 1)) is compact. The proof of (33.4.2) is completed. O
(33.5) DEFINITION. The fized point index Jsa (S™, U, @) of a triple (S™, U, ¢) €

Ksa is equal to the usual fixed point index i(f) of a singlevalued map f: U — S",
which is SAC-homotopic to ¢ (for the definition of i(f) see, for example, [Do-M]).

Observe that from (16.3) and (33.4) it follows that such a map f exists and that
Jsa (S™, U, ¢) does not depend on the choice of f. So Definition (33.5) is correct.

(33.6) REMARK. Since we consider homology with rational coefficients @, the
index Jsa(S™, U, ¢) of the triple (S™,U, ¢) is formally a rational number.

In the following theorem, we list some properties of the index Jga .
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(33.7) THEOREM. The fized point index Jsa: Ksa — Q has the following pro-
perties:

(33.7.1) (Normalization) If (5™, S™, @) € Kga then Jsa(S™, S™, ) = (),
(33.7.2) (Fixed Points) If Jsa(S™, U, ) # 0 then Fix(p) # 0,
(33.7.3) (Homotopy) If x: U x [0,1] — S™ is an SA-homotopy, then

JSA(Sna UaX( : ?0)) = JSA(Sn, U,X( ) 1)),

(33.7.4) (Additivity) If (S™,U,¢) € Ksa and Fix(p) C Ule Ui, where U; are
open disjoint subsets of U then (S™,U;, ;) € Kga and

Jsa (8™, U, p) ZJSA (8™, Ui, ¢i),

where ; is the restriction of ¢ to U;.

(33.7.5) (Contraction and Topological Invariance) If (S™, U, ¢) € Kga and i: S™
— S™ is a homeomorphic embedding such that ¢(u) C i(S™) and i~' o
p: U —o S™ is a strongly acyclic map then

Jsa(S™, U, @) = Jsa(S™,i 1 (U),i o poi).

The proof of (33.7) is quite easy and follows from the respective properties of
the usual fixed point index for singlevalued mappings (cf. [Brl-M], [Do-M], [Sp-
M] for example) and from Definition (33.5). Concerning (33.7.2) observe that
if Fix(¢) = @ then the inclusion i: U — S™, i(z) = z, is a co-selection of p. We
recommend to the reader to deduce Theorem (33.7) from (33.5) and the respective
theorem for fixed point index of singlevalued mappings.

Finally, let us add another simple theorem on the uniqueness of the fixed point
index for strongly acyclic mappings.

(33.8) PROPOSITION. Let ind: Kga — Q be a function satisfying the aziom of
homotopy (33.7.3) and let the restriction of ind to singlevalued maps be equal to
the usual fixed point index. Then ind = Jga .

PROOF. Let (S™, U, ¢) € Kga. By (33.4.1), ¢ is admissibly homotopic to a sin-
glevalued map f: U — S™. Therefore, ind (S, U, @) = i(S™, U, f) = Jsa(S™, U, )
and the proof is completed. O

34. The fixed point index for acyclic maps
of Euclidean neighbourhood retracts

In this section the fixed point index defined in Section 33 for strongly acyclic
mappings will be taken up on the class of all acyclic mappings. First, we shall
explain precisely connections between the classes SAC(X) and AC(X, S™).
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(34.1) PROPOSITION. ¢ € SAC(X) if and only if ¢ € AC(X,S™) and the
set 8™\ @(x) is simply connected, i.e. the first homotopy group w1 (S™ \ ¢(x)) of
S™\ p(z) is trivial for every x € X.

PROOF. The assertion that ¢ € SAC(X) implies that ¢ € AC(X,S™) and
m1(S™\ ¢(x)) = 0 for every z € X follows automatically from the definition.

Now let x € X and ¢(z) be acyclic such that S™ \ ¢(z) is simply connected.
Then using the exactness of the cohomology sequence of the pair (S™, ¢(x)) and
the Lefschetz Duality Theorem (see Section 9), we gather that

for ¢ =0,
Hy(S"\ p(x)) = H'™9(S", () = { Q fora

0 forg>0.

This shows that S™ \ ¢(z) is path connected and, in particular 71 (S™ \ p(x),u) =
0, u € S™\ (z), for every u € S™ \ ¢(z). The Hurewicz theorem asserts that
Tm(S™ \ ¢(x),u) =0 for m > 2 and the proof is completed. O

(34.2) REMARK. Observe that if n = 1,2 then the notions of acyclicity and
strong acyclicity coincide, i.e. SAC(X) = AC(X,5™), n = 1,2. Forn =1 it
is evident since arcs of a circumference are the only acyclic subsets of S'. Now
suppose that A is compact acyclic subset of S2. We shall show that any loop
f:S' — S2\ A is homotopic to a constant map. There is & > 0 such that
F(SY)NO:(A) = 0. As above, we see that S? \ A is path connected and therefore
connected. Then there is a topological disc h: D? — D such that A C D C O.(A)
(see [Bo-M, p. 132]).

Now by applying (9.12) there is a homeomorphism h:S? — S2 such that
h(z) = h(z) for every x € D2. Evidently, h=1(f(5)) C $2\ D2, hence f(S")
is contractible to a point in S? \ D and therefore, (5% \ A) = 0.

As we mentioned in Section 9, the situation is getting complicated for n = 3
onwards. It is not difficult to construct a set A C S® (so called Antoine arc)
homeomorphic to the unit interval, thus acyclic, such that the set S3\ A is not

simply connected.

(34.3) PROPOSITION. Let p: X — R™ be a multivalued map and let ip: R" —
S™, in(x) = x. Then the map iy o p: X — S™ is strongly acyclic if and only if
v € AC(X,R™) and the set R™ \ p(z) is simply connected.

PROOF. Observe that in view of (34.2) the situation is clear if n =1, 2. More-
over, the sufficiency of the second condition is self evident. Necessity: Suppose that
in(p(x)) is strongly acyclic; hence p(x) is acyclic. Let Up(x) = S™ \ (in(p(z) U
{o0}). The set Ui(z) is homeomorphic with R™ \ ¢(x). The Alexander Dual-
ity Theorem shows that Uj(x) is path connected. Let Uz be any sufficiently
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small, simply connected neighbourhood of co in S™. The sets Uy(z), Uz and
Ui(z) NUz = Uy \ {00} are path connected and Uy (x) UUz = S™ \ in(¢(x)). By
the Van Kampen Theorem, the homeomorphism 7: 71 (U1 (z)) — 71 (Ur(z) U Us)
induced by the embedding Uy (z) — Uy (z) U Uz is an epimorphism with the kernel
being the minimal normal subgroup of w1 (U1(z)) containing n(71 (U (z) U Us)),
where 7 is induced by the embedding Uy (z) N Uz — U;. Since n > 3 one can take
Us such that Uy (z) N Uz is simply connected. Hence 71 (U1 (z)) = 0 and the proof
is completed. O

In the same spirit we have the following proposition.

(34.4) PROPOSITION. Let p: X —o S™ be an acyclic map and let j,: S™ — S™T!
be the embedding jp,(u1, ... ,Unt1) = (U1, ... ,Unt1,0). Then the map j,op: X —o
Snt+l s strongly acyclic.

PROOF. Let € X an B(x) = jn(¢(x)). Denote by ey (resp. e_) the north
(resp. the south) pole of S"*1. For u € S"*! u # e+ denote by r(u) the common
point of the great circle joining ey with e_ passing true w and j,,(S™). By [u,r(u)]
we denote the arc of the great circle joining u with r(u). Let Uy (x) = {u € "1 |
u # ex, r(u) & B(z)}. The set Up(z) is open and path-connected. Indeed, if
ai,az € Uy(x) and b; = j, '(a;), i = 1,2, then in view of the Lefschetz Duality
Theorem, S™ \ ¢(z) is path-connected, there is a path [ in S™ \ ¢(x) joining by
with by. Hence, the arc a1, 7(a1)] Ul U [ag, r(az)] joins a; with ag in Uy (z). The
acyclicity of ¢(z) implies that A # S™ i.e. there is a point y € S™ \ ¢(z) and € > 0
such that O (y) N (z) = 0.

Let Uy = {u € 8" | w € S\ j,(S") or |lu — jn(y)|| < e}. The set
Us is open contractible, hence simply connected. Moreover, U(x) N Uz is path
connected and nonempty. If 7:7(Ur(x)) — 7 (Ur(z) U Us) and 72: 71 (Uz) —
m1 (U1 (x) UUsz) are homomorphisms induced by the embeddings Uy (z) — Uy (x) U
Us, Uz(z) — Ui(z)UUs, respectively, then by the Van Kampen theorem 7y (S™1\
Jn(e(x))) = m (Ui (x) UUs) is generated by 71 (w1 (U1 (z))) and 72(71(Uz)) = 0. To
see that 71 (U1 (x)) = 0 it is enough to show that any loop f: S' — Ui(x) may be
homotopically deformed in S"*1\ j, (p()) to a constant one. Let e: S"T1\ {e;} —
R"™*! be a stereographic projection such that e o j,(S™) = S™ and e(e_) = 0. It
is easy to see that e(p1(z)) ={Xz | A >0, z € e(ju(p(x)))}. Let K = e(f(S')) C
e(Uy(x)). Since K is compact, then there is a > 0 such that o - K C B"*(r),
where r < 1. Therefore, K may be deformed to a point in B"*(r) U e(U;(z)) C
R\ (4, (¢(x))). At last, j,(¢(x)) being acyclic is strongly acyclic in view of
Proposition (34.1) and the proof is completed. O

Now, we are ready to construct the fixed point index for acyclic mappings.
The following stand the base of our definition of the fixed point index for acyclic
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mappings. We let:

K ={(X,U,p) | X € ANR and X is locally compact finite dimensional,
©: U — X is acyclic with Fix(¢) compact and U is open in X}.

By homotopy in K we shall understand an acyclic map x:U x [0,1] — X such
that the set Ute[o,l] Fix(x(-,t)) is compact.

(34.5) THEOREM. Let (X,U,¢) € K and assume that X is compact. Then
there exist a homeomorphic embedding i: X — S™, an open subset V of S™ and
a continuous map r:V — U such that (r o )|y = idy, i "2 (V) = U and the
multivalued map i o por:V — S™ is strongly acyclic with (S™,V,iopor) € Kga.
Moreover, the fixed point index Jsa(io @ or) does not depend on the choice of i,
V, orr.

PROOF. Since X is a compact metric and finite dimensional space by using
the Menger—No6beling embedding theorem (see [DG-M]) there exists m > 0 and
a homeomorphic embedding j: X — R™.

We consider natural embedding k: R™ — R™xR?, k(x) = (z,0) and k": R™2 —
Sm+2 = Rm*T2 y {oo}, k'(u) = u. Welet n = m+2and i = k' okoj. Then
i: X — 8" is the needed embedding. In view of (34.4) the map io¢: U —o S"*2 is
strongly acyclic.

Now let (U) = i(X) N W for some open subset W of S™. Then i(U) is closed
in W and since U € ANR there is an open subset V of W and a retraction
p:V — i(U). Put r =i top. Then (roi)|y = idy and, of course, i o por is
strongly acyclic.

Now assume that we have the second embedding i': X — 5™ open set V/ in
57" and the map ": V' — U such that (' o )|y = idy, (#)"4(V') = U and
i'opor’: V' — S™ is strongly acyclic.

Observe that the sets Fix(i o ¢ o r) and Fix(i’ o ¢ o 7’) are homeomorphic to
Fix(p) so (S™,V,iopor) € Kga and (S"', V' i'opor’) € Ksa. We can assume,
without loss of generality, that n < n’ and consequently there is a homeomorphic
embedding I: " — S™. Let k = max{6,n’+3,2dim X +2} and consider a natural
embedding jo: " — RF. Let j = jooloi and j' = joo#’. From (9.10) and (9.12) it
follows that there is a homeomorphism f: R" — R¥ such that f|;/x) = jo (j/)7 .
Let to e:R¥ — S¥ = R* U {co} be the natural embedding and let e = e o j,
¢/ = eoj. Putting f(oo) = 0o we get a homeomorphism F:S* — S* such
that Flo(x) = eo (¢/)~1. There are two open subsets W, W’ of S* and two
continuous maps p: W — V and p: W' — V' such that e }(W) = e’_l(W’),
poegojoolly =idy, p'oegojolys = idys. From (33.7.5) (the proof of the previous
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part of this theorem shows that e o p: U —o S* and e’ o p: U —o S* are strongly
acyclic maps) we obtain:
(34.5.1) Jsa(S™,Viiopor) = Jsa(S*, W,eoporop),

Jsa(S™, V' i opor’) = Jsa (8%, W' e opor op).

Moreover, from (33.7.5) we can also obtain:

(34.5.2) Jsa(S¥, W' € opor’ op)=Jsa(S¥, F(W'),Foe opor’ op o F71)
_ Jsa(S5 F(W').coporop o B,

Let M=WNFW'), P=rop|y, PP=1r"op' o F7!|j. Then Poe|y =idy and

p' oe|y = idy. Consider S* as a subset of R**!. For every x € U there is a § > 0

such that 2/||z|| € M for every z € k(e(z),8) = {z € R¥1 | ||z —e(x)|| < §}. Let

M’ =J{Z, | x € U}. Then M’ is an open subset of M containing e(U).
Therefore, we obtain from (33.7.4):

(34.5.3) JsA(Sk,VV,eo porop) = JsA(Sk,M/,eo po Pluy),
Jsa (S, (W), copor’ opf 0 F~1) = Jsa(S%, M, ¢0 g0 P'lar).

Now observe that the multivalued map x: M’ x [0, 1] —o S* given by:
X(z,t) = eopo P(teo P(2) + (1 — t)e o P'(2))|[te o P(2) + (1 — t)e’ o P'(z)] ™

is a strongly acyclic homotopy joining eopo P and eopo P’ such that ([ J{Fixx( -, ) |
t € [0,1]} is homeomorphic to Fix(¢). Therefore, we obtain from (33.5.3):

(34.5.4) Jsa (8%, M’ eopo Plys) = Jsa(S*, M’ eo@o P'|y).

Combining equalities (33.5.1)—(33.5.4) we obtain the desired result and the proof
is completed. O

Theorem (34.4) allows us to define the fixed point index in the compact case,
but we would like to do it for Euclidean neighbourhood retracts.

We need the following fact, whose easy proof follows directly from (33.5) and,
therefore, is left to the reader.

(34.6) PROPOSITION. Let (X,U,¢) € K. Then there exists a compact subset
X' of X and an open subset U’ of U such that Fix(¢) C U’ C X’ and (U’) C X'.
Moreover, if i: X' — S™ is an embedding, V is an open subset of S™, r:V — U’
is such that r o iy, = idyr, i (V) = U’ and i o p or is strongly acyclic then
(8™, Viiopor) € Ksa and the index Jsa(S™, V,io@or) does not depend on the
choice of X', U', 1, V, r.

Now, we are in a position to define the fixed point index on K.
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(34.7) DEFINITION. Let (X, U, ¢) € K, and U’ and X’ be chosen as in (34.6).
Let : X' — S™, V .C S™ and r:V — U’ be defined as in (34.5), i.e. i is a homeo-
morphic embedding, V' is open is S™, r is continuous, r 0|y = idy., i (V) = U’
and i o ¢ o r is strongly acyclic. The fixed point index I(X,U, ) of (X,U, ¢) is
defined as follows:

I(X,U, ) = Jsa(S", Viiopor).

Let us observe that by Proposition (34.6) the above definition is correct.
Now we prove that the fixed point index on locally compact finite-dimensional
ANRs is uniquely determined by usual properties (cf. [Brl-M], [Do-M]).

(34.8) THEOREM. Let K' denote the subclass of K consisted of all (X,U, ) €
K, for which X is a locally compact ANR. Let J:K' — Q be a function satisfying
the following properties:

(34.8.1) If (X,U,p) € K" and p(x) = xq is a constant map, then

1 provided x¢ € U,

J(X,U, ) =
( ?) { 0 provided xo ¢ U.

(34.8.2) (Homotopy) If x: U x [0,1] is a homotopy in K', then
(34.8.3) (Additivity) If (X,U,¢) € K’ and Fix(p) C \J{U; | i =1,...,k}, where
U; are open and disjoint subsets of U then:

k
J(X’ U? QD) = ZJ(X? Uiagoi)a

i=1

where @; = |y, .
(34.8.4) (Topological Invariance) If (X, U, ¢) € K’ and h: X — Y is a homeomor-
phism, then

J(X,U, @) = J(Y,h(U),hopoh™™).
(34.8.5) (Contraction) If (X,U, ) € K', o(U) CY and Y is a locally compact

Then J = 1.

ProoF. Let (X,U, ) € K. By Proposition (34.6) there are an open subset U’
of U and a compact subset X’ of X such that Fix(¢) C U’ C X', o(U’) C X'.
Since X is locally compact, then there is a compact subset Z of X such that
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X' € Int Z. By Theorem (34.5) there are an embedding i: Z — S™, an open
subset V of S™ and a continuous mapping r:V — U’ such that i~}(V) = U’,
roily, = idy and i o @ o r is strongly acyclic. From (34.8.3)—(34.8.5) it follows
that

J(X,U,0)=J(Int Z,U", p|ly/) = J(S™,V,iopor).

Observe that properties (34.8.3)—(34.8.5) uniquely determine a fixed point index
for singlevalued maps on polyhedra (see [Br1-M], when one can easily see that it is
sufficient to use a contraction and a topological invariance instead of a commuta-
tivity). Therefore, by Proposition (33.8), J|xs, = Jsa. Hence J(S™,V,iopor) =
Jsa(S™, V,iopor). From (34.7) it follows that I(X,U, ¢) = Jsa(S™, V,iopor),
which completes the proof. O

(34.9) REMARK. In the last three sections we considered acyclic sets with
respect to the Cech homology with coefficients in the field of rational numbers Q.
But as we have already observed in the category C; of open subsets in Euclidean
spaces (see (9.1)) the Cech and singular homology functor are equivalent.

Consequently in the case of strong acyclic maps we can consider Z-acyclicity
with respect to the singular homology functor with integer coefficients Z. Hence,
the fixed point index Jsa can be defined as a function

JSA:’CSA — 7

(cf. (33.8)). Therefore, in view of (34.7) and (34.9) we can consider the fixed point
index I on K as a function:
I:K— Z.

Now, we can formulate the following theorem:
(34.10) THEOREM. The fized point index I: K — Z has the following proper-
ties:

(34.10.1) (Normalization) If (X,X,¢) € K and ¢ is compact, i.e. clo(X) is
a compact set, then: 1(X, X, o) = A(p).

(34.10.2) (Fixed Points) If I(X,U, ) # 0 then Fix(p) # 0.

(34.10.3) (Homotopy) If x: U x [0,1] — X is a homotopy in K then:

(34.10.4) (Additivity) If (X, U, ¢) € K and Fix(p) C | H{U; |i=1,...,k}, where
U; are open disjoint subsets of U then:

k
I(X,U,0) =Y I(X,Ui,:), wherep; =¢

i=1

U;-
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(34.10.5) (Commutativity) Let ¢;:U; — X be two Z-acyclic maps, where U; is
an open subset of a finite-dimensional space X;, i,j = 1,2 and i # j.
Assume that I; is a locally compact ANR and ¢; O‘pi|¢;1(Uj) 1s Z-acyclic,
i,7=1,2,1# j. Assume also that:

y € pi(x) and x € pa(y) and (z € o ' (Uz) or y € 3 ' (V1))
=€ <p1_1(U2) and y € <p2_1(U1).

Then Fix(¢pq o ‘P2|¢;1(U2)) is compact if and only if Fix(pz o <p1|¢2_1(U2))
s compact, and if so, then:

(X1, 07 (Us2), 02 0 01) = I(X2, 05 " (U1), p1 0 02).

(34.10.6) (Mod-p) Let v:U — X be Z-acyclic, where U is an open subset of
a finite-dimensional space X. Let V be an open subset of ¢ P (U),
where p is a prime number. Assume that U is a locally compact ANR,
(p|lv)P is acyclic and: if y € p'(x) and x € YP74(y), 0 < i < p and
x €V theny € V. When Fix((¢|v)P) is compact, then so is Fix |y
and

I(X, Vplv) = I(X, V. (¢lv)") mod p.

The proof of (34.10) is straightforward, in view of (33.7) and (34.8), (34.7). We
also recommend [Bi-2], [FV], [SeS].

Above we have defined the fixed point index for acyclic (resp. Z-acyclic) map-
pings on Euclidean Neighbourhood Retracts. The definition presented here is
elementary if we compare with [SeS] or [Call]. The question to define the fixed
point index for arbitrary ANRs remains open. We will come back to this question

later.

35. The Nielsen number

The aim of this section is to present the basic notions of the Nielsen fixed
point theory (cf. [Brl-M]) for a class of acyclic maps of Euclidean neighbourhood
retracts (cf. previous section).

First we shall define the Reidemeister relation.

(35.1) DEFINITION. Let A C X. We will say that A has a property (%) in X
if and only if it is nonempty connected and there exists an open neighbourhood
U of A in X such that each loop in U is homotopic (with fixed ends) in X to the
constant loop.

Observe that we can demand U to be path-connected provided X is locally
path-connected.
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Recall that the space X is called a covering of a locally path connected space X
provided there exists a continuous map a: X — X such that for every x € X there
exists an open neighbourhood U, of x in X such that

a H(Uy,) = U{Vt |teT},

i=1

where V; is open in )N(, ViNnVy=0,t+# s, and aly,: V; — U, is a homeomorphism
forevery i =1,... k.

In what follows we will consider a covering of X as a pair ()N( , ), where X and
« are defined above.

Let ()~(1,a1) and ()~(2,a2) be two covering spaces for X. A continuous map
: X, — Xo is called a homomorphism of covering spaces provided the following

diagram is commutative:

X, » Xy

\/

Now, a covering ()~( a) of X is called universal if for any covering (Y, ) of X there
exists homeomorphism v: X — Y. In fact it is not difficult to show that (X X, ) is
a covering space for Y.

It is well known that any ANR-space X admits a universal covering space ()N( , Q)
(see [Br2-M], [Ji-M], [Sp-M]).

(35.2) DEFINITION. A multivalued map ¢: Y — X will be called m-map pro-
vided it is u.s.c. with compact values and ¢(z) has property (%) in X.

(35.3) REMARK. In what follows we assume that X admits a universal covering
space. Let us fix a universal covering a: X — X of X.

(35.4) DEFINITION. A m-map @:Y —o X such that the diagram:

7]
(03
YTQX

commutes will be called a lift of the m-map .

Note that for every y € Y the sets ¢(y) and @(y) are homeomorphic, i.e.
a|;(y): ?(y) — ¢(y) is a homeomorphism.
First, we prove the following;:
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(35.5) THEOREM. IfY is path-connected and simply connected then for any
m-map ¢:Y — X and points yo € Y, To € X such that p(Ty) € p(yo) there exists
a unique lift 3:Y — X satisfying To € @(yo).

PROOF. Case 1. First, assume that Y = [0,1], yo = 0. Let ¢ € [0,1] and let
Uy denote the set from (35.1) (for the set ¢(t)) which we assume to be connected.
Since ¢ is upper semicontinuous so there exists an open subset A; C [0, 1] con-
taining ¢ for which ¢(A;) C U;. The family {A;};¢[o,1) forms an open covering of
the interval [0, 1]. Let A > 0 be its Lebesgue number and suppose that A < 1/n.
Consider the interval [0,1/n]. There is a set A; containing this interval such that
©(As,) C Uy,. Each loop from Uy, is trivial in X, hence a~1(Uy,) splits into the
sum of disjoint connected components each of them mapped homeomorphically by
a onto Uy,. Let s1:U;;, — a~1(Uy,) denote the inverse map onto the component
containing Zo. We define for t € [0,1/n], @(t) = s1¢(t). Then we choose an ar-
bitrary point Z; € ¢(1/n) and extend @ the same way onto the interval [0,2/n].
Following this procedure we obtain the desired lift.

Case 2. Y = [0,1]%, yo = (0,0). The proof is similar.

Case 3. The general case. Choose an arbitrary point y € Y. Let w be a path
in Y joining yo with y. We apply (a) to the map ¢,,:[0,1] = X, ¢, = ¢ ow, and
get a lift ($,,): [0,1] — X such that (@) 3 To. We define $(y) = (@) (1).

This definition is correct: if w’ is another path joining yo with y, then they are
fixed end homotopic and by Case 2 (@,,)(1) = (@) (1). O

(35.6) COROLLARY. Let ¢p: X — X be an m-map and let T1,%o € X be such
points that a(T2) € pa(Z1). Then there exists a unique m-map @: X — X for
which the diagram

~ P~

X——=X

X - z X
commutes and T € §(T1).

PROOF. We apply (35.1) to the diagram
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Let us denote by lift(y) the set of all m-maps ¢: X —o X for which the diagram
-

X —
comimutes.

We will call the elements of lift(¢) the lifts of m-map ¢. Let us recall that the
set of all (singlevalued) maps 3: X — X such that the diagram commutes

forms a group (isomorphic to the fundamental group of the space X). We will
denote this group by 9. O

(35.7) COROLLARY. Let us fix one element ¢ € lift(p). Then each lift of ¢ is
of the form 3o @, where 8 € ¥ and Bp = ~@ if and only if 5 =1.

Now we define an equivalence relation R on the set lift(p):
(35.8) PRy’ if and only if ¢ =~3y~! for some v = ¥.

Following the singlevalued case (see [Ji-M]) we will call it the Reidemeister relation
and denote the quotient set by:

V(p) = lift(p)/ R.

The elements of 7(p) are called Reidemeister classes of the m-map ¢.

(35.9) REMARK. The above definition of 7(¢) depends on the choice of the
universal covering. Nevertheless, one can prove that the sets of Reidemeister
classes got from different universal coverings are in natural one to one correspon-
dence.

The number of elements of the set v/(¢) will be called the Reidemeister number

of the m-map ¢. Now we are going to check that it is a homotopy invariant.

(35.10) DEFINITION. Two m-maps ¢,1:Y — X are called m-homotopic if
and only if there exists a m-map x:Y x I — X such that x(y,0) = ¢(y) and

Xy, 1) = ¥(y).
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(35.11) COROLLARY. Let ¢,1): X —o X be two m-maps and let x: X x [ —o X
be a m-homotopy joining them. Then for any @ € lift(p) there exists a unique
m-map X: X X I — X such that the diagram

~ X ~
XxI——X

Mdl l

XXIX—OX

commutes and X(z,0) = ¢(T).

Thus, X(-,1) € lift(¢) and this way the homotopy x determines a bijection
between the sets lift(¢) and lift(¢p). This bijection preserves the Reidemeister
relation and induces a one to one correspondence between the sets /() and

V().

(35.12) THEOREM. The Reidemeister numbers of the m-homotopic m-maps
are equal.

Now we are going to define the so called Nielsen relation. In order to do this
we shall study the fixed point set Fix(¢) of the m-map ¢: X —o X.

(35.13) DEFINITION. Let z, 2’ € Fix(p). We will say that « and 2’ are Nielsen
equivalent © ~ |2 if and only if there exists a lift ¢ € lift(¢) such that z,2’ €
a(Fix(@)) and the quotient set Fix(y)/N will be denoted by A(yp).

Observe that for singlevalued ¢ = f the above definition coincide with the
classical Nielsen relation (cf. [Ji-M]).

(35.14) LEMMA. If z € Fix(p) then there exists an open subset V,, containing
x such that y € V; NFix(p) implies x VY-

PROOF. Let z € Fix(y) and let U, be the corresponding neighbourhood of
p(x) € X from (35.1). Since ¢ is upper semi-continuous, there exists an open
subset V,, containing = such that ¢(V;) C U,. We may assume that V,, is path-
connected and that V, C U,. Let y € V,; N Fix(¢). We will show that z Y. Let
a: X — X denote again a universal covering and let us fix a point 7 € a~!(x).
From (35.6) we obtain a lift ¢: X — X such that # € @(x). Consider the restriction
of ¢

gra Y (V) — a N U).

The two above sets are disjoint sums of connected components, each of them
mapped homeomorphically by « onto V, and U,, respectively. Denote by Vz, Uz
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the components containing z. We obtain a commutative diagram

o i
x x

where the vertical lines are homeomorphisms and ‘753 C (75; Now it is obvious
that if y € Fix(p) NV, and y € V, satisfy a(y) = y then § € @(y). Thus
z,y € a(Fix(@)), so z Y. O

(35.15) LEMMA. Let ¢p: X — X be a m-map. Then
(35.15.1) Fix(p) = | {a(Fix(®)) | § € lift(p)},

(35.15.2) for any two lifts , @' of ¢ the sets a(Fix(®)), a(Fix(¢")) are either equal
or disjoint,
(35.12.3) a(Fix(¢)) = a(Fix(¢")) # 0 implies @E &

PROOF. Similar to the singlevalued case [BoJ]. Let = € Fix(y). Let us consider
L, = {p € lift(¢) | ¢ € a(Fix(p))}. Then (35.15.1) implies that L, is nonempty
and it follows from (35.15.2) and (35.15.3) that L, is exactly one Reidemeister
class. On the other hand (b) and (35.15.3) imply that L, = L, if and only if
z Y. Thus we obtain the injective map v: A(¢) — (¢) given by the formula

v[x] = Ly. O

There are two equivalent definitions of the Nielsen relation for singlevalued
maps (see [Ji-M] or [Br2-M]). The first using universal coverings we have already
generalized onto the case of m-maps. Let us recall the second one (more popular
for singlevalued maps).

(35.16) DEFINITION. Let f: X — X denote a singlevalued self-map of a topo-
logical space X. Then two points x, 2’ € Fix(f) are called equivalent if and only
if there is a path w:I — X joining them such that w and f ow are fixed end
homotopic.

The last approach can not be simply applied to multivalued case since the
composition ¢ o w is generally no longer a path. Nevertheless we will show how
to generalize this definition onto the case of m-maps. This approach seems to be
more convenient in calculations.

Let us recall:
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(35.17) DEFINITION. Let X be a metric space. The category which objects
are points of X and morphisms from z to =’ are the fixed end homotopy classes
of paths joining these points is called the fundamental groupoid of the space X.

We denote the set of morphisms between the points z and z’ by II(X; x, 2") and
the whole fundamental groupoid by II(X).

(35.18) REMARK. Any continuous singlevalued map f: X — Y induces a func-
tor II(f): II(X) — II(Y') given by II(f)(z) = f(z), IL(f)[w] = [fw].

Using these notations we may formulate the obvious:

(35.19) LEMMA. Let f: X — X be a continuous singlevalued self-map. Two
points z,x’ € Fix(f) are equivalent in the sense of (35.16) if and only if the map

I(f): N(X; x,2") — I(X; z,2")

has a fized point.

Our aim is to generalize the notion of fundamental groupoid to extend the
definition (35.16) onto the case of m-maps. Then we will check that this extension
coincides with (35.13).

Let X denote again a connected, locally path-connected, semi-locally simply-
connected space and let Ag, Ay be two subsets of X satisfying the property (x)
of (35.1). Then the sets II(X;ag, a1) for (ag,a1) € Ag x A; may be identified as
follows: let U; be a path-connected neighbourhood of A4; from (35.1), let a;, a} € A;
and let w; be a path in U; joining the points a; and a} (i = 0,1). Then we identify
(X;ag,a1) > [a] with [wy ! * a % wi] € TI(X; a), a;) and define the quotient set

(35.20) (X; Ao, A1) = | T(X;a0,a1)/ ~.

ag€Ag
aj €A

Let (ag,a1) € Ap x Ay and denote by
fag.an: (X a0, a1) — TI(X; Ao, Ar)

the natural bijection.

(35.21) REMARK. When A; and A; are single points then (35.20) agrees
with (35.17).

(35.22) DEFINITION. The generalized fundamental groupoid of the space X is
the category which objects are subsets of X satisfying property (x) of (35.1) and
ﬁ(X ; Ag, A1) is the set of morphisms between the objects Ay and A;. We will
denote this category by ﬁ(X ).

(35.23) REMARK. II(X) may be regarded as a subcategory of ﬁ(X)
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(35.24) LEMMA. Let X be a connected space admitting a universal covering
and let Y be an arbitrary topological space. Then each m-map p:Y — X induces
a functor

Ti(p):11(Y) — H(X)

which coincides with T1(p): TI(Y) — (X)) when ¢ is singlevalued map.

ProoF. We define ﬁ(<p)(y) = p(y) for each y € Y. Let [w] € (Y90, y1)-

Let us fix a universal covering a: X — X and points zo € ¢(y0), 1 € ¢(y1),
Zo € a~(xg). Then by (35.5) the diagram

X
la
0,1]-% sy —2— X
admits a unique lift @, such that To € @, (0). Let {71} = @, (1) Na~t(z1) and let
7 be a path in X joining Ty with ;. We define

~ ~

(35.25) H(p)[w] = i(zg.an)lar] € I(X; ©(yo), ¢ (y1))-

One can check that the above definition does not depend on the choice of the cov-
ering X, the points xg, 1, Zp and the path 7. Thus we get the desired functor II()
and proof is completed. O

Now, we are able to modify (35.16) (cf. (35.11)).

(35.26) DEFINITION. Two fixed points z, 2’ of the m-map ¢: X —o X are in
ot relation if and only if the maps

T1(9), i(0ry: TH(X; 2, 2) — TL(X; (), p(a))

have a coincidence point.

(35.27) THEOREM. The relations ey, are equal.

PROOF. Let x Nx’. Then there exists a lift @
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such that z, 2" € a(Fix($)). Let us choose two points Z, ' € X such that a(Z) = z,
a(@’') = o', and Z,7’ € Fixp. Let @ denote the path in X joining the points
and 7’. Then the commutative diagram

01— X ——X
aw
gives us II(p)[a@] hence x j? x'.
Assume now that x o7 2. Then there exists a path w joining x and z’ in X such
that

~ ~

(35.28) H(p)[w] = i@ lw] € (X, (), ().

Let us fix a point ¥ € a~!(x) and suppose that the lifts

X

: ‘ ;.

(03 (03
0,1 ———— X 0,1] —— X ——X
satisfy w(0) = @(¢)(0). Then by (35.28) and (35.26) @(1) € @,,(1). Take the lift @
such that Z € Fixg. Then € §(Z) = @ o @(0) and we get two lifts @, pow
of the map ¢w such that @,(0) N @ o w(0) # @ hence $, = ¢ ow. In particular

W(1) € (1) = pow(l) so w(l) € Fixp. The equality aw(l) = w(l) = 2’ implies
z, 2’ € a(Fix @) so x%x’. O

(35.29) COROLLARY. Let p: X —o X denote a m-map and let z,z’ € Fixp.
Suppose that there exists a path joining them such that the composition pow: I —o
X admits a continuous singlevalued selector T satisfying: 7(0) =z, 7(1) = =’ and
the paths w, T are fized end homotopic. Then xxx’.

PROOF. It follows from the definition of the induced map (35.24) that II()[w)]
= iza|T] € (X, ¢(z), ¢(z')) hence x}r\\;,x’ and the theorem (35.27) gives us

T~ 7’. The proof is completed. O

In what follows we shall assume that X is a finite dimensional Euclidean neigh-
bourhood retract and ¢: X — X is an acyclic compact m-map. Then for any open
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U C X such that Fix(¢) N OU = () we have (X, U, ») € K and therefore the fixed
point index I(X, U, ¢) is well defined.

Now let A C Fix(y) be one of the Nielsen classes of Fix(p). Let us choose an
open U C X such that U N Fix(p) = A.

(35.30) DEFINITION. The class A is called essential if and only if I(X, U, ¢) #

0, where U is chosen above.

(35.31) DEFINITION. The number of essential classes of ¢ is called Nielsen
number N (p) of .

We prove:

(35.32) THEOREM. Let x: X x [0,1] — X be an acyclic compact homotopy
which is a m-map. Then N(x(-,0)) = N(x(-,1)).

PROOF. For a subset Z C X x [0,1] and ¢t € [0, 1] we denote Z; = {z € X |
(x,t) € Z}. Let x: X x [0,1] — X x [0,1] be the “fat” homotopy defined by
X(z,t) = (x(z,t),t). Then X is also a m-map and for A € A(¥) either A; € A(xy)
or Ay = (). Moreover, for B € A(x:) there exists exactly one class A € A(y) such
that A; = B.

Now, we are going to prove that if A € A(Y) and U is an open subset of X x [0, 1]
such that U NFix(X) = A, then

I(X, Uy, x0) = I(X,U1, x1)-
It is enough to show that the number I(X, U, x;) is a locally constant function of
t € [0,1].

Let us fix tg € [0, 1]. The compactness of A gives us open neighbourhoods V, W
such that to € U C [0,1], A1 CW C U, and AN(X xV) C WxV C U. We may
assume V to be connected. Then for arbitrary ¢ € V from the fixed point index
properties we infer:

I(Xa Utaxt) = I(XaVVaXt) = I(X? UtO?Xto)'
Let B € A(xo) be an essential class and let A € A(X) be the only class satisfying
B = Ap. Then A; € V() is also essential and it proves N(xo) < N(x1).

By the same arguments we can prove the opposite inequality and the proof is
completed. O

Note that from the definition of the Nielsen number we obtain:

(35.33) COROLLARY. The map ¢ has at least N () fized points.

Now let f: X — X be a (singlevalued) selection of ¢. Then, of course, Fix(f) C
Fix(p). Let z,y € Fix(f) be such that zy with respect to f. Observe, that
T~y with respect to f if and only if = N with respect to . Since the fixed point
index I(X, U, ¢) is equal to I(X, U, f) we obtain:
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(35.34) PROPOSITION. If f C ¢ and ¢ is a m-map for which the Nielsen
number is defined, then N(f) = N(y).

(35.35) PROPOSITION. Let X € ANR and ¢: X — X be a compact u.s.c. map
such that o(x) € AR for every x € X. Then ¢ is a m-map.

PROOF. Let A = ¢(z). For the proof it is sufficient to show that A has the
property (k) in X.

Since X € ANR, we can assume without loss of generality (see (1.8)) that there
is an open U in a normed space such that X C U and r:U — X is a retraction.
On the other hand, since A € AR, there is a retraction r1: X — A. Let us denote

Up={x€U]|z,r(x)] CU},

where [a, b] denotes the closed interval in E joining a and b, a,b € E. Then U, is
open and A C Uy. Let us put Vi = X NU;. Then the formula:

hiz,t) =r((1 —t)z + tri(z))

gives a homotopy between the inclusion i: V3 — X and the retraction r1: V; — A.
Hence each loop in V4 may be deformed in X into A, and since A is contractible
(A € AR) we proved our claim. The proof of (35.35) is completed. O

(35.36) REMARK. We recommend [AGJ] for some generalizations of the Niel-
sen theory presented in this section.

36. n-Acyclic mappings

The notion of acyclic maps can be generalized to the so called n-acyclic (acyclic
in dimension n) maps.

For acyclic mappings we have the induced linear map on Cech homology with
compact carriers in all dimensions k£ > 0, meanwhile, for n-acyclic mappings we
have the induced linear map only in dimension k = n.

In what follows by acyclic set we shall understand a compact nonempty space
A with trivial Cech cohomology with integer coefficients Z, i.e. H(A) = Z and
Hi(A) = 0 for i > 0. By a Vietoris map p:Y = X we mean (as in Section 8)
a proper mapping such that p~1(x) is acyclic in the above sense. Observe that if
p is a proper map, then p is closed.

(36.1) DEFINITION. A map p:Y — X is called a n-Vietoris map, n > 1 if the
following two conditions are satisfied:

(36.1.1) p is proper and surjective,
(36.1.2) rd x M*(p) <n—2—ifori=0,1,...,where M*(p) is defined in Section 8.
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(36.2) REMARK. If rd x M*(p) < 0, then we let M*(p) = 0.
Assume that p: Y — X is a n-Vietoris map. Then we have:

"(p) = ‘ ) < —2—i)+i=n-1
m”"(p) 1+O§Iz11§a;<_1 (rdxM (p)—i—z)_l—i—oérznéa;(_l [(m—2—0)+i=n—-1

Therefore, from (8.14) we obtain:

(36.3) THEOREM. Ifp:Y — X is a n-Vietoris map, then
P HY(X) = HE(Y)

is an isomorphism for every k > n.
Now we are in position to define the class of n-acyclic maps.

(36.4) DEFINITION. An u.s.c. map ¢: X —o Y with compact values is called
a n-acyclic, n > 1 map (written ¢ € AC,(X,Y")) provided:

(36.4.1) rd xM(p) <n—2—i,i=1,2,..., where M'(¢) = {z € X | H (p(x)) #
0} for i >0 and M%) = {z € X | H(p(x)) # Z}.

(36.5) REMARK. If ¢ € AC,(X,Y), then the natural projection p,:I', — X
is a n-Vietoris map.

(36.6) DEFINITION. Let ¢ € AC,(X,Y). Then we define the induced homo-
morphisms ¢**: H*(Y') — H*(X), k > n, by putting:

<,0*k — (p:;k)—l ° q:;k-

Observe, that AC1(X,Y) = AC(X,Y) if we consider acyclic maps with respect
to H* with coefficients in Z. Moreover, we have the following diagram:

(36.7)  ACi(X,Y) C ACy(X,Y) C AC5(X,Y) C...C AC,(X,Y)C ...

(36.8) REMARK. It follows from Theorem (5.1) that acyclic mappings consid-
ered in last three sections coincide with acyclic mappings considered with respect
to Cech cohomology functor with rational coefficients Q.

(36.9) DEFINITION. Two mappings ¢, € AC,(X,Y) are called homotopic
(written ¢ ~ 1) provided there exists a map y € AC,,(X x [0,1],Y) such that:

x(x,0) =@(z) and x(z,1)=v(z) forevery z € X;

then x is called a homotopy joining ¢ and .

The proof of the following proposition is strictly analogous to the proof of (32.6).
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(36.10) PROPOSITION. If ¢ ~ 1), then ¢*F = *F for every k > n.

As an easy consequence of the universal coefficients formula (see (5.7)) we ob-

tain:

(36.11) PROPOSITION. If p: X —o Y is acyclic with respect to H*(-,Q) then
v 1is acyclic with respect to H*(-, 7).

Proposition (36.11) explains the reason why we consider acyclicity in the above
sense.
Now we shall show that the topological degree theory can be developed for

n-acyclic mappings.

(36.12) DEFINITION. A space A is called a n-cohomological sphere, n > 1,
provided H*(A) is isomorphic to the Cech cohomology (with integer coefficients)
of n-dimensional sphere S” C R*t1,

For example, P"*1 = R"*1\ {0} is a n-cohomological sphere. Of course, any
A homeomorphic to S™ or P"*! is a n-cohomological sphere, too.

In what follows, for any n-cohomological sphere A we identify H"™(A) with the
ring of integers, i.e. H"(A) = Z.

(36.13) DEFINITION. Let A and B be two n-cohomological spheres and let
v € AC,(A,B). We define the topological degree Deg(y) of ¢ as an integer
defined as follows:

Deg(p) = ¢™(1).

From (36.10) directly follows:

(36.14) ProOPERTY (Homotopy Property). If A, B are n-cohomological spheres
and @, € AC,(A, B) are homotopic, then Deg(p) = Deg(v)).

According to Section 29, by K"*1(r) we denote the closed ball in R**! with
radius r and the center at zero point of R**1. Moreover, S™(r) = K" *1(r) is the
n-dimensional sphere.

We let:

ACn[(K"“(r), Sn(T)), (R"+1, Pn—i—l)]
= {p € AC, (K" (r),R"™) | (5" (r)) C P"F}.

If o, € AC,[(K"HL(r), S"(r)), (R*FL, P*T1)] then we will say that ¢ is homo-
topic to ¢ (written ¢ ~ ) provided there exists x € AC,[(K"T!(r)x[0, 1], S™(r) x
[0,1]), (R*+L Pn+1)] such that:

x(x,0) =p(z) and x(x,1)=1(x) forevery x € K"H(r).
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Let o € AC,[(K™FL(r), S™(r)), (R*TL, PnT1)]. We define a restriction of ¢ as the
map $: S™(r) —o P"*! defined as follows:

o~

o(z) = p(z) for every z € S"(r).

Since S™(r) is closed in K"1(r) we obtain:

(36.15) PROPOSITION. If map ¢ € AC,[(K"T1(r), S"(r)), (R" 1, P"*1)] then
$ € ACL(S™(r), PH).

Proposition (36.15) allows us to define:

(36.16) DEFINITION. Let ¢ € AC,[(K"*(r), S"(r)), (R, P"T1)]. Then we
define the topological degree Deg(p) of ¢ by letting:

Deg(p) = Deg(p).

Then we get the following homotopy property:

(36.17) PROPOSITION. If p,1) € AC,[(K"FL(r), S™(r)), (R*TL, P"*T1)] are ho-
motopic then:
Deg(y) = Deg(t)).

Moreover, similarly as we have proved in (32.13), one can show the following

(36.18) PROPOSITION. Assume that two maps ¢, € AC, (A, B) (resp. 1, ¢ €
AC, (K" (r), S™(r)), (R, PPTY)). If b C @, ie. Y(z) C p(x) for every x,
then

Deg(¢) = Deg(1)).

Now, we shall show fixed point theory consequences following from the above
topological degree.

(36.19) EXISTENCE PROPERTY. Let ¢ € AC,((K"t(r),S"), (R**1, prntly).
If Deg(p) # 0 then there exists x € K" 1(r) such that 0 € ¢(z).

PROOF. Assume to the contrary that (K" *1(r)) C P**1. Then we have the

following commutative diagram:

K+ (r) 22— T,

K

J i prtl

s

Sn(T’) {T F@



36. n-ACYCLIC MAPPINGS 187

in which ¢, j are the respective inclusions. Applying to the above diagram the
functor H™ we obtain:

) tegyt =" ) ey
but j** = 0 because H"(K""!(r)) = 0 and hence Deg(¢) = 0, so we obtain
a contradiction; the proof is completed. O

(36.20) THEOREM. Let p € AC, (K" 1 (r),R" ) be a multivalued map such
that o(S™(r)) € K"TY(r). Then Fix(p) # 0.

PROOF. Assume to the contrary that Fix(p) = 0. Consider the diagram:
K () L2 r, e, grtl
and let f:T',, — P"*! be defined as follows:
flz,y) =2 —y forevery (z,y) € I'y.
We define the multivalued map 1: K"*1(r) — R™*! by putting:

() = flp, " (x))-

Since for every x € K"1(r), the set ¢(z) =
to ¢(z), we infer 1 € AC, (K" (r), S™(r)),
diction it is enough to show that: Deg(t))

Yo
{z —y |y € ¢(x)} is homeomorphic
(R*+L, P7F1)). To obtain a contra-
# 0. In order to do this we define
a homotopy

x: K" (r) x [0,1] — R™ T
by the formula:

x(z,t) = {x —ty [y € p(z)}.
Observe again that for every (x,t), the set x(x,t) is homeomorphic to ¢(z) and

hence
X € ACn(K"Jrl (r), R"+1).

Moreover, let us assume that x —ty = 0 for some = € S™(r), y € p(z) and
0 <t<1 Then 1= ||z = t|y]]| <t < 1. Consequently, x(S™(r)) C P"*1.
Therefore, Deg(x(-,0)) = Deg(x(+,1)) = Deg(¢)). On the other hand x(z,0) =z
for every x € K™*! and consequently

X( . ,0)*71 — 1. Hn(Pn+1) AAN Hn(Sn)
is an isomorphism. Finally, we obtain Deg()) # 0 which is a contradiction; the

proof is completed. U

As an immediate consequence of (36.20) we obtain the following generalization
of the classical Brouwer fixed point theorem.

(36.21) COROLLARY. If ¢ € AC, (K" 1(r), K"*L(r)) then Fix(p) # 0.
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37. Theorem on antipodes for n-acyclic mappings

In this section we discuss the classical Borsuk theorem on antipodes for n-acyclic
and acyclic mappings.

The following theorem is an extension of the Borsuk’s theorem on antipodes for
singlevalued mappings.

(37.1) THEOREM. Let :S™ —o P"T! be an n-admissible map. If for every
x € S™ there exists an n-hyperplane through 0 strictly separating ¢(x) and o(—x),
then Deg(yp) # 0.

PrROOF. Let y € S™. Then we define the set U, by putting
Uy={zeS"|(y,z) >0 for each z € ¢(z) and (y, z) < 0 for each z € p(—=x)},

where (y, z) denotes the inner product in R* 1.

Since ¢ is compact, U is open. From the assumption we have that: for every
x € S™ there is y € S™ such that (y,z) > 0 for z € p(z) and (y,2) < 0 for z €
¢(—x). This implies that S = {J,cgn
subcover {Uy, }i=1,... m- Let {g:}i=1,... m be a subordinated partition of unity.

Consider g: S® — P"*t! defined by g(z) = 3_,(gi(z) — gi(—))y;. The map g is
odd, thus deg(g) # 0. For the proof it suffices to show that g and ¢ are homotopic
(in AC,,(S™, P"*1)). For this we define a map x: S™ x I —o P™*! by putting

Uy. Since S™ is compact, there exists a finite

x(z,t) ={tog(z) + (1 —t)z | 2 € p(z)}.

If x(x,t) contains 0 for some t € [0,1] and x € S™, then there is z € ¢(z), with

(37.1.1) —(1=t)z = (gi(z) — gi(—))ys-

3

Observe that:
(i) (yi,2) >0 forsomei=1,...,m,
(37.1.2) (ii) (y:,2) <0 implies g;(z) = 0,
(iii) (yi, z) > 0 implies g;(—x) = 0.
Taking the inner product of both sides of (37.1.1) with z and applying (37.1.2)

we obtain —(1 — t)(z,z) > 0, a contradiction. For every k > 0 we have M*(y) C
MP*(p) x I and hence we deduce

tdgnx M) < (n—1-2—k)+1=n—-2—Fk.

This implies that x is an n-acyclic homotopy joining g with ¢; the proof is com-
pleted. O

Using (4.4) and (6.1) we deduce the following
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(37.2) COROLLARY. Suppose p: K"t — R™"*! is an n-admissible and for x €
S™ there is an m-hyperplane through O strictly separating p(z) and o(—x). If
@ = @lgn is (n — 1)-acyclic then ¢ vanishes in some interior point of K1,

For acyclic mappings Theorem (37.2) can be formulated in a more general form.

Let M be a compact n-cohomological sphere. An acyclic map ®: M — M is
called an involution, if the condition (x,y) € I'g implies that (y,x) € I's, i.e. the
graph ' of ® is symmetric.

We recall the well known fact for singlevalued maps (see [Gol-M] and references
therein).

(37.3) PROPOSITION. Let g: M — M be a singlevalued involution and let
fiM — 8™ be such that f(x) # f(g(x)) for every x € M. Then the induced
homomorphism f*™: H"(S™) — H™(M) is non trivial, i.e. f*™ # 0.

Now we are able to prove:

(37.4) THEOREM. Let ®: M — M be an acyclic involution and let @: M —o
Pt be an acyclic map such that the following condition is satisfied:

(37.4.1) every radius with origin at the zero point of R"*! has an empty intersec-
tion with the set p(x) or o(P(z)) for every x € M.

Then Deg(p) # 0.
ProoOF. Consider the diagram:
M &=, 22 prit
Define the set X by putting:
X =A{(z,2,y,9) |z € M, 2’ € 2(x), y € (), y € p(z")}.

Of course, X is a compact set. Consider the diagram:

AN

™ rogy, Pn+1

A

x—Lsgn

M<=T,
in which
s(x, a2’ y,y) =, flz, 2 y,y) = e (y) ,
g (W)
m(z, 2, y,y) = (2,), r(z) = ——
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It is easy to see that the above diagram commutes. Observe that the map s has
the following decomposition:
(z,2",y,y) = (z,2,y) — (2,2) — z.

Since the maps given in the above decomposition of s are determined by Vietoris
mappings p, and pg, in view of (8.10), we conclude that s is a Vietoris map.
Therefore, X is a n-cohomological sphere.

Now we define the singlevalued involution g: X — X as follows:

9(z, 2"y, y) = (@', 2.9/, y).
We prove that f(x,2’,y,y') # f(g(z,2',y,v")). Indeed, we have:

' (y) / / QSﬁ(y/)
= and fg.]j‘,.]?,y,y)):i
T, )] o o]
So, our claim follows from (37.4.1). Therefore, from (37.3) we obtain that f*" # 0.

Consequently, from the commutativity of the above diagram we obtain:
() o () = () £

and hence Deg(y) # 0; the proof is completed. O

[z, 2"y, y)

Now we shall formulate some consequences of (37.4).

(37.5) COROLLARY. Let ®: M — M be an involution and let o: M — S™ be
an acyclic map such that the following condition is satisfied:

(37.5.1) e@)Np(y) =0 for every x € M and y € ®(x).

Then Deg(p) # 0.

For the proof of (37.5) observe that (37.5.1) implies (37.4.1).
Now we prove the following:

(37.6) COROLLARY. Let ®: M — M and ¢: M —o S™ be as in (37.5). Then
(M) = 5",

PROOF. Assume to the contrary that there exists a point uy € S™ \ p(M).
Consider the following diagram:

M i T,

. . de
zol ]0\
Pe Xidjo 1) h
=

M x [0,1]

%

M o Ly
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in which g, i1, jo, j1 are the respective inclusions, f(z,y) = wug for every (x,y) €
T'y. Let
ty + (t — Luo

M98 = oy T Dyaol

for every z, y, t.

Since gu(x,y) = y # uo for every y € Y the map h is well defined. Since f is
a constant map we get f** = 0. So from the commutativity of the above diagram

we obtain:
(p:;n)—lq:;n — (p:;n)—lf*n — 0,
and Deg(y) = 0; a contradiction. O

From (37.6) immediately follows:

(37.7) COROLLARY. Let ®: M — M be an involution and let ¢: M —o R™ be
acyclic. Then there exists a point (x,y) € Tg such that o(z) N (y) # 0.

Assuming M = 5" and ® = —idgn from (37.7) we obtain:

(37.8) COROLLARY. If p:S™ —o R™ is an acyclic map then there exists a point
x € S™ such that o(z) N @(—x) # 0.

Note that (37.8) is a multivalued generalization of the well known Borsuk—Ulam
theorem.

Now we shall discuss the multivalued version of the Bourgin—Yang theorem. To
do it we need the notion of genus.

Let X be a space and a: X — X be a fixed point free (singlevalued) involution,
i.e. a(r) # x and o?(z) = a(a(r)) = z. In what follows by (X, o) we will denote
a space X with a fixed point free involution .

Let (X, ) and (Y, 8) be two spaces with fixed point free involutions. A map
f: X =Y is called equivariant if the following diagram is commutative:

Iy

X
al Jé3
XT>Y

(37.9) DEFINITION. The genus (X, ) of a pair (X, @) is the minimal nonneg-
ative integer k such that there exists an equivariant map f: X — S*, where in S*
the involution 3 is the antipodal map 3: S* — S*, B(x) = —=x, for every z € S¥;
we let v(X, @) = oo if no such k exists.

It is well known that:
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(37.10) PROPOSITION. If X is a compact space with a fized point free involution

« then
v(X,a) < dim X.

The proof of (37.10) can be found in [CF]. We omit it here because it requires
some developed methods of equivariant topology. Recall that if V' is a linear
subspace of R™ then the codimension codim V' of V' in R" is defined by:

codimV =n —dimV.

In what follows if X C R"™!\ {0} is a nonempty symmetric set then the genus
¥(X, B) of X with respect to the antipodal map [ will be denoted shortly by ~v(X).

(37.11) PROPOSITION. Let X C R*"1\ {0} be a nonempty and symmetric set
and let k = ~v(X). If V is a linear subspace of R™ then (X NV) >k — codim V.

PROOF. Suppose, on the contrary, that (X NV) = ¢ < k — p, where p =
codim V. That means, according to the definition of ~, that there exists an add
map fo: X NV — S?7 Extend fp to a continuous map ]?:X — Rt and let
f(z) = (1/2)(f(x) — f(—2)); f: X — R be an odd continuous extension of fo.

Let V+ denote the orthogonal complement of V in R” and P:R™ — V= be
the orthogonal projection. Let A:V+ — RP be a linear isomorphism. Define
go: X — RPTaHL\ 10} by go(z) = (Ao P(x), f(z)) (note that we identify RP x
R with RPT4HL) and let g(z) = go(z)/||go(z)]|. Clearly, g: X — SPT is odd
and continuous; therefore, v(X) < p+g¢q < p+ k—p = k. We have obtained
a contradiction which completes the proof. O

From (37.11) by induction we deduce:

(37.12) PROPOSITION. Let X C R***\ {0}, k > 1, be a nonempty and sym-
metric set. If v(X) > k then there are at least (k + 1)-mutually orthogonal points
m X.

Now we are able to prove the Bourgin—Yang theorem for multivalued mappings.

(37.13) THEOREM (Bourgin-Yang). If ¢: S"** — R™ is an acyclic map, then
V(A(P)) = k, where A(p) = {z € S"** | p(x) N p(—x) # 0}.

PROOF. First observe that A(yp), in view of (37.8), is nonempty. Moreover, it
is evidently symmetric and compact subset of S™*.

We shall proceed by contradiction. So, let us assume to the contrary that
Y(A(p)) < k. Of course we can assume that k > 1. We let v(A(p)) = p < k. Then
from (37.9) we obtain an add continuous map f: A(p) — SP. Let f: Sn+k — Rp+1
be a continuous (not necessarily odd) extension of f. Consider:

(Z: Sn+k —o R™ % Rp+1 — Rn—i—p—l—l C Rn—l—k
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defined by:

B(z) = {(y, [(@)) | y € p()}.
Since the set @(x) is homeomorphic to ¢(x) we deduce that ¢ is acyclic. By
applying the Borsuk-Ulam theorem to ¢ (see (37.8)) we obtain a point & € S"+*
such that
B(7) N 3(—7) £ 0.
It means that p(Z) N o(—7) # 0 i.e. T € A(p) and f(T) = f(—T). Hence, f(%) =

f@) = —f(-z) = —f(-x) € SP. (]Nonsequently, f(@) # f(=%) and we have

obtained a contradiction with f(Z) = f(—2); the proof is completed. O

(37.14) REMARK. By letting k = 0 from (37.13) we deduce (37.8). In fact the
above proof shows that (37.8) implies (37.13). So the Borsuk—Ulam theorem and
the Bourgin—Yang theorem are equivalent.

Now, from (37.13) and (37.10) we obtain:
(37.15) COROLLARY. If ¢: S —o R™ is an acyclic map then dim A(yp) > k.
From (37.13) and (37.12) we deduce:

(37.16) COROLLARY. If ¢:S"tk — R™ k > 1 is an acyclic map, then there
exist (k + 1)-mutually orthogonal points in A(p).

Finally, note that (37.13) can be expressed in terms of a cohomological index
(see [GG-1]).

38. Theorem on invariance of domain

In this section we shall show that the Brouwer Invariance of Domain Theorem
may be generalized to acyclic maps. As usual, for a subset A C R*t! by Int A
we denote its interior in R®*! moreover, as before, for ayp € R**! and r > 0 by
B(ag, r) we denote the open ball in R"*! with the center ag and radius 7.

We start with the following cohomological characterization of an interior point
(see [ES-M, p. 394]).

(38.1) PROPOSITION. Let A be a compact subset, ag € A and j: A\ By(ag,r) —
A be the inclusion map. The point ag € Int A if and only if there exists a positive
number ro such that for every 0 < r < rg the homomorphism

j* H"(H) — H"(A\ Blao, 7))

s mot an epimorphism.

Now we will prove the following two lemmas.
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(38.2) LEMMA. Let A be a compact subset of R"1 aq € A. The point ag €
Int A if and only if there exists an acyclic map p: K™t — A such that:

(38.2.1) e(5") € A\ {ao},
(38.2.2) Deg(yp) # 0.

PROOF. First, let us observe that if ag € Int A then we can find even a single-
valued map with the properties (38.2.1) and (38.2.2).

Conversely, assume that there exists an acyclic map ¢: K"t! — A satisfying
(38.2.1) and (38.2.2). We prove that ag € Int A. Consider the diagram:

n+1 ¥ e
Kt L=, 224

in what follows for simplicity we will write p = p, and ¢ = q,.

Define a map p1: p~1(S") — S™ and ¢q1: p~1(S™) — A\ {ao} by putting p1(y) =
p(y), q1(y) = q(y) for every y € p~1(S™). The set q1(p~*(S™)) is compact. Let
ro = dist(ap, q1(p~1(S™))). Then ro > 0. Consider the open ball B(ag,r), 0 <
r < 1o and the inclusion map j: A\ B(ag,r) — A. We claim that j*" is not an
epimorphism.

Indeed, we have the commutative diagram

Kn+l p:l_‘sp ;} A

o

Sn<—P )—>A\B(a0, )

SoF T

P=1(8") —= R™\ {ag}

in which 41, 42, i3 are inclusions, g1, g, are given by g, (y) = G1(y) = ¢1(y) for each
y € p~1(S™). From the assumption we have (pi™)~1g;"™ # 0.

This implies that (p™)~'g;™i3™ # 0 and hence g;" # 0. Assume that j*" is an
epimorphism. Then we obtain

at ) et = ") T # 0,

which is a contradiction. Since j*" is not an epimorphism, from (38.1) we obtain

ap € Int A, and the proof of (38.2) is completed. O

An acyclic map ¢: X —o Z is called an e-map if the condition p(z) N@(z") # 0
implies d(x,z') < € for each z,2’ € X.
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(38.3) LEMMA. Let ¢: K" — R"*1 be a 1-map. Then

(38.3.1) ©(S™) C R™™\ {20} for each z € p(0),
(38.3.2) Deg(y) # 0.

PROOF. Let zp € ¢(0). We prove that zg & ©(S™). Assume that zg € () for
some z € S™. Then we have p(0) N ¢(x) # @ and from the assumption we deduce
that ||z|| < 1, which is a contradiction.

Now we prove (38.3.2). We have the diagram:

Kt T, 4L, R™*!,  in which p =Py, ¢ = G-

Let yo € p~1(0) be a point such that ¢(yo) = z. Define the maps p;:p~1(S") —
S, qr:pH(S™) — R™\ {20} by putting pi1(y) = p(y), q1(y) = q(y) for each

y € p~1(S™). For the proof it is sufficient to show that deg(pi,q1) # 0, where
deg(p1,q1) = [(p;™) "t oqi™](1) and 1 € H*(R™ \ {z0}) = Z is a fixed generator.
Define the following sets:
X ={(z,2') € K" x K" | ||z — /|| = 1},

M={(z,2",y,9) | (x,2") € X, yep ' (x), y ep” (')},
Z = {(x,x/,y, y/) | (.I‘,.I‘/,y, y/) € Ma z' = 0}

It is easy to see that X, M, Z are compact sets. Consider the diagram:

qn <:p ( — ~ yRnt+l \{ZO} —> pntl

-3y
in which
i(y) = P1():0,9:%), h(z,0,y,9) ==,
('1j 0,9,y /) ( 0,y,y )? t(x,x/,y,y’) :(.13,.13/),
s(2,0,y,9") = (2,0), t(2) =2z — 2,
fl@, 2’y y) = aly) —aly).

Since ¢ is an l-map, we have f(z,2’,y,y) # 0. It is evident that the above

diagram commutes.
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As in the proof of theorem on antipodes (Section 37), we deduce that h*, s*, t*
are isomorphisms. Hence the commutativity of the above diagram implies that j*
and ¢* are isomorphisms. This implies that M has the cohomology of S™.

Define the involution g: M — M by putting g(z,2’,y,y’) = (2/,z,y',y). Then
flg(z, 2’ y,y)) # flx,2',y,vy"). Applying the Theorem On Antipodes to the maps
f,g, we obtain f*" # 0. From the commutativity of the above diagram we have
gi"1*™ # 0. Finally, we obtain ¢ # 0, and this implies that Deg(¢) # 0. The
proof of (38.3) is completed. O

(38.4) REMARK. It is evident that Lemma (38.2) remains true for any closed
ball in R**! with radius € and for any e-map, where ¢ is a positive real number.

We will prove now two theorems of the Brouwer Invariance of Domain Theorem
type for acyclic maps.

(38.5) THEOREM. Let € > 0 be a positive real number. If p: R — R g
an e-map then o(R"1) is an open subset of R"*1.

PROOF. Let y € ¢(R"!). We prove that y € Intp(R"*!). Assume that
y € p(x) for some z € R*™1. Let K**! be a closed ball in R"*! with the center
at  and radius €.

Since ¢ is an acyclic map, we deduce that p(K2*?!) is a compact set. We have
y € (K1), Let v be the restriction of ¢ to the ball K"*1. Then 1) is an e-map
and hence we have ¢(S?) C R"*1\ {y}, where S denotes the boundary of K.
Therefore, Lemma (38.2) (cf. Remark (38.4)) implies that 0 ¢ Deg(%), y) and from
(38.2) we obtain y € Int o(R"*1). The proof of (38.5) is completed. O

(38.6) THEOREM. Let U be an open subset of R and p:U — R an
acyclic map. Assume further that for any two points x1,xo € U the condition
x1 # x2 implies p(z1) N (z2) = 0. Then ¢(U) is an open subset of R 1.

PROOF. From the assumption we infer that ¢ is an e-map for each ¢ > 0. Let
y € p(U). We prove that y € Int o(U). Assume that y € ¢(z) for some z € U.
Since U is open, there exists an £ > 0 such that the set K**! is contained in U,
where K" is a closed ball with center at = and radius €. Let 1 be the restriction
of ¢ to the set K1, Since v is an e-map, we have y ¢ ¥(S”), where S” is the
boundary of K"*1. Applying lemmas (38.3) and (38.2), as in the proof of (38.5),
we obtain y € Int ¢(U). The proof of (38.6) is completed. O

Note that for n-acyclic mappings the above theorem is not true in general.

39. n-Acyclic compact vector fields in normed spaces

In this section E will denote a (real) normed space with dim E = +oco. Let
E*+1 ¢ EF+2 be two subspaces of E such that dim EFt! = k +1 and dim EF*2 =
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k + 2. Denote by E*™? E*'? two closed half-spaces of E¥*2 such that EF*! =
ET’Z N E**2 and the respective unit half-spheres S_’i“ = ET’Q ng, Sk —
E¥*2n S, where S is the unit sphere in E.

Clearly, S* = SN EF! = §¥F1 0 651 Then (SF+!, S5 %1 is a triad
and consequently the Mayer—Vietoris homomorphism A: H*(S%) = HF+1(Sk+1)
is an isomorphism (see Chapter I).

In what follows we shall make use of the following:

(39.1) LEMMA. Let p,q:Y — S**1 be two mappings such that:

(39.1.1) p is a n-Vietoris map, n < k,
(39.1.2) q(p~'(S¥*1)) c S*HL,

Then the following diagram commutes:

Hk(Sk) A ;Hk+1(5k+1)
E*k(z—j*k)—l lq*k-}—l(p*k-}—l)—l

k( Qk k+1/Qk
H(S)A—>H+(S+1)

where §,p:p~1(S*) — S are the respective restrictions of p and q.

PRrROOF. LetY, = p_l(SiH) and Y_ = p~1(S**1). Since p is a n-Vietoris map,
n < k, we infer that (Y, Yy, Y_) is a k-triad. Observe that Y, NY_ = p~1(S*). By
assumptions (39.1.1) and (39.1.2), p, ¢ are maps between triads (Y,Yy,Y_) and
(Sk"’l,S_’frl,S’iH). Consequently our lemma follows from the Mayer—Vietoris
theorem (see Chapter I). O

Let X be a subset of E and let ®: X — E be a u.s.c. multivalued map. We
define a multivalued vector field ¢: X — E associated with ® by putting ¢ = i—®,
where (i—®)(z) = {x—y | y € ®(z)} for every x € X. We say that ¢ is a compact
vector field provided ® is compact.

(39.2) PROPOSITION. If ¢: X — E is a compact vector field associated with ®
then o(X) is a closed subset of E.

PROOF. Let {un} C ¢(X) and lim,, u,, = u. We have to prove that u € p(X).
Since ¢ =i — ® we have the following expression:

Up = Tp — Yn, where 2, € X and y,, € ().

Observe that {y,} € ®(X) C ®(X) and ®(X) is compact. Therefore, we can
assume that lim, y, = y. Consequently, we deduce that lim, z, = x € X and
hence u = (z — y) € p(x) C p(X). The proof of (39.2) is completed. O
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(39.3) DEFINITION. A multivalued vector field ¢: X — E associated with ® is
called n-acyclic (acyclic) provided ® is a n-acyclic (acyclic).

We will say that o € X is a singular point of the compact vector field p: X — E
provided 0 € p(xg). We let

AV, (S, P) = {¢: S — P | ¢ is a compact n-acyclic vector field
associated with ®: .S — E},

where S = E'\ {0}. Let o1 =i — ®; and p2 = i — P2 be two compact n-acyclic
vector fields in AV, (S, P). We will say that ¢ and @9 are homotopic in AV,,(S, P)
provided there exists a compact n-acyclic vector field n = (i — x): S x [0,1] — P
such that x(z,0) = ®1(x) and x(z,1) = Pa(x).

Now we are going to define the topological degree Deg on the class AV, (S, P).
Let ¢ = (i — @) € AV,,(S, P). We consider the following diagram:

S £ Ty I F,

in which pg is a n-Vietoris map. In what follows we let for simplicity ¥ = I's,
p=pe and ¢ = qp. We let:

Y — P, q(y) =ply) —qy),

where
y=(z,u) €T, ply)=z and q(y)=u.
In view of Proposition (39.2) we obtain dist(0, ¢(S)) =4 > 0.
Let 0 < £ < §. By applying the Schauder Approximation Theorem (12.9) to

g and £ > 0 we get a map ¢.: Y — E¥! such that |q(y) — ¢-(y)|| < ¢ for every
y € Y. Consider the diagram:

Sk Ee vy, B pRY and SF E y, I pRHL = pRL {0},

where Y, = p~1(S¥), px is the respective restriction of p, qx is the respective
restriction of ¢. and Gr(y) = pr(y) — qx(y). Observe that g is well defined.
Indeed, since ||z — q(y)|| > & and y € p~1(z), we have:

gl = llpx(y) — a@)|l = |z — ()]
> lz—q@)ll = llq(y) = ¢(y)|| =0 —& > 0.

Therefore, we can consider the following diagram

R Y
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Since n < k we have:

(an)** ((pr)**F]7*

7 =~ Hk(Pk—H) Hk(Yk) Hk(sk) ~ 7

We let:

(39.4) Deg(y) = ()] (qr) ™ (1)]-

To prove that definition (39.4) is correct, we shall prove the following two lemmas.

(39.5) LEMMA. Let ¢ =i—®:S —o P be an n-acyclic compact vector field and
p=py:I'e — 5 and ¢ = q,:'s — E be two natural projections. Assume further
that qc,q.:Te — E**L are two e-approzimations of q, where e < dist(0, ¢(9)) =
§ > 0. Then (qx)** = (q})**, where Gi, @: Vi = p~1(S*) — P**L are defined as
above.

Proor. Consider a homotopy h: Y x [0,1] — E*¥*! defined as follows:
h(u,t) =t - ge(u) + (1 — t)q ().

It is sufficient to show that h(Y; x [0,1]) C P**1. In fact, we have:

£ (u)+ (1 = £)g5,(u)|
= [tk (1) = gr(u)) + (1 = 1) (pr(u) — gi(u))ll
= lIpx(u) = tge(u) + (1 = t)gZ(u)]|

= lIp(u) — q(u) = [t(g=(u) — q(u)) + (1 = )(gL(u) — g(W)]] = 0 — & > 0;

the proof is completed. O

(39.6) LEMMA. Let o =i— ® and p, q be the same as in (5.1). Assume that
EFL ER2 are two subspaces of E such that E¥*1 ¢ EF2. Let ¢.: T — EFH!
be an e-approzimation of q with e < dist(0,p(S)) =6 and let ¢ : To — E*T2 be
defined as follows, ¢.(u) = q-(u) for every u. Then:

(o)™ 171 (@)™ (1) = [R5 @) (1),

PROOF. We define r: P**2 — S*+1 p(2) = 2/||z|. Applying Lemma (39.1) to
the pair (pg+1,7rqr+1) we obtain our claim; the proof is completed. O

Note that from (39.5) and (39.6) it immediately follows that definition (39.4)
is correct.

The following two properties are self-evident:
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(39.7) PROPOSITION. Let ¢,1: S — P be two n-acyclic compact vector fields.
Then:

(39.7.1) ¢ ~ 1 implies that Deg(y) = Deg(v));
(39.7.2) @ C, i.e. o(x) CY(x) for every x € S, implies that Deg(p) = Deg(v)).

Let us remark that the above topological degree theory will be generalized to
mappings called n-admissible compact vector fields in one of the following sections
that. We will also present topological consequences of our degree theory then.

40. Admissible mappings

The class of acyclic and hence n-acyclic mappings is not closed with respect
to the composition law (see Example (32.2)). Therefore, we are going to extend
the class of acyclic mappings to the class of, so called, admissible mappings (see
[Gol-M]), which is closed with respect to the composition law.

(40.1) DEFINITION ([Gol-M]). A multivalued map ¢: X — Y is called ad-
missible (strongly admissible) provided there exists a (metric) space I' and two
mappings p: ' = X, ¢:I' — Y such that:

(40.1.1) p is a Vietoris map,
(40.12) 40~ () C 9() (g~ (x)) = (&) for every z € X.

(40.2) REMARK. By the term Vietoris map we understand Vietoris with re-
spect to the Cech homology functor with compact carriers and coefficients @Q (cf.
Chapter I). But, of course, we can consider Vietoris mappings with respect to the
Cech cohomology functor if necessary.

First, note that any acyclic map ¢: X — Y is strongly admissible. In fact, it is
enough to take I' = I', and p = py,, ¢ = qy.

In what follows, a pair of mappings (p, q) satisfying (40.1) is called a selected
pair of ¢ (written (p,q) C ¢ or (p,q) = ¢, when ¢ is strongly admissible).

(40.3) REMARKS.

(40.3.1) Observe that the map v:S* — S, 9(2) = S, for every 2z € S! is
admissible. Let f: ST — S! be an arbitrary (continuous) map. Then (idg:, f) C .
We will see later that 1 is even strongly admissible as a composition of strongly
admissible maps.

(40.3.2) Observe that if ¢: X — Y is strongly admissible then ¢(x) is compact
connected for every x € X. So the map ¢: [0, 1] —o [0, 1] given by

{t} for t # 0,
elt) = { (0,1} fort=0.

is admissible but not strongly admissible.
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(40.4) PROPOSITION. If p: X —o Y is acyclic and (p,q) C ¢, then p. = q.p;*.

PRrROOF. We have the following commutative diagram:

Z1s
LA

in which f(z) = (p(z), ¢(2)). Now, by applying the functor H to the above diagram
we obtain our claim. O

(40.5) THEOREM. Let ¢: X — X3 and 9: X; —o X5 be two admissible maps.
Then the composition ¥ o p: X —o X5 is an admissible map and for every selected

pairs (p1,q1) C @ and (pz2, q2) C ¥ there exists a selected pair (p,q) of ¥ o ¢ such
that

@2+ 0 (p2:) o qra o (p1a) "t =g op .

PROOF. Let (p1,¢q1) C ¢ and (p2, q2) C 9. Consider the commutative diagram

X P1 Fl q1 Xl P2 F2 q2 X2

f1 TV
g
P q
I
in which, for each (z1,22) €T,
I'= {(zl,zg) el xTIp | Q1(Z1) sz(zz)}, p(zl,zz) Zpl(zl),
q(z1,22) = q2(22), fi(z1,22) = 21, fa(21,22) = 22, g(21,22) = q1(21).

Since f;!(z1) is homeomorphic to p;*(qi(21)) and ps is a Vietoris map we
deduce that f; is a Vietoris map. Hence p, as the composition p; o f1, is a Vietoris
map. Moreover, we have q(p~'(z)) C ¥ (p(x)) for each x € X. Applying to the
above diagram the functor H, we obtain

@2+(P2:) L o qra(pre) Tt = qupy !

and the proof (40.5) is completed. O
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(40.6) THEOREM. If ¢: X —o X and ¢: X1 — X5 are two s-admissible maps
then the composition op: X — Xy is an s-admissible map and for every (p1,q1) =
© and (p2, q2) = ¢ there exists a (p,q) =1 o ¢ such that

q2+(P2:) "t 0 qra(pra) Tt = qupi t

The proof of (40.6) is strictly analogous to (40.5). Note that from (40.6) it
follows that the composition of two acyclic maps is strongly admissible.

Let ¢: X — Y be an admissible map. We will define the set {¢}. of induced
by ¢ linear mappings on homology of X into homology of Y. We let:

{ete ={ap" | (00) C 9} and {p}. = {q.p." | (0,0) = ¥}

in the case of a strongly admissible map.

(40.7) EXAMPLE. Let ¢: S™ — S™ be the map defined as follows:
P(z) =S for every z € S™.

Since (idgn, f) C ¢ for any f: S™ — S™ we see that {1}, is an infinite set.
On the other hand, v is also strongly admissible. Observe that the set:

{v}e ={qpi" | (p,@) = ¥}

is not a singleton. In fact, let p1: 8™ — 8™, p1(2) ={y € S"™ | ||ly — z|| < 3/2} (cf.
Example (32.2)). Since idgn C ¢ it follows that @1, = idg(gn) (see (40.5)).

Let @a(x) = ¢1(—x). Then (—idgn) C @2, so again in view of (40.5) we have
(—idgn )« = @a«. By applying Theorem (40.7), there are two selected pairs (p, q) =
1091, (P,q) = @1 0 @2 such that g.p;' = @1. 0 o1 and ¢(pL) ™" = a.p1s.
Finally, if n = 2k we obtain that q.p;* # ¢L(p,)~!. Since ¥ = @101 = P2 0 ¢1
we conclude that the set {1}, consists of at least two elements when 1) is regarded
as a strongly admissible map.

We will prove:

(40.8) PROPOSITION. Let ¢,1): X — Y be two admissible maps. If ¢ C 1,
then {p}. C {¢}.

For the proof of (40.8) it is sufficient to see that if (p,q) C ¢ then (p,q) C .

Now from (40.8) and (40.4) we obtain:

(40.9) COROLLARY. Let : X — Y be an acyclic map and ¢:X — Y an
admissible map. If @ C 1 then the set {p}. is a singleton and {p}. = {P.}.
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(40.10) DEFINITION. Two admissible maps ¢, ¢: X —o Y are called homotopic
(written ¢ ~ 1) provided there exists an admissible map x: X x I — Y, I = [0, 1],
such that:

x(x,0) C p(z) and x(x,1) C(x) forevery z € X.

(40.11) THEOREM. Let p,1: X — Y be two admissible maps. Then ¢ ~ 1
implies that there exist selected pairs (p,q) C ¢ and (D,q) C ¢ such that:

gsop;t =7, opy,

PROOF. Let (p,q) C x. Consider the commutative diagram

X == p"(io(X))

. . d-jo=q
10 Jo
5 -

Xxle———y—1 3y

R

X =5} (0r(X))

where io(x) = (z,0), i1(z) = (,1) for each € X, jo, j1 are inclusions and p, D are
given as the first coordinates of p(z) for every z € p~1(ig(X)) and 2z € p—1(i1 (X))
respectively. Then p,p are Vietoris maps and we have (p,q) C ¢, (7,q) C .
Observe that ig, = 414 is a linear isomorphism. This and the commutativity of
the above diagram imply ¢, o p;! =g, op, !. This proves Theorem (40.11). O

(40.12) COROLLARY. Let p,1: X —o Y be two admissible maps. Then ¢ ~ 1
implies {©}« N {Y}. # 0.

(40.13) COROLLARY. Let p,90: X — Y be two acyclic maps. Then ¢ ~
implies Qi = .

(40.14) EXAMPLE. Let ¢1,1:S™ — S™ be the same as in Example (40.7).
Consider the homotopy x: S™ x I — S™ defined by:

x(x,t) = p1(x) for every x € S™.

Then x is a homotopy joining 1 with ¢ but {¢1}. is an infinite set.
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(40.15) DEFINITION. An admissible map ¢: X — X is called a Lefschetz map
provided the linear map ¢. o p;': H(X) — H(X) is a Leray endomorphism for
every selected pair (p, q) C ¢ (see Section 11).

For a Lefschetz map ¢: X — X we define the Lefschetz set A(p) of ¢ by putting:

A(p) = {Agp: ) | (p,0) € o},

where A(q.p;!) denotes the generalized Lefschetz number of g. o p; ! (see again
Section 11).

Note that if ¢ is an acyclic Lefschetz map then A(p) = {A(¢)} = {A(q.pih)}
is a singleton.

We have the following simple properties:
(40.16) PROPOSITION. Let p,1): X — X be two Lefschetz maps.

(40.16.1) If o C v, then A(p) C A(Y);
(40.16.2) If ¢ and v are acyclic and @ C p or ¢ ~ 1, then ¢ is a Lefschetz map
if and only if ¢ is a Lefschetz map and in this case A(p) = A(¢).

(40.17) EXxAMPLE. Let X be a space which is not of a finite type. Let f: X —
X, f(x) = o for every € X and ¢(z) = X for every x € X. We have f C ¢ and
idx C ¢ but f, is a Leray endomorphism and idg(x) is not a Leray endomorphism.

41. The Lefschetz fixed point theorem for admissible mappings

The aim of this section is to formulate the Lefschetz fixed point theorem for
admissible mappings of AANR-spaces.

The notion of an AANR-space was introduced in (3.1). Now we need some
special properties of AANR-spaces related directly to the Lefschetz fixed point
theorem.

(41.1) DEFINITION. An AANR-space X is said to be admissible provided there
exists a homeomorphism h: X — FE mapping X onto a closed subset h(X) of
a normed space E and an open neighbourhood U of h(X) in F such that the
following two conditions are satisfied:

(41.1.1) h(X) is an approximative retract of U,
(41.1.2) the inclusion i: h(X) — U induces a monomorphism i.: H(h(X)) —
H(U).

(41.2) PROPOSITION. Every ANR is an admissible AANR.

PrOOF. Let X € ANR. Using the Arens—Eells embedding theorem, we obtain
a homeomorphism A mapping X into a normed space E such that
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(41.2.1) h(X) is closed in E,
(4.1.2.2) there exists a retraction r: U — h(X), where U is an open neighbourhood
of h(X) in E.

Then the inclusion i: h(X) — U is the right inverse of r and we have i = idx).
We infer that 7.4, = idgn(x)) and this implies that 7, is a monomorphism. O

(41.3) PROPOSITION. Ewvery compact AANR is an admissible AANR.

PRrOOF. Using the Arens—Eells embedding theorem we may assume without
loss of generality that X is an approximative retract of some open neighbourhood
U of X in a normed space E. Since X is of finite type (see (6.1)), we deduce that
there exists an g5 > 0 such that for every two maps f,g: X — X, the condition
If(z) — g(x)|| <o implies f. = g..

Choose an € > 0 such that € < g9 and consider the two maps id, r. oi: X — X,
where 7 : U — X is an e-retraction and i: X — U an inclusion map. By Theorem
(6.1), we infer that idg(x) = (7)« - i« and this implies that i.: H(X) — H(U) is

a monomorphism. O
(41.4) PROPOSITION. FEvery acyclic AANR is an admissible AANR.

For the proof (41.4) observe that if X is an acyclic space and X C Y then the
inclusion i: X — Y induces a monomorphism i,: H(X) — H(Y).

The following lemma is of importance:

(41.5) LEMMA. Let X be an AANR. Assume that X is an approzimative re-
tract of an open subset U in a space E and i: X — U induces a monomorphism
is: H(X) — H(U). Then for every compact subset K C X there exists a pos-
itive real number e(K) such that for every e < e(K) and for every e-retraction
ro: U — X we have:

(re)siujs = jx, where j: K — X is the inclusion map.

PROOF. Let ¢(K) > 0 be a number smaller than the distance dist(K, 9U) from
the compact set K to the boundary OU of U in E. From the definition of ¢(K)
we infer that for each x € X and € < ¢(K) the interval ¢ -ir.ij(z) 4+ (1 —t) - ij(x),
where 0 < ¢ < 1, is entirely contained in U. This implies that ir.ij and ij are
homotopic for every e < e(K). Since i, is a monomorphism, we get (r¢)«ixjs = Jx
for each e < ¢(K) and the proof is completed. O

Before starting the main result of this section in full generality, we shall first
consider the following special case:
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(41.6) LEMMA. Let U be an open subset of a normed space and let o:U —o U
be an admissible compact map. Then:

(41.6.1) ¢ is a Lefschetz map, and
(41.6.2) A(p) # {0} implies that Fix(p) # 0.

PROOF. Let (p,q) C ¢ be a selected pair. Since ¢ is compact, so ¢ is compact,
too. By (12.10) g.p; ! is a Leray endomorphism and hence ¢ is a Lefschetz map.
Assume that A(p) # {0}. Therefore, there is (p,q) C ¢ such that A(g.p;!) # 0.
Consequently p and ¢ have a coincidence point u, i.e. p(u) = ¢(u) (see again
(12.10)). Thus z = p(u) is a fixed point for ¢ and the proof of (41.6) is completed.O]

We are able now to prove the principal result of this section.

(41.7) THEOREM. Let X be an admissible AANR-space and ¢: X — X be
a compact admissible map. Then:

(41.7.1) ¢ is a Lefschetz map, and
(41.7.2) A(p) # {0}, implies that Fix(p) # 0.

PRrROOF. Since X is an admissible AANR, we may assume that there exists
an open subset of a normed space E such that the following two conditions are
satisfied:

(41.7.3) X is an approximative retract of U,
(41.7.4) the inclusion i: X — U induces a monomorphism i,: H(X) — H(U).

Let r,: U — X be (1/n)-retraction. We have
(41.7.5) ||rp(x) — z|| < 1/n for each = € X and for every n.

Let p,q: Y — X be a pair of maps such that (p, q) C ¢. Consider for each n an
admissible compact map v,,: U — U given by ., = iqepr,. Using (40.6) we choose
a selected pair (pn, ¢n) C 1, such that

(41.7.6)  qnippt = i4qspy ‘T, for each n.

Since ¢ is a compact map, we infer that the set A = ¢(Y) is compact.
Consider for each n the diagram

where ¢: Y — A is given by ¢'(y) = ¢(y) for each y € Y and j: A — X is an
inclusion. From Lemma (41.5) we obtain 7p.i.j« = j« for all n > ng. Since
J«q = (J 0 ¢ )« = q«, we deduce that the above diagram commutes for each
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n > ng. Consequently, from (11.4) and (41.7.6) we conclude that g.p; ! is a Leray
endomorphism. Thus the assertion (41.7.1) is proved.
To prove (41.7.2) assume that A(p) # {0}. Then there exists a selected pair

(p,q) C ¢ such that A(q.p;t) # 0. Let (pn,qn) C ¥n, where p,, ¢, and 1, are
obtained as in the first part of the proof. Then from (11.4) and (41.7.6) we have

A(gnsppt) = Miwgupy 'ris) = Agups ') # 0, for each n > ng.
This, in view of (41.6), implies that 1, has a fixed point for each n > ng. We find
a sequence {z,} in the compact set A such that:
(41.7.7) xy € p(xy,) for each n > ng.
Let {x,,} be a subsequence of {z,} such that
(41.7.8) limg zp, = .
Then from (41.7.5) we obtain
(41.7.9) limg 1y, (zn,) = .
Conditions (41.7.7)—(41.7.9) give
(41.7.10) {7y (znp)} — T, Tny € qPpTny(Tn,) and {x,, } — x, where ¢, = p~ L.
Finally, then by u.s.c. of ¢ = go ¢, in view of (41.7.10) z € ¢(x) = go @p(z) =
qp~1(z) C ¢(x) and the proof of Theorem (41.7) is completed. O

We now draw a few immediate consequences of Theorem (41.7)

(41.8) COROLLARY. Let X be an ANR or a compact AANR and let p: X — X
be an admissible compact map. Then

(41.8.1) ¢ is a Lefschetz map, and
(11.8.2) Alg) # {0}

implies that ¢ has a fized point.
For acyclic maps we obtain the following:

(41.9) COROLLARY. Let X be an admissible AANR or, in particular, either of
the following:

(41.9.1) an ANR,
(41.9.2) a compact AANR.

If o: X — X is a compact acyclic map then

(41.9.3) ¢ is Lefschetz map, and
(41.9.4) A(g) £0

implies that ¢ has a fized point.
From (41.9) and (40.17) we deduce:
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(41.10) COROLLARY. Let X be an admissible AANR and let o, 19: X — X be
two compact acyclic maps which satisfy one of the following conditions:
(41.10.1) ¢ is a selector of 1,
(41.10.2) ¢ is homotopic to 1.

Then both ¢ and 1) are Lefschetz maps, A(p) = A(¢Y), and A(y)) # 0 implies that
p has a fized point.

(41.11) COROLLARY. Let X be an admissible AANR and ¢: X — X an ad-
missible compact map. Assume further that ¢(X) is contained in an acyclic subset
Xo of X. Then A(p) = {1} and ¢ has a fized point.

PROOF. Let p,q:Y — X be a pair of maps such that (p,q) C . Write the
diagram

in which p, g, q1 are restrictions of p and ¢ respectively, and i, j are inclusions.
Then its image under H also commutes. Since A(q.p;!) = 1 from (11.4), we have
A(gspst) = 1 for every (p,q) C ¢, and from Theorem (41.7) we obtain (41.11). OJ

A space X has the fixed point property within the class of admissible compact
maps provided any admissible compact map ¢: X — X has a fixed point.

(41.12) COROLLARY. Let X be an acyclic AANR or, in particular, any of the
following:
(41.12.1) an acyclic ANR,
(41.12.2) a contractible open set in a normed space.
Then X has the fixed point property within the class of admissible compact maps.

This simply follows from (41.12) and (6.1). Similarly, from (41.12) and (6.1),
we have

(41.13) CorROLLARY (The Schauder Fixed Point Theorem). Let X be a convex
subset of a normed space. Then X has the fized point property within the class of
admissible compact maps.
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42. The Lefschetz fixed point theorem
for non-compact admissible mappings

The aim of this section is to extend the Lefschetz fixed point theorem onto
a class of non-compact mappings: the class of compact absorbing contractions.
We define:

(42.1) DEFINITION. A multivalued map ¢: X — X is called a compact absorb-
ing contraction, if there exists an open set U € X such that cl p(U) is a compact
subset of U and X C {2, ¢ “(U).

Evidently, any compact map ¢: X — X is a compact absorbing contraction;
then we can take U = X.

In what follows we will use the following notion: ¢ € CAC(X) if and only if
p: X —o X is admissible and a compact absorbing contraction.

(42.2) PROPOSITION. If ¢ € CAC(X) then for every selected pair (p,q) C ¢
the homomorphism:
Geop, H(X,U)— H(X,U)

is weakly nilpotent, where for p,q:T — X we define p,q: (T,p~1(U)) — (X, U),
p(u) = p(u) and g(u) = q(u) for every u € T.

PROOF. For any compact K C X one can find n such that (gp=1)"(K) C U.
Since we consider the Cech homology functor with compact carriers then our claim
holds true. U

Now, we shall prove the following:

(42.3) THEOREM. Let X € ANR and ¢ € CAC(X). Then ¢ is a Lefschetz
map and A(p) # {0} implies that Fix(p) # 0.

PROOF. Let ¢: X — X be an admissible compact absorbing contraction map.
Since p(U) C clo(U) C U, consider ¢": U — U, ¢'(z) = ¢(x). Let (p,q) C ¢ be
a selected pair of p. Then q(p~1(U)) C o(U). Let p,q:Y — X. Then we define
¢, p:p Y (U) — U, p'(u) = p(u), ¢(u) = q(u). Observe that (p’,q') C ¢'. Since

~!is a Leray endomorphism. Consider the

¢’ is compact, in view of (41.8), ¢.(p)
maps p”,¢": (Y,p~1(U)) — (X,U); p” is a Vietoris map and, in view of (42.2)
q” o (p!)~! is weakly nilpotent. Consequently, from (11.5), (11.8) and (41.8) we
deduce that A(q.p;t) = A(¢.(p.)™1). So, ¢ is a Lefschetz map.

Now, if we assume that A(q.p; ) # 0 for some (p, q) C @, then A(q.(p.)~1) #0
and by using once again (41.8) we get Fix(¢') # @ but it implies that Fix(¢) # 0
and the proof is completed. O

Now, we would like to show how large the class CAC(X) is.
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(42.4) DEFINITION. An u.s.c. multivalued map ¢: X —o Y is called locally
compact provided that, for each x € X, there exists a subset V of X such that
x € V, and the restriction ¢|y is compact.

(42.5) DEFINITION. A multivalued locally compact map ¢: X — X is called
eventually compact if there exists an iterate p™: X —o X of ¢ such that ¢" is
compact.

(42.6) DEFINITION. A multivalued locally compact map ¢: X — X is called
a compact attraction if there exists a compact K of X such that for each open
neighbourhood V of K we have X C [J;2, ¢ “(V) and ¢"(z) C V implies that
™ (x) C V for every m > n and every z € X, the compact K is then called an
attractor for .

(42.7) DEFINITION. A multivalued locally compact map ¢: X — X is called
asymptotically compact if the set C, = (22, ¢"(X) is a nonempty, relatively
compact subset of X. The set C, is called the center of ¢.

Note that any multivalued eventually compact map is a compact attraction and

asymptotically compact map.

(42.8) LEMMA. Any eventually compact map is a compact absorbing contrac-
tion map.

PROOF. Let ¢: X —o X be an eventually compact map such that K’ = ¢"(X)

n—1

is compact. Define K = (JI— ¢'(K’), we have
n .
oK) |Je'(K)CKUg"(X) CKUK' CK.

i=1

Since ¢ is locally compact, there exists an open neighbourhood V; of K such that

L = ¢(Vp) is compact, where p(Vp) = clo(Vh).

There exists a sequence {V1, ..., V,} of open subsets of X such that Lﬂm C
Viciand KU {(L) CV; for alli=1,...,n. In fact, if K U@ (L) C V, and
0 <i < mn,since KUp" (L) and CV; N L are disjoint compact sets of X, there
exists an open subset W of X such that

KU (L)ycW cW cCV;UCL.

Define Vi1 = ¢~ (W); since o(K)Up(e"~Ct(L)) ¢ KUp" (L) C W, we have
KU UHD(LY € Vigy, and (Vi) € W C V; UCL implies LN p(Viy1) C Vi
Beginning with K U™ (L) C K C Vp, we define, by induction Vi, ...,V with the
desired properties.
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Putting U = Vo NnViN...NV,, we have K’ ¢ K C U and

oU) CcoVo)ne(WVi)Nn...np(Vy) C LNne(Vi)N...Nne(V,),

hence

o) C (LNpV))N...0LNe(Va)NLCVoN...A Va1 NV, =T,

but ¢(U) is compact since p(U) C L. Moreover,

x = (&) c Je (). O
=0

i=1

(42.9) PROPOSITION. Any compact attraction map is a compact absorbing con-
traction map.

PROOF. Let ¢: X — X be a compact attraction map, K, a compact attractor
for ¢ and W, an open set of X such that K C W and L = ¢(WW) is compact. We
have L C X C U;2y ¢ (W) hence, since L is compact, there exists n € N such

that L C J;_, ¢ "(W). Define V = {J;_, ¢ *(W). Then

XclJemcJe ',
=0 =0
o(V) C C) e W) C W)UV C LUV CV
=0

and
n

n n
ety cJem ) =) c @),
i=0 §=0 §=0

which is compact and included in V| since L C V and ¢(V) C V implies that
@/(L) C V for all j € N. Consider the restriction ¢:V — V of p. ¢":V — V is
an eventually compact map, since V' is an open set. By Lemma (42.8), there exists
an open subset U of V', hence of X, such that cl¢/(U) = clo(U) is a compact
subset of U and V C (22, ¢ ~™(U) C U2, ¢ "(U). Hence

xcJemrmc e cJe . O
n=0

From Theorem (42.3) and Proposition (42.9) we deduce:
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(42.10) COROLLARY. Let X € ANR and ¢: X — X be an admissible com-
pact attraction map. Then ¢ is a Lefschetz map and A(p) # {0} implies that

Fix(p) # 0.

(42.11) LEMMA. Let p: X — X be an u.s.c. multivalued map, Cp, =2y ¢'(X)
and let V' be an open subset of X such that C, C V. Then, for each compact K
of X, there exists n € N such that (;—, ¢"(K) C V.

PRrOOF. The family { ", ¢*(K) N C’V}n ¢ of closed subsets of the compact
K, has an empty intersection, hence there exists a finite empty intersection. [J

(42.12) LEMMA. Let ¢: X — X be an u.s.c. multivalued map,

E
U oI X) is compact}

C, = ﬂgoi(X), U, = {x eX
i=0 i=0

and V, an open subset of X such that C, C V. Then U, C Jioy e " (V).

PROOF. Let z € Uy, K =, ¢"(X) is compact. By Lemma (42.11), there
exists n € N such that ¢"(z) C (o, ¢"(K) C V. O

(42.13) DEFINITION. A multivalued map ¢: X — X is called a map with
compact orbits if |, ¢™ () is relatively compact for every z € X.

(42.14) PROPOSITION. Any asymptotically compact map with compact orbits,
18 a compact attraction map.

PROOF. Let ¢p: X — X be an asymptotically compact map with compact or-
bits, then U, = X so 559 is a compact attractor for ¢ and ¢ is a compact attraction
map. U

(42.15) LEMMA. Let X be a space and ¢: X —o X an asymptotically compact
map with the center C,. Then there exists an open subset V' of X such that
C, CV,p(V)CV and (V) is compact.

PROOF. Let U be an open subset of X such that C, C U and K = ¢(U)
is compact. By Lemma (42.11), there exists n € N such that (;_, ¢"(K) C U.
Define V = N, ¢ *(U). Since ¢(C,) C C,, we have that Cy, C V. Moreover,

p(V) c (e () € (¢ (K)

=0 =0
= (¢ ME) e ( N w(K)> C @' (U),
=0 =0

hence (V) C ﬂ;:ol e (U)Np™™U) = V. Since p(V) C ¢'(U) C K, (V) is
compact. O
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43. n-Admissible mappings

As we have observed, admissible mappings stand as a natural generalization
of acyclic mappings. In the same spirit we can generalize n-acyclic mappings to
n-admissible mappings.

(43.1) DEFINITION. A multivalued map ¢: X —o Z is called n-admissible,
provided there exists a pair p:Y — X and ¢:Y — Z of maps such that: p is
a n-Vietoris map and q(p~1(z)) C ¢(z) for every x € X; in that case we write
(p,q) C o

Since any Vietoris map is n-Vietoris for every n > 1 so any admissible map is
n-admissible. For a n-admissible map ¢: X — Z and for every k > n we define
the set of induced homomorphisms {¢}** on cohomology by putting:

{3 ={®™)¢* | (n,9) C ¥}

(compare (8.13)).

(43.2) DEFINITION. Two compact n-admissible mappings ¢, ¢: X —o Z are
called homotopic provided there exists a compact n-admissible map y: X x[0,1] —o
Z such that x(z,0) C ¢(x) and x(z,1) C ¥(x) for every & € X; we write ¢ ~ ).

Strictly analogously to the case of admissible mappings, one can prove:

(43.3) PROPOSITION. If ¢ ~ 1 then, for every k > n, we have {¢o}** N
{v* #£0.

(43.4) REMARK. In fact, (43.3) can be formulated in a more precise form,
namely, one can prove that if ¢ ~ 1, then there exist (p,q) C ¢ and (p,q) C ¥
such that for every k > n we have:

*k’)—l *k — (—*k’)—l—*k’-

(p q P q

Now, we shall show that for n-admissible mappings of subsets of Euclidean
spaces, the topological degree will be defined as for n-acyclic or acyclic maps (see
Section 40). We will sketch it here, but later we would like to present in details
the topological degree theory for n-admissible mappings in normed spaces.

Let ¢: ST — S¥ be an n-admissible map, where S (i = 1,2) are two n-
cohomological spheres. We fix generators 3; € H"(SI"), i« = 1,2. For a pair
(p,q) C ¢ we let:

(™)1 (a*"(B2)) = deg(p. q) - B

Consequently, let us define {Deg(p)} = {deg(p, q) | (p,q) C ¢}. We have
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(43.5) PROPOSITION.

(43.5.1) If ¢ ~ 1 then {Deg(p)} N {Deg(v)} # 0,

(43.5.2) If ¢ C 1 then {Deg(p)} C {Deg(v)},
(43.5.3) If ¢ is acyclic then {Deg(v)} is a singleton and for two acyclic maps

such that @ ~ ¢ we have {Deg(v)} = {Deg(y)}.

Now, all results contained in Section 40 can be generalized to the case of n-
admissible (resp. admissible) maps. Since all proofs are strictly analogous to those
presented in Section 40, we will list all mentioned results only.

(43.6) THEOREM. Let ¢: K™™' —o R"" be a n-admissible map such that
o(S5™) C K" Then Fix(p) # 0.

(43.7) THEOREM. Let ¢:S™ — S™ be an n-admissible map such that {Deg(p)}
# {0} then o(S™) = S".

(43.8) THEOREM (On antipodes for n-admissible maps). Let p: S" — Pnt1
be an n-admissible map. If for every x € S™ there exists a n-dimensional subspace
E™ C R strictly separating o(z) and p(—x) then 0 & {Deg(p)}.

(43.9) THEOREM (On antipodes for admissible maps). Let p: S™ —o P! be
an admissible map such that the following condition is satisfied:

(43.9.1) every radius with origin of the zero point of R"*! has an empty intersec-
tion with the set p(x) or p(—x) for every x € S™.

Then 0 & {Deg(p)}.

(43.10) THEOREM (Borsuk-Ulam). If ¢: S™ — R™ is an admissible map then
there exists © € S™ such that o(x) N p(—x) # 0.

(43.11) THEOREM (Bourgin—Yang). If ¢: S"** —o R™ is an admissible then
the genus Y(A(p)) > k, where A(p) = {z € S"** | p(x) N p(—x) # 0}.

(43.12) THEOREM (On invariance of domain). Let U be an open subset of
R and o: U — R be a strongly admissible map such that x1 # xo implies
o(z1) Np(as) =0 for x1,22 € U. Then o(U) is an open subset of R"T1.

Now, let £ be a normed space and X a subset of E. Assume further that
®: X — F is a multivalued map. We define a multivalued vector field p: X — F
associated with ® by putting:

p=1-0, ie ox)={x—ylyec d(z)} foreveryzec X.
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(43.13) DEFINITION. A map ¢: X — Y C E is called an n-admissible (s-
admissible) compact vector field if and only if there exists an n-admissible (s-
admissible) compact map ®: X — F such that o =1 — ®.

If ® is an admissible compact map then ¢ = I — ® is called an admissible
compact vector field.

A point g € X is called a singular point of the vector field p: X — Y if image
©(x0) contains the origin 0 of E. If there are no singular points, we say that ¢ is
singularity free (written @: X —o P).

(43.14) DEFINITION. Two n-admissible (s-admissible) compact vector fields
o1 =1—P1, p2 =1—Dy (¢1,p2: X — Y C E) are said to be homotopic, written
1 ~ s, provided there exists a map x: X x J — Y, where J is a unit interval,
which can be represented in the form y(z,t) = z — X(x,t), where X: X x J — F
is an n-admissible (s-admissible) compact homotopy between ¢; and ¢s.

The following evident remark is of importance (cf. (39.2)).

(43.15) REMARK. Let A be a closed subset of E and let ¢: A — E be an
n-admissible compact vector field. Then the image p(A) is a closed subset of E.

(43.16) REMARK. Consider two maps of the form X «*~ Y —% E such that
X is a subset of F and p is a Vietoris n-map. Define a map ¢:Y — F by putting

q(y) = p(y) — q(y). Then I — @, 4 = ¢, ~ and hence

(43.16.1) if ¢ is a compact map, then I — ¢, 4 is an n-admissible compact vector
field,

(43.16.2) every n-admissible compact field is an n-admissible map,

where ¢, () = q(p~*(z)).

Let E be a Banach space and let ¢: S — P be an n-admissible compact vector
field from the unit sphere S to P = E \ {0}.

Consider an arbitrary but fixed selected pair (p, ¢) C ® of the from S Loy 1,
E. First, for such a pair (p, q) C ® we define an integer deg(p, ¢) which is called the
degree of (p,q). Then we obtain a positive number § such that dist(0, (S)) = 0.
We observe that dist(0, (I — ¢,,4)(S)) > 6. Let € be a positive number such that
€ < §. Since ® is a compact map we infer that ¢ is also compact. Applying
the approximation theorem to the map ¢ and the number e, we obtain a map
g Y — E**! such that |q(y) — q-(y)|| < ¢ for every y € Y. We may assume
without loss of generality that k+1> 2 and k+ 1 > n.

Let Y; = p~1(S*), where S* = SN E*+1. Consider the diagram

Sk R Yy LN Ek—i—l,
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in which pg and g are restrictions of p and ¢, respectively. So, we obtain a pair
(pk, qx) and a diagram:

Sh iy, e, phit
in which gx(y) = pr(y) — qr(y). We observe that gi(y) # 0 for every y € Y.
Indeed, since ||z — q(y)|| > § for every € S and y € p~(x), we have

lae@)l = Ipe(w) — @ = llz - a@)ll = Iz — ax)) — (@) — a)
> [lz = q@)ll = llaw) — @) 26— > 0.
We define deg(p, ¢) of the pair (p, q) C ® by putting deg(p, q¢) = deg(px, qx) where
deg(pk, ¢x) is given in (43.5).

(43.17) LEMMA. Let ¢ = I — ®: 5 — P be an n-admissible compact vector
field and let (p,q) be a selected pair of ® of the from S Ly L E. Assume
further that q-,q.: Y — E**! are two e-approzimations of q. Then deg(pk, Gx) =

deg(px, @y,)-
PROOF. Define the map h: Yy, x [0,1] — E¥*! by putting
h(y,t) = tqe(y) + (1 — )5 (y)-
Then h is a homotopy between ¢ and gj,. We will prove that h(y, t) # 0 for each
y €Yy and ¢ €[0,1]:
Itak(y) + (1 =)@k ()|l
= [[t(pr(y) — ax(y)) + (1 = )(pr(y) — @)
= llpr(y) — ta-(y) + (1 — t)az(y)
= llp(y) — a(y) = [t(g=(y) —a(y)) + (1 = )(aL(y) — qW))]l = 6 —& > 0.
Therefore we have @;* = ¢; and the proof is completed. O

(43.18) LEMMA. Let ¢ = I—® and (p,q) C P be as in (43.17). Assume further
that EF*1, E**+2 are two subspaces of E such that E*T' C EFt2. If q.: Y — EFH!
is an e-approzimation of ¢ and q.:Y — E¥*2 is the map given by q-(y) = ¢.(y)
for every y € Y then deg(pr, qx) = deg(Prt1, @y11)-

—_ =

PROOF. Define a map r: P**2 — S*+1 by putting r(z) = 2/||z||. We orient
S5+ and P**+2 so that deg(pr41,Gp1) = deg(Pry1,7q,,1). Applying (43.5) to
the pair (pr+1,7rqr+1), we obtain (43.18). O

Finally, from (43.17) and (43.18) we deduce that deg(p, ¢) of the pair (p,q) is
well defined.

Now, we define Deg(] — @) of an n-admissible compact vector field ¢ = I —
®: S — P by putting

(43.19) {Deg(I — ®)} = {deg(p,q) | (p,q) C ®}.



43. n-ADMISSIBLE MAPPINGS 217

(43.20) PROPOSITION. Let @, 1¢: S —o P be two n-admissible compact vector
fields. Then

(43.20.1) ¢ ~ ¢ implies {Deg(p)} N{Deg(v))} # 0,
(43.20.2) ¢ C ¢ implies {Deg(p)} C {Deg(v))}.

PROOF. Let x = I — X be a homotopy between ¢ and ¢ and let (p,q) be
a selected pair of x. The set x(S x [0, 1]) is closed and does not contain the origin.
Then from the above construction of the degree for the selected pairs we obtain
(43.20.1). The proof of (43.20.2) is evident. O

(43.21) PROPOSITION. Let ¢ =1 —®: S — P be an admissible compact vector
field. If ® is an acyclic map then the set Deg(y) is a singleton.

PROOF. Let (p,q) C ® be a selected pair of ® of the form S Ly L E.
Consider the commutative diagram

g pPe F@ qo E

WA

Y

in which f(y) = (p(y),q(y)) for each y € Y. Let (¢a)e:Te — E¥*! be an e-
approximation of gg. For the proof we take an e-approximation of ¢ such that
q-(y) = (ga)<(f(y)) for each y € Y. Denote by I'y the graph of ®|g: (S* =
SN EFL). Let

(pq;)klrk — Sk and (Q¢>)klrk — E’H—l

be restrictions of ps and (ga)., respectively. Finally, we obtain (cf. the definition
of deg(p, q) in this section) the commutative diagram

gk (Pa)k I, (42 )k phtt
\ T? Gk
p(S¥)

in which py and f are restrictions of p and f, respectively, and the map (Gs )x: Ty —
P*+1 s given by (¢a)x (7, y) = (ps)x (7, y) — (qo)k(z,y) for each (z,y) € T'y. The
map Gx:p~1(S*) — Pkl is given by Gi(y) = pr(y) — q-(y) for each y € p~1(S¥).
Now, the proof of (43.21) is evident. O

(43.22) EXAMPLE. Let E be a Banach space and yo € E be a point such that
llyoll > 1. Consider the map ®:S — E given by ®(x) = {0,yo} for each z € S.
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Clearly, ® is an admissible and compact map. We have the following selected pairs
of &:

(43.22.1) (idg, f) C @, where f: S — E is given by f(x) =0 for y € S,

(43.22.2) (idg, g), where ¢g: S — FE is given by g(x) = yo for each z.

Moreover, we infer that deg(idg, f) # 0 and deg(idgs, g) = 0 and hence Deg(I — D)

is not a singleton.
Now, we prove the following:

(43.23) THEOREM. Let ¢:S —o P be an n-admissible compact vector field such
that {Deg(p)} # {0}. Then for every x € S there is a positive real number A > 0
such that Az € ¢(S5).

PROOF. Suppose that there exists an xy € S such that
Lyy ={Azo | A >0}Np(S) = 0.

Let e = (1/2) min(dist(¢(S), Ly, ), d(0, ©(S))). We observe that dist(¢(S), Ly, ) >
0, and by assumption we have e > 0. Let (p, q) C ® be a selected pair of the form
S 2y L. E such that deg(p,q) # 0. We take an e-approximation g.:Y —
E*+1 guch that zg € EF L.

Consider the diagram

Sk Pk Yk qk Pk-i—l

(cf. the definition of deg(p, ¢) in this section). Since ¢. is an e-approximation of g,
we obtain

Gx(py H(S%)) € O=((9)),

where O, (¢(S5)) as usual is an e-neighbourhood of ¢(S) in E, hence
(43.23.1) Lo N Gx(py, 1 (S%)) = 0.

Consider the map ty: S¥ — PFF1 given by vy (x) = Gx(p; ' (2)) for each = € S*.
Then (pg, qr) C ¥x is a selected pair of ¢ and hence 1y is an n-admissible map.
Moreover, deg(pk, qx) = deg(p, q) # 0.

Let 7: P*1 — S be a retraction (r(z) = z/||z||). Then Deg(ri) # {0} and
from (43.23.1) we have zo & (rx)(S*), but this contradicts (43.7). The proof of
(43.23) is completed. O

Let ¢ = I—®: K —o E be an n-admissible compact vector field such that ¢(S) C
P, where S, as usually, is the boundary of the closed ball K. By ¢|g: S — P we
denote the restriction of ¢ to the pair (S, P). We infer that ¢|s is a n-admissible
compact vector field on S. In this case with every selected pair (p,q) C ® we
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associate a pair (p1,q1) C ®|g as follows: let p:Y — K, ¢:Y — E be two maps
such that (p, q) C ®; then py:p~1(S) — S, q1:p~1(S) — E are given as restrictions
of p and g, respectively. Evidently (p1,q1) C ®|s. We define degree Deg(;0) of
o by putting

(43.24) {Deg(; 0)} = {deg(pr, q1) | (p,q) C P}

Clearly, {Deg(y;0)} C {Deg(p|s)}. Let ¢: K — E be an n-admissible compact
vector field such that ¢(S) C E \ {20}. By (p — 20): K — E we denote the
n-admissible compact vector field given by

(0 —20)(x) ={y — 20 | y € p(x)}
for each x € K. Observe that (¢ — 20)(S) C P. We define Deg(¢y; z9) by putting
(43.25) Deg(; z9) = Deg(p — 20; 0).
The following lemma is of importance:

(43.26) LEMMA. Let p: K — E be an n-admissible compact vector field such
that p(S) C P. If {Deg(p;0)} # {0}, then there exists a point xg € K such that
0 € p(zo).

PROOF. Let ¢ = I — @, where ®: K — FE is an n-admissible compact map.
Assume that 0 & ¢(z) for all x € K. First, we obtain a positive number § such
that dist(0, p(K)) = 0. Let € be a positive number such that ¢ < §. Let (p, q) be

a selected pair of @ of the form K <> Y -4 E. Let ¢. be a e-approximation of g.
Then, as in the definition of the degree deg(p, q), we obtain the following diagram:

Kk-’rl <p_k Yk ﬂ)PkJ’_l

Consider the map ¢: K**1 — P*F+1 given by ¢(z) = qx(p, '(z)) for each z €
K*+1. Then we have Deg(;0) = {0}. Consequently, deg(p1,q;) = 0, where
(p1,q1) is a pair associated with (p, ¢). Since (p, q) is an arbitrary selected pair of
®, we obtain Deg(¢;0) = {0} and the proof is completed. O

The following theorem is an extension of the well known Rothe theorem to the
case of n-admissible maps (see [Grl-M]).

(43.27) THEOREM. If ®: K — E is an n-admissible compact map such that
®(S) C K then ® has a fived point.

PROOF. Let p: K — E be an n-admissible compact vector field given by ¢ =
I — ®. We may assume without loss of generality that ¢(S) C P and by Lemma
(43.26) it suffices to prove that Deg(y;0) # {0}. For this purpose let

Y(z,t) =2 —tP®(x) for an arbitrary z € S, 0 <t < 1.
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It follows from our assumption that for an arbitrary z € ¥(x,t) we have
121l = [l = tyl| = [l«[| = t]ly| >0 for 0 <t <1

and thus ¢: Sx[0,1] — P. It is evident that ¢(S'x [0, 1]) is a closed subset of F and
hence dist(0, (S x [0,1])) =6 > 0. Let (p,q) C ® be a selected pair of the form
K& v L Fandlet § £~ p=1(S) X5 E be the pair associated with (p, q) (cf.
the definition of Deg(;0)). Let ¢.:p~1(S) — E**! be an e-approximation of ¢,
where 0 < & < §. We put S¥ = SN EFt! and Y;, = p~1(S*).
We have the diagram
gk Br oy, Ak, pREL

in which py, i are restrictions of p; and ¢, respectively. Define the map qx: Yy —
P+1 by putting Gi.(y) = pr(y) —qx(y) for each y € Yi. We claim that deg(p1,q1) =
deg(pk, qx) # 0. In this order, consider the map f:Y; — P**! given by f(y) =
pr(y) and a homotopy h: Yy x [0,1] — P**! given by h(y,t) = pr(y) — tqr(y)-
Since ¢(S) C P and g. is an e-approximation of ¢1,0 < & < §, we deduce that
h(Yy x [0,1]) € P¥*L. Then the maps f and gj are homotopic and hence f* = g.
Finally, we obtain

deg(pb (11) - deg(pkaak) = deg(pk, f) 7é 0?

and the proof is completed. O

In fact, from the above proof we infer that {Deg(p;0)} is a singleton and 0 #
Deg(; 0).

(43.28) THEOREM. Let ¢ =1 — ®: 5 — P be an n-admissible compact vector
field. Suppose that there exists a real positive number n such that for each x € S

there exists a subspace E, of E, of codimension equal to 1, strictly separating
Oy(p(x)) and Op(p(—x)). Then 0 & Deg(p).

PROOF. Consider a selected pair (p,q) C ® of the form S Ly L F
Let &g = min(n,dist(0,(S))). By the assumption, &g > 0. We take an e-
approximation ¢.:Y — E*T! of ¢, with 0 < ¢ < gy (k > n). Consider the
diagram

Sk R p—l(Sk) i} Pk+1,

where py, is the restriction of p to the pair (S*, p~1(S*)) and G (y) = pr(v) — qx(y)
for each y € p~1(S*). Then we have an n-admissible map v: S¥ — P**1 given as
the composition ) = q~kp,;1.

Let EF = EFNE**!. Observe that dim E¥ = k. Since ¢. is an e-approximation
of q, e < m, by the assumption we have ¥(z) C O,(p(z)) for each z € S*¥. This
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implies that E¥ strictly separates ¢(z) and 1(—z) for each x € S¥. Applying
Theorem (43.9) to 1, we obtain 0 ¢ Deg(¢)) and hence 0 # deg(p, q). Since (p, q)
is an arbitrary selected pair of ®, we have 0 ¢ Deg(y) and the proof of theorem is
completed. O

From (43.26) and (43.28) we obtain

(43.29) COROLLARY. Let p: K — E be an n-admissible compact vector field
such that |s satisfies all the assumptions of (43.21). Then there is a point xg €
K\ S such that 0 € p(z9).

Now, for admissible compact vector fields we prove a stronger version of Theo-
rem (43.28)

(43.30) THEOREM. Let ¢:S — P be an admissible compact vector field. Sup-
pose that there exists n > 0 such that the following condition is satisfied:

(43.30.1) every half-ray L, = {z € E | z = ty for some t > 0} has an empty
intersection with the set O,(p(x)) or On(¢(—x)) for each x € S.

Then 0 & Deg(p).

OUTLINE OF THE PROOF. Consider the admissible map 1 given in the same
way as in the proof of (43.28). Applying Theorem (43.8) to the map 1, we deduce
(43.30). O

From (43.26) and (43.30) we infer

(43.31) COROLLARY. Let ¢: K — E be an admissible compact vector field such
that @|s satisfies all the assumptions of (43.30). Then there is a point xg € K\ S
such that 0 € ¢(z0).

Now we would like to present the infinite-dimensional version of the Bourgin—
Yang theorem. Let L, N be two linear closed subspaces of E. If for any = € F there
exists a unique decomposition x = y+ z, where y € L and z € N then we say that
FE is a direct sum of L and N; in this case we write £ = L @& N. Note that if L is
a finite-dimensional (respectively finite codimensional and closed) linear subspace
of E then there exists a closed linear subspace N C F such that F = L ® N and
codim N = dim L (respectively dim N = codim L).

Throughout the rest of the section, let Ey, k = 1,2,..., denote an arbitrary
but fixed closed, k-codimensional subspace of E. In what follows we assume that
for each k we are given a direct sum decomposition E = Ej, @ L*. We also let

S=Sp={zecE||z]=1}

The following two lemmas play a crucial role in our considerations:
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(43.32) LEMMA. Suppose @: S — Ej; is an admissible compact vector field and
€ > 0. Then there exists a finite dimensional subspace V- C Ej and an admissible
map ¢: SN (V& LF) —o V such that $(x) C O:(p(x)), for each x € SN (V @& L*).

PROOF. Let ® denote the compact part of ¢. Then we have a diagram
s 1L E

in which p is a Vietoris map, ¢ is compact and ¢(p~!(x)) C ®(x), for each z € S.
Denote by 71: E — E},, mp: E — LF the linear projections determined by the direct
sum decomposition E = Ej, @ L*F. Note, that 71, s are continuous and for each
x € E there is a unique decomposition z = 7 (z) +m2(z), 71 (x) € Ey, m2(z) € LF.
Define q1:I' — Ej, qo: T — LF by ¢; = m;0q, i = 1,2. Clearly ¢, g» are continuous
compact maps. For a given £ > 0 the Schauder Approximation Theorem implies
the existence of a finite dimensional subspace V' C FEj and a continuous map
q3:I' — V such that:

(43.32.1) llas(y) —a1(y)|| <e, forevery y € T.

Since p(x) C Ej, for all z € S, y € T implies ma(p(y) — ¢(y)) = 0. Thus fory € T
we have

m(p(y) — a3(y) — a1 (y)) = m2(p(y) — q(y)) + m2(q2(y) — g3(y)) = 0.

Therefore,

(43.32.2) (p(y) — a3(y) — a2(y)) € By, foryel.

Let X =Sn{Va® Lk),f = p~}(X) and define the multivalued map @: % — V
by ¢(z) = {p(y) — a3(y) — ¢2(y) | = = p(y)}. From (43.32.2) it follows that the
above definition is correct, i.e. g(z) C V, for z € X. If we let p: I — X to be the
restriction of p and ¢(y) = p(y) — q3(y) — g2(y), then we obtain a diagram

pyPEA NN Vs

)

in which p is a Vietoris map and ¢ is continuous. Since p(x) = q(p~!(x)) for each
x € X, ¢ is admissible. Finally, (43.32.1) implies that @(z) C O.(¢(x)) and the
proof is completed. U
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(43.33) LEMMA. Assume that X is a closed, bounded and symmetric (i.e. x €
X implies (—z) € X) subset of E. Assume further that ¢: X —o Ej is an s-
admissible compact vector field such that o(x)N(—x) =0, for each v € X. Then
there exists € > 0 such that Oz (p(x)) N O:(p(—x)) =0, for each x € X.

PROOF. Assume, to the contrary, that the conclusion is false. Then, taking
e=1/n,n=1,2,..., we obtain sequences {z, }, {yn}, {zn}, Tn € X, yn € @©(z,),
zn € p(—x,) such that:

1
(43.33.1) lyn — 20l < e for each n.

Let ® denote the compact part of ¢. There exist u, € ®(z,), v, € ®(—z,) such
that:

(43.33.2) Yn = Ty — Up, 2p = —Tp — Up.

Using (43.33.1) we obtain

2
(43.33.3) |Xn — un + Zn + v, || < e
Since ® is compact, we may assume without loss of generality, that
(43.33.4) lim u,, = ug, limwv, = vq.
n n

Thus, in view of (43.33.3), there exists ¢ = lim, 2, = (1/2)(ug — vg). Moreover,
since X is closed, z¢g € X. By (43.33.2) the sequences {yn},{zn} are convergent
and

1
ygzlimyn:xg—u0:—§(u0+vg):—xo—vozlimzn:zg. O
n n
(43.34) THEOREM (Borsuk—Ulam). If ¢: S — Ei is an s-admissible compact
vector field then there exists a point x € S such that: o(x) Np(—x) # 0.

PROOF. Assume to the contrary, that o(z) N o(—z) = 0, for each z € S.
Applying Lemma (43.33) we obtain € > 0 such that:

(43.34.1) Oc(o(z)) N O:(p(—x)) =0, foreach z € S.

From Lemma (43.32) it follows that there exist a finite dimensional subspace V' C
E, and a s-admissible map ¢: SN (V & L') — V such that ¢(z) C O (p(z)),
for + € SN (V @ L'). Therefore, in view of (43.34.1), $(z) N §(—z) = 0, for
x € SN (V& LY), which contradicts Theorem (43.10) and the proof of (43.34) is
completed. O

We consider an admissible compact vector field ¢: .S — Fyi, k > 1. We let

A(p) ={z € S| p(x) Np(—x) # 0}.
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(43.35) LEMMA. If ¢: S —o E} is an admissible compact vector field then A(p)
s nonempty, symmetric and compact.

It is evident that A(y) is symmetric and, by (43.34) nonempty. The proof of
a compactness of A(y) is strictly analogous to the proof of Lemma (43.33) and
therefore it is omitted here.

We will prove the genus version of the Bourgin—Yang theorem.

(43.36) THEOREM. If ¢:S —o E} is an admissible compact vector field then
Y(A(p)) > k1.

PROOF. Since for k = 1 our assertion follows from Theorem (43.34), we may
assume k > 2. Assume, to the contrary, that y(A(¢)) = p < k — 1. Choose
a (p + 1)-dimensional subspace V' C L*. There exists an odd continuous map
f:8(¢) — Sy ={z € V| ||zl = 1}. Let f:S — V be a continuous compact
(not necessarily odd) extension of f. Define an admissible compact vector field
p:S — Ep,®V by

pl) ={z—yly=2+f(x), z€ 2(z)},

where ® denotes the compact part of ¢. Applying Theorem (43.34) we get a point

xo € S such that g(zo)N@(—zg) # 0. This implies g € A(p) and f(xg) = f(—=0)-
Since zg € A(p), we get a contradiction and the proof is completed. O

Now, we denote by K a closed ball in a Banach space E with the center 0 and
radius ¢, and by S, the boundary of K in E. Let A be a subset of E.
A compact admissible field ¢: A — E is called an e-field provided the condition:

if (z1) Np(x2) # 0 then ||z — 22| <€

is satisfied for any x1, 22 € A. A compact admissible field ¢: A —o FE is called an
e-field in the narrow sense if for some constant 7 > 0 the condition:

if 0, (1)) N O (p(22)) # 0 then [l — o] < &

is satisfied for every x1,xo € A.
The proof of the theorem on the invariance of domain for e-fields in the narrow
sense is based on the following lemmas.

(43.37) LEMMA. Let p: K — E be an e-field in the narrow sense. Then:

(43.37.1) o(S) C E\{yo} for each yo € ¢(0), and
(43.37.2) 0 & Deg(p,y0)-

PROOF. For the proof of (43.37.1) we observe that if ¢(0) N¢(z) # O for some
z € K then O,(¢(0)) N O,(p(x)) # 0 and this implies that ||z|| < &; hence
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o(S) € E\ {yo} for each yp € ¢(0). Let : K — E be a compact part of ¢, i.e.
@ =1 —®. Consider a selected pair (p,q) C ® of the form K Ly 4 Fand
a point yo € E such that yo € ¢(0). Let § = min(n, dist(yo, ©(S))), where ¢ is an
e-field in the narrow sense with the constant 7. It is evident that § is a positive
real number. We take a d-approximation ¢s: Y — E**! of the compact map ¢
such that yo € E*L. Let K*! = K n E**! and Y = p~1(K**1). We have the
diagram

Kk-i—l <p_k Yk i) Ek+1,

in which py, is the restriction of p to the pair (Y, K**1) and g is given by gx(y) =
Pi(y) — 4s(y) for cach y € Yi.

Let @) K1 — EFFL be a multivalued map given by ¢i(z) = gr(p; ' (2))
for each € K¥*t1. Then ¢ is an admissible map. We assert that ¢, is an
e-map. Indeed, because 0 < § < 7, we have gi(z) C Os(p(z)) C Oy(p(x)) for
each € K*! and hence the condition ¢ (1) N ¢k (r2) # 0 implies O, (p(z1)) N
O, (¢(22)) # 0. Then, by assumption, we obtain ||z1 — 22| < ¢ and ¢ is an
e-map.

Applying Lemma (43.9) to the map ¢, we obtain 0 ¢ Deg(px; yo) and hence
deg(p, q) # 0. Since (p,q) is an arbitrary selected pair of ®, we obtain (43.37.2)
and the proof is completed. O

(43.38) LEMMA. If : K — E is an admissible compact vector field and yo &
©(S) then for every y1 € E such that |lyo — y1|| < dist(yo, ©(S)) we have

Deg(;90)} N {Deg(w;y1)} # 0.

PRrOOF. Consider the map x: K x [0,1] — E given by x(z,t) = = — X(z,t),
where x(z,t) = ®(z) + (ty1 + (1 — t)yo). It is evident that x(S x [0,1]) C E\ {0}
and x(S x [0,1]) is a closed subset of E. Therefore, x is a homotopy between
@ —1yo and ¢ — y; and our assertion follows from the homotopy property of the
topological degree. O

(43.39) REMARK. It is possible to prove that Deg(y; yo) = Deg(y;y1) for ¢ as
in (43.37) but we only need (43.37).
We now prove the main result of this section.

(43.40) THEOREM. If ¢: E —o E is an e-field in the narrow sense then ¢(FE)
is an open subset of E.

PROOF. Let yp € ¢(xg) be a point in ¢(FE). Consider the closed ball K, =
K (yo,e) and let ¢ = ¢| k. be the restriction of ¢ to K.. Then ¢): K, — E is an e-
field in the narrow sense. Applying Lemma (43.37) to ¢ we obtain 0 & Deg(¢), yo).
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Let y1 € E be a point such that |lyo — y1]| < dist(yo, ¥ (S:)). Then from (43.38)
and (43.37) we infer Deg(v; y1) # {0} and, in view of (5.10), we have y; € ¥(K.).
This implies that B(yo, ) C ¥(K.) C ¢(E), where B(yo, d) is the open ball in F
with center yo and radius 6 = dist(yo, 1(S:)). The proof of (43.40) is completed.[]

Because E is a connected space, from Theorem (43.40) we deduce:
(43.41) COROLLARY. If ¢: E — E is an e-field in the narrow sense, then
p(E)=E.
44. Category of morphisms

Given two spaces X and Y let D(X,Y) be the set of all diagrams of the form:
X £ 1Ly,

in which p is a Vietoris map and ¢ is a continuous map. Every such a diagram
will be denoted briefly by (p, q). Given two diagrams (p, q), (p’,¢') € D(X,Y) we
will write (p, ¢) ~ (p', ¢’) if there exists a homeomorphism h:T' — I such that the
following diagram is commutative:

UaL?

i.e. poh =pand ¢ oh = q. Clearly, is an equivalence relation in D(X,Y).

(44.1) DEFINITION. The equivalence class of a diagram (p, q) € D(X,Y") with
respect to ~ is denoted by

p={X &1 Ly}:X->Y

and is called a morphism from X to Y.

In what follows by M(X,Y") we will denote the set of all such morphisms. We
will denote morphisms by Greek letters ¢, 1, x, ..., and the singlevalued maps by
Latin letters f, g, h,p,q, .. .; we will identify a map f: X — Y with the morphism:

f=x & x Lyprx-y
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Note that for a map f: X — Y the following two diagrams are equivalent:

(44.1.1) X h Y

Ly
where the homeomorphism h: X — T'y is defined as follows: h(z) = (z, f(z)).
To compose two morphisms we shall use the fibre product construction (see
(8.11)). Let
p={X LT LY:X-Y and v={y &1 L2}y -7

be two morphisms. Then we have the following commutative diagram:

R

in which T' KT is the fibre product of ¢ and p’ and p’ and § are the respective
pull-backs.

Since the composition of two Vietoris maps is a Vietoris map, too (see (8.10))
we are allowed to define:

(44.2) DEFINITION. For two morphisms ¢: X — Y and ¢:Y — Z given as
above, we define the composition 1 o ¢ of 1) and ¢ by letting:

pop={x<LErrr 71X -7
(44.3) PROPOSITION. Definition (44.2) does not depend on the choice of dia-

grams (p,q) and (p',q") for ¢ and 1), respectively.

PROOF. Assume that (p,q) ~ (p,q) and (p',q¢') =~ (p’,¢’). We have to prove
that (pop/,q'0q) ~ (po 7.,q o E) In this order we consider the following two

commutative diagrams:

T T’

N N

X h Y Y n A

NN

T I
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where h and I/ are the respective homeomorphisms.
Now let us consider the following diagram:

XTI
pop’ q'oq
h&h Z
pop q'oq
XTI

in which (hXA')(u, v) = (h(u),h'(v)). Then hXA' is a well defined homeomorphism
and it is easy to see that the above diagram is commutative. Hence the proof is
completed. 0O

Observe that metric spaces as objects and morphisms form a category. The
homology functor H, extends over this category. Namely, for a morphism ¢ =
(X &1 -5 Y} X - Y we define the induced linear map

H.(¢) = p: H(X) — H(Y)
by putting:
(44.4) Pu=qeop, .

(44.5) PROPOSITION. The induced map ¢, does not depend on the choice of
the diagram (p,q).

PROOF. Assume that the following diagram is commutative:

1“/
where h is a homeomorphism. By applying functor H, to the above diagram we
obtain:
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Since py, pl and h, are isomorphisms, from the commutativity of the above dia-

gram we infer:
geopyt =qlo ()
and the proof is completed. O

(44.6) PROPOSITION. If o: X — Y and ¢:Y — Z are two morphisms then we
obtain:

(Yo @) =1y 0@y

PRrROOF. In fact, we have the commutative diagram:

g q
Irxr

By applying functor H, to the above diagram we obtain:

7 \—1

(Wop)=qd,0q,0oW,) top, = (d.o(p,) ") o(gops!) =1v.00.

and the proof is completed. O

Note that the above definition does not depend on the choice of the represen-
tative (p,q). Now, having a morphism ¢, we have defined a multivalued map
1: X —o Y determined by morphism ¢ which assigns to every z € X the com-
pact set ¢(z) = q(p~i(x)), where (p,q) is a representative of . Sometimes, for
simplicity, we will use the same notation for a morphism and a multivalued map
determined by this morphism.

Since any Vietoris map is proper, we conclude that a multivalued map deter-
mined by a morphism is u.s.c. with compact values.

We will say also that a morphism ¢ is compact if the multivalued map ¥,
determined by ¢, is a compact map.

(44.7) PROPOSITION. Any acyclic map is determined by a morphism. More-
over, any strongly admissible map is determined by a morphism, too.

PROOF. Let ¥: X — Y be an acyclic map. Then we have a diagram:

Py

i Fw Qv

X —Y.

It is evident that 1) is determined by the morphism

p={X &1, %yLXx -V
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If v: X — Y is strongly admissible, then according to the definition there is
a diagram:
X <&r-Ly

such that 1 (z) = ¢(p~*(x)). Hence 1 is determined by the morphism:
p={X &1 Ly}:X->Y

and the proof is completed. O

(44.8) REMARKS.

(44.8.1) The pair (py, gy ) representing the morphism determined by an acyclic
map 1 will be called the generic pair. In spite of the fact an acyclic map may be
determined by different morphisms but the following relation holds. Assume that
a morphism represented by a pair (p, q) determines an acyclic map . Then the
diagram:

Iy

is commutative, where f(u) = (p(u), ¢(u)) for every u € T.
(44.8.2) We have seen already that any (singlevalued) map is determined by
exactly one morphism (cf. (44.8.1)).

(44.9) EXAMPLE. Let ¢: {p} —o [0, 1] be an acyclic map defined as follows:

¢(p) = [0’ 1]'

Let I' = [0,1] x [0,1] and p:T' — {p}, p(t,s) = p and ¢:T' — [0,1], q(¢,s) = s for
every (t,s) € I'. Then ¥ (p) = q(p~*(p)) but the pair (p, q) is not equivalent to the
pair (py, ). So 9 is determined by two different morphisms. Observe that 'y, is
homeomorphic to [0, 1] but T" is not homeomorphic to [0, 1].

Let o = {X £=T -5 Y}: X — Y be a morphism and B be a subset of X.
In such a case one can define the restriction of ¢ to the set B as the morphism:

olp={B £ p'(B) LY} B-Y,

where p(u) = p(u) and ¢(u) = q(u) for every u € p~(B).
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(44.10) PROPOSITION. Let p; € M(X,Y;), j =1,2. Then there exists a mor-
phism ¢ € M(X, Y1 x Y2) (denoted by (v1,p2)) such that

o(x) = p1(x) X pa(x)  for every x € X.

PRrROOF. Indeed let (pj,q;), j = 1,2 be the representative pairs for ¢; and @2,
respectively. We have the diagram:

Fl%yl

p1
Xe—==T,Kly ——Y, x Y,
P2
FQL}/Q

in which T’y ¥ Ty is the fibre product of p; and ps and ¢(u,v) = (g1(w), g2(v)),
p(u,v) = p1(u) = pa(v). Then we let:

(p1,02) ={X & T1KIHL LV xY}: X - Y] x Y.

It left to the reader to verify that the above definition is correct. The proof
of (44.10) is completed. O

(44.11) PROPOSITION. Let p; € M(X;,Y;), j =1,2. Then there exists a mor-
phism ¢ (denoted by (w1 X p2)) such that (p1 X @2) € M(X1 x X2,Y1 x Y3), which
determines the map (x1,x2) — @1(x1) X @a(x2) for every (xz1,z2) € X1 X Xo.

PRrOOF. Having representative pairs (pj,q;), j = 1,2 for ¢;, j = 1,2 respec-
tively, we let ¢ = @1 X @2 to be the equivalence class of the pair (p1, Xp2, g1 X g2),
and the proof is completed. O

Let E be a real normed space. Consider two morphisms:
e={X &T%E:X—-F and v={X &T L E:X - E

and a continuous map f: X — R.
We would like to define two new morphisms:

(p+9) e M(X,E) and (f-¢) € M(X,E).

Let
®:ExFE—FE and O:F— R

be the algebraic operations in linear space E. In view of (44.11) we have:
(p,0): X = ExE and (f,¢):X — RXxE.

Consequently, we are allowed to define:
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(44.12) DEFINITION. We let
et =8(py), f-o=0(ap).

It follows from the composition law for morphisms and (44.11) that the Defini-
tion (44.12) is correct.

(44.13) REMARK. The notion of morphism was introduced in [GGr-2], where
a weaker equivalence relation between diagrams was considered. Note that that in
this section, for simplicity’s sake, we have considered only Vietoris mappings with
respect to the Cech homology functor with compact carriers, but all formulations
and results would be exactly the same if we considered the notion of Vietoris maps
with respect to the Cech cohomology functor.

We will end this section by introducing the notion of a homotopy of morphisms.
(44.14) DEFINITION. Two morphisms ¢, 9 € M(X,Y) are called homotopic
(written ¢ ~ 1), provided there exists a morphism x € M(X x [0, 1],Y) such that:

x(x,0) =p(z) and x(z,1)=1(x)
for every x € X, i.e.
p=xoip and Y =xoi,
where ig,i1: X — X x [0, 1] are defined ig(x) = (x,0), i1(z) = (z, 1).

Since homology (cohomology) functor satisfies the composition law in the case
of morphisms we conclude:

(44.15) PROPOSITION. If ¢ ~ 1) then p. = 1. (¢* = ¢*).

We will go back to the homotopy properties of morphisms in Section 46.

45. The Lefschetz fixed point theorem for morphisms

A morphism ¢: X — X is called a Lefschetz morphism provided ¢.: H(X) —
H(X) is a Leray endomorphism; for such ¢ we define the generalized Lefschetz
number by putting

Alp) = Apw)-
Immediately from (11.4) one can deduce:

(45.1) PROPOSITION. If the following diagram of metric spaces and morphisms

18 commutative:
7]

X —Y
I\
25} P2
X —Y

)
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then if one of the vertical arrows is a Lefschetz morphism, then so is the other and
in that case A(p1) = A(p2).

Let o = {X <=T -4 X}: X — X be a morphism. Recall that the coinci-

dence set s, 4 of (p,q) (see Section 12) is defined as follows:

spg =1y €T | py) = a(y)}-

(45.2) DEFINITION. We say that the morphism ¢ = {X <=T -4 X}: X —
X has a coincidence provided the set x(¢) = p(kp,q) is non-empty.

Note that the above definition does not depend on the choice of a representative
(p,q). Moreover, k(p) # 0 if and only if k, ; # 0 for some representative (p, q)
of .

Let ¢ = {X <= T -4 X}: X — X by a morphism and ¢: X — X, ¢(z) =
q(p~!(z)) be a multivalued map determined by . Then we have:

(45.3) PROPOSITION. k() # 0 if and only iof Fix(y) # 0.

Proof of (45.3) is self-evident.

Let us observe that from our definitions and provided properties it follows that
all results of the Section 43, about n-admissible maps, can be taken up on the
class of the newly defined morphisms.

46. Homotopical classification theorems for morphisms

In this section we will study the homotopy properties of morphisms. We prove
some generalizations of the classical Hopf classification theorems. The notion of
homotopy for morphisms was introduced already in Section 44 (see (44.14)).

(46.1) REMARK. Throughout this book we have assumed that all considered
topological spaces are metrizable. In this section we will not keep this assumption
however. We shall assume instead, that all considered spaces are paracompact.
First note (see [Sp-M]) that theorem (8.14) is true for paracompact spaces. Since
not every proper map is closed in paracompact spaces, in such a case, by Vietoris
map p: W = X we shall understand a closed map such that for every x € X
the set p~!(x) is nonempty, compact and acyclic (so p is a perfect surjection with
acyclic fibres). This assumption implies that the multivalued map ¢¥: X — Y,
determined by a morphism

p={X LW -LyhX Y,

is u.s.c. where p is a perfect surjection with acyclic fibres.
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Concluding, in this section (only!) we will consider morphisms of the following

type
p={X LW - LYhX Y,

where X,Y are metric spaces, W is a paracompact space and p is a perfect sur-
jection with acyclic fibres with respect to the Cech cohomology functor (cf. Re-
mark (44.13)).

The reason for the above changes is very simple. Namely, for a continuous map
f: X — Y we will consider three new spaces:

Xo®Y, XUfY and Zy

which are not metric in general (even if X and Y are metric).

Recall the definitions of X Y, X Uy Y and Z; (see [Sp-M] for details): By
X @Y we shall understand the disjoint union of X and Y. The space X Uy Y
is the space obtained by attaching X to Y by means of f:A — YA C X, i.e.
the quotient space obtained from X @ Y by identifying each point x € A with
f(z) € Y. By the cylinder Z; of f: X — Y we mean the space X x [0,1]U, Y,
where ¢: X x {1} = Y, q(z,1) = f(z).

(46.2) PROPOSITION. The homotopy relation ‘~’ is an equivalence relation in
M(X,Y).

For the proof of (46.2) we need the following lemma:

(46.3) LEMMA. Assume that X; = X x [(1/2)i,(1/2)(i + 1)], ¢ = 0,1 and
let ji: XoN Xy — X, ri: X; — X x [0,1] be inclusions. If p; € M(X;,Y) and
©wojo = p1j1, then there is ¢ € M(X x 1Y) such that p or; = ;, i = 0,1 and
I=10,1].

PROOF. Let X; <= W; -2 Y represent i, 1 = 0,1. We have a diagram:

XonX; & w-Ly

and mappings f;: W — p;'(Xo N X1) C W; such that p = p;o f;, ¢ = ¢ o fi,
i =0,1. Let W; =W x I, define g: W x {0,1} — Wy & W1 by g(w,i) = fi(w),
weW,i=0,1and put W = W; Ug Wo ® Wi. Moreover, let hy: W; — W,
i =0,1, and h: W; — W be the respective quotient maps. We shall define a cotriad
XxI £ W-%Y e D,, and Vietoris maps fo Wi — W;, where W; = p~ (X)),
such that p; f; = ﬁ|W7, and ¢ f; = §|W7, for 1 =0, 1.

To this end consider a map p: W X xI given by the formulae:

D(hi(w;)) = pi(w;), forw; € W, i=0,1,
p(h(w,t)) = p(w), forweW, tel.
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One can easily see that p is well-defined and P is a continuous surjection. For any
closed subset C C W,

B(C) = po(hg ' (C)) Upm(h™1(C)) Upy H(C)),
where 7: W — W is the projection. For any = € X we have:

1 .
51 (z) = hi(p; () forx e X;\ (XoNXy), i=0,1,
h(p~Y(x) x I) for x € Xo N X;.

Observe that

h-1(m) — (w,t) for t € (0,1),
= 7 (fi(w)) x {i} fort=1i=0,1;

hence h:p~Y(x) x I — p!(x) is a Vietoris map. Consequently, we infer that p is
a Vietoris map.

Define §: W — Y similarly as 7 above.

Since W; = p~1(X;) = hy(W;) U h(W;), we define f;: W; — W; by the formula

fi(hi(wy)) = w;, w; € Wi,
Fi(h(w, 1)) = filw), weW, tel, i=0,1.

Analogously, we can check that f, are Vietoris maps and p; o f; = p;|w,, ¢i0 f; =
qlw,, i = 0,1. At last, it is enough to represent ¢ € M(X x I,Y) by (p,q) and
the proof is completed. O

We are in a position to prove (46.2).

PROOF OF (46.2). It is easy to see that the relation ~ is symmetric and, by
Lemma (46.3) above, transitive. However, for a morphism ¢ € M(X,Y) we can
build its self-homotopy. Namely, if X <£&= W —% Y represents ¢, then we have

a diagram:
id id
Xx ITEZ=wx 155y, gla,t) = q)
which gives a needed homotopy. The proof of (46.2) is completed. O

We let M[X,Y] = M(X,Y)/~.
Now we would like to study the problem what are the conditions under which
a given morphism ¢ € M(X,Y) is homotopic to a map f: X — Y.
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(46.4) PROPOSITION. Let ¢ = {X <= W -5 Y}: X — Y and assume there
exists f: X — Y such that the following diagram:

w—sy

|7

X

is homotopically commutative, i.e. fop ~ q (as singlevalued mappings). Then
o~ f.

PRrROOF. Let Z = Z, be the cylinder of p. Definep:Z - X x I and q¢: Z = Y
by:

p(w,t) = (p(w),t), q(w,t) = f(p(w)) forweW, teJ,
p(x) = (1), q(z) = f(z) for x € X.

Since the inclusion i: W — Z is a cofibration, there is h: Z x J — Y such that
h(z,0) = q(z) and hlwxs = h, where h is a homotopy joining f o p and gq.

Let §:Z — Y be defined as § = h(-,1). Then (p,q) represents a morphism
x: X x I — Y which is a homotopy joining ¢ with f and the proof is completed.[J

For given two spaces X, Y, by [X,Y] we shall denote the set of all homotopy
classes of continuous mappings from X to Y, ie. [X,Y] = C(X,Y)/~, where
C(X,Y) is the set of all continuous mappings from X to ¥ and ‘~’ stands for the
homotopy relation.

The most general classification theorem is the following (see [Kr2-M], or [Krl]).

(46.5) THEOREM. Let X andY be two spaces such that

(46.5.1) dim X < +oo,
(46.5.2) Y € ANR and m,(Y) is finitely generated for everyn > 1,
(46.5.3) X orY is compact.

Then there exists a one to one correspondence T: M[X,Y] — [X,Y].

The proof of (46.5) is quite complicated and needs several topological construc-
tions including the obstruction theory, Eilenberg—-MacLane complexes and some
other facts and, therefore, is beyond the scope of this monograph (we recommend
[Kr2-M] or [Krl] for details).

(46.6) REMARK. Note that if (46.5) is considered in the relative version, i.e.
for p: (X, X') — (Y, Y”) we have to assume also that Y’ € ANR (see again [Kr2-M]
or [Krl]).

We will see in the next section that (46.5) is useful in the fixed point index
theory for morphisms.
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47. The fixed point index for morphisms

We shall define the fixed point index for morphisms in two steps. At first, for
morphisms in normed spaces, and then for morphisms of arbitrary ANRs. Let F
be a normed space and assume that A, X are closed subsets of E/ such that A C X.
By Ma(X, E) we shall denote the set of all compact morphisms from X to E such
that

Fix(y,) NA =0,

where 9, is a multivalued mapping determined by ¢. Note, that in this section
by a Vietoris map we mean ‘Vietoris with respect to the Cech cohomology functor
H*. Similarly, let C4(X, E) denote the set of all compact maps from X to E.
Within the class of M4 (X, F) we consider the following notion of a homotopy.
If p; € Ma(X,E), j =0,1 then we say that ¢y and 1 are homotopic (written
©o >~ 1) whenever, there exists a compact morphism x € M(X x [0, 1], E) such
that
Py(.yNA=0 forevery t e 0,1].

(47.1) AssuMPTION. In this section we shall assume finite-dimensionality of
the fibres p~!(z) for every considered Vietoris mapping p.

First we shall prove the following lemma:

(47.2) LEMMA. Let o = {X <= W -5 E}: X — E be a morphism such that
Fix(1,) N A = 0. Then there is a unique (up to homotopy in Ca(X,E)) map
F € Ca(X, E) such that there is a compact homotopy H: W x [0,1] — E joining
Fop with q and p(w) # H(w,t) forw e W, t € [0,1].

PROOF. Forany € > 0 there is a finite-dimensional linear subspace E. of E such
that AN E. # () and a Schauder projection m.: K — E. such that ||7.(z) —z| < ¢
for x € K (if dim F < oo then, e.g. E. = E and 7. is the inclusion K — E).

(1) By standard arguments one shows the existence of e > 0 such that {w €
W | lp(w) — mq(w)|| < 26} N W = @, where we put 7 := 7. Let L := E. and
assume, without loss of generality, that dim L > m + 1. In order to facilitate the

notion, we let

X =XNL, Ap = ANL,

W :=p 1 (XL), Wy :=p '(AL),

pr =pWp: Wy — Xp,  qn =nqWr: W, — L.
Clearly the spaces W, and W are compact.

(2) Evidently pr, — qr: (W, Wr) — (L,L\ 0). By (8.15) there is a unique
(up to homotopy) map fr:(Xr,Ar) — (L,L\ 0) such that hy: frpr ~ pr —
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qr: (Wr,Wp) — (L,L\0). Let F: X — L C E be a compact extension of the
map X1 2z — z — fr(x) € L. Clearly, Fix(F)N A = (), hence F € C4(X, E).
Let Hi: W x I — L C FE be a compact extension of the map

fp(w) forweW, t=0,
W x{0,1}UWL x I 3 (w,t) — < mq(w) forweW, t=1,
pr(w) —hy(w,t) forwe Wy, tel.

It is easy to see that, for w € W, t € I, p(w) # Hy(w,t). Now, Hy(-,0) = Fp,
Hy(-,1) = mq ~ g through the linear homotopy Ha(w,t) = (1—t)mq(w)+tq(w) for
w e W, t e l. Altogether, taking into account the choice of ¢, we have established
the existence part of the assertion.

(3) To show the uniqueness of [F], suppose that G € C4(X, E) and there is
a compact homotopy H: G ~ ¢ W — E and H(w,t) # p(w) forw € W, t € I.
In view of the choice of €, we can assume that H: G, ~ mg.

First, let us suppose that H is a finite-dimensional map, i.e. H(W x I) C N
(in particular G(X) C N), where N is a linear subspace of E,dim N < oo, and
LCN.

(i) If N = L then defining ¢g: X1, — L by g(z) = x — G(x), © € X, we see that
gpL =~ pr. — qr, and, by the uniqueness of [fr], g ~ fr. Hence F ~ G in Cy(X, E).

(ii) Suppose that L C N. Replacing in (47.2.1) L by N, we define Xy, An, Wx
and W and maps py: Wn — Xn, gy = 7qlwy: Wy — L C N. Moreover,
let gn(7) = * — G(z) for + € Xy. Therefore, gnpy ~ py — qn: (Wa, Wn) —
(N, N\ 0). Take any subspace N',L. C N’ C N such that N = N’ @Y (direct
sum), where dimY = 1.

We claim that there are F": X — N’/ F' ~ G in C4(X, F) and a compact
homotopy H': F'p ~ wq: W — E such that H'(W x I) C N’ and p(w) # H'(w,t)
forw e W,tel.

Let X' := X NN/, A :=ANN', W = p~1(X'), W o= p1(A") and p’ =
plw W' — X' ¢ = wqlw: W' — L C N'. Evidently, (p' — q’)(W/) C N\ 0;
hence, again by (8.15), there is amap f’: (X', A’) — (N’, N’\0) such that h': f'p’ ~
p—q'" (W’,W/) — (N’,N"\ 0). Assume that f’ is defined on N’ (if not, take an
arbitrary compact extension of f’ onto N’ with values in N’) and define a map
fn:Xn — N by the formula fy(x) = f'(2’) +y, z € X and z = 2/ + y is the
unique representation: =’ € N’, y € Y. Obviously, fxpny(Wx) C N\ 0. Consider
the map d: Wy x {0,1}UW’ x I — N given by

fnpn (w) for w e Wy, t =0,

dw,t) =< py(w) —gn(w) forwe Wy, t=1,
h (w,t) forwe W', t eI
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Since fnpn|W' = f'p’ and (py —qn)|wr = P’ —¢', we see that d is well-defined and
compact. Now let N* be the open half spaces of N determined by N’ and Y and
let Wi = p~H(XNNF). Hence Wy = W UW/UWy and, forw € WE, fnpn(w),
pn(w) — gy (w) € N*. Thus there is a compact extension h of d over W x I such
that h(Wix x I) C N* showing that h: fxpn =~ py —gn: (Wi, W) — (N, N\0).
By the uniqueness of [gn], fv =~ gn: (XN, An) — (N, N\ 0). Define F: X — N’
as a compact extension of the map Xy > ©z — x — fy(x) (observing that, if
z=x +y€ Xy, € N,yeY then z — fn(z) =2’ — f'(z') € N'). Clearly,
G~ F'in Cy(X,E). Let H:W x I — N’ be a compact extension of the map

F'p(w) forweW, t=0,
W x {0,1}UW’' x I 3 (w,t) — { mq(w) forweW, t=1,
p'(w) — Rk (w,t) forweW' tel.

One easily sees that, for w € W, t € I, p(w) # H'(w, t).

(iii) After at most codimy L steps we get a map F’ ~ G (in Cx(X, E)) and
H':F' ~ nq:W — L with H'(w,t) # p(w) for w € W, t € I. In view of (i),
F’~ F hence F ~ G in C4(X, E).

If the original H is not finite-dimensional, then take ¢’ > 0, ¢’ < ¢, such that
{we W | |7 H(w,t) — p(w)| < ¢ for some t € I} NW = ), where 7:cl H(W x
I) = N D L, dimN < oo, is a Schauder projection with ||7'(z) — z|| < & for
x €l HW xI).

Now 7' H:7'Gp ~ n'mq ~ nq and, for w € W, t € I, p(w) # 7' H(w,t). By
(i)—(iii) above, G ~ 7'G ~ F in C4(X, E). This completes the proof of Lemma
(47.2). O

Now, we prove the following:

(47.3) THEOREM. Under the above assumptions there is a bijection:
DZMA[X, E] = CA[X, E],

where M a[X, E] and Ca[X, E] denote the sets of the respective homotopy classes
of Ma(X, E) and Ca(X, E).

Observe that in comparison to (46.5), where the finite dimensionality of the
domain and the compactness of either the domain or the range were crucial, in the
case above (dim E = co) we have replaced these conditions by the compactness of
the respective maps.

PROOF OF (47.3). If dim E < +oco then the assertion follows almost immedi-
ately from (46.5). So we shall restrict our considerations to the case dim E = co.
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Let o € M 4[X, E], take an arbitrary ¢ € o and put K = cl4,(X). Of course,
the sets K and Fix(¢,) are compact.

Suppose X <= W —L, E is a representative of . Moreover, put W = p~1(A).
Now, we proceed by using (47.2). Take F € C4(X, E) in (47.2) and put

The verification that D is well defined (i.e. does not depend on the choice of ¢ € «
and (p,q) C ) is strictly technical and, therefore, we left it to the reader. The
proof of (47.3) is completed. O

Now, we would like to give a definition of the fixed point index for morphisms as
presented in ([Kr2]; cf. also [Kr1-M], [Kr2-M]). Note that the mentioned definition
is obtained in spirit of [Gol-M], [Bry], [BG-1], [Kul] and [Ku2].

Let A denote the class of all triples (F, U, ¢) where: E is a normed space, U is
open and bounded in E, ¢:U — E is a compact morphism such that Fix(t,) is
a compact subset of U.

We say that triples (E;,Uj, ¢;), j = 0, 1, are homotopic, if E; = E, U; =U C
E, j = 0,1 and there is a compact morphism x: U x [0, 1] — E which is a homotopy
between o and @1 and cl (U;epo,1) Fix(vp(t, .))) is a compact subset of U.

Consider a triple (E, U, ¢) with dim E = n. Let ¢ = {U L w4 E}. U —
E. There exists an open set V' C E such that:

Fix(¢y,) CV CcV C U.

We let X = clV, A = 9V. Then we can consider the following diagram (cf.
Section 12).
(B, P) &=L (W, W) £ (X, 4)

where W = p 1 (X), W = p~}(A), p= E\ {0} and we keep the notation of p, q
for the respective restrictions.
Consequently, we obtain the diagram:

(47.4) (L, P) 2=2 (W, W) = (X, A) 5 (L, L\ V) <2 (L, L\ B) % (L, P),

in which B is an open ball in L such that V- C B, L = E. Since H"(E, P) =~
H™(S™) = Z, we can choose a generator k € H"(FE, P). Similarly, as in Section 12
we define the fixed point index ind (E, U, ¢) of (E, U, ¢) as the number d € Z given
by the equality

(47.5) (ig")_l 05" o (if")_l o (p*")_1 o(p—q)™ (k) =d- k.
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From the functionality of H* it follows immediately that this definition is correct.
If (E,U, ¢) is an arbitrary triple in A, then again we choose V such that

Fix(yp) CV CcdV CU

and we put X = clV, A = 9V. Then, clearly p|x € Ma(X,E). Using the
notation from the proof of (47.3) (where we replace ¢ by ¢|x) and from the proof
of (47.2) (see (47.2.1)) we can get again the diagram (47.4) in which L is a finite
dimensional subspace an ¢ is a composition of the given ¢ with 7..

So, our index ind (E, U, ¢) defined in (47.5) is correct for arbitrary (E, U, ¢) € A,
i.e. it does not depend on choice of V', ¢, 7, L and B. Let us collect some properties
of the index ind .

(47.6) PROPOSITION. Let (E,U, ) € A.

(47.6.1) If ¢ determines a singlevalued map F, then ind (E, U, @) = i(F,U), where
i(F,U) is the ordinary fized point index (for singlevalued maps).
(47.6.2) (Units) If, for each x € U, p(x) = {zo} then:

1 if.]?oEU,

ind (E,U, ) = { 0 ool

(47.6.3) (Existence) If ind (E, U, ) # 0 then r(p) # 0.
(47.6.4) (Additivity) If Fix(¢,) C Ui, Ui, where U; are open disjoint subsets of
U then (E,U;,plu,) € A fori=1,...,r, and

T

ind (B, U, ¢) = Zind (B, Ui, ¢

i=1

U7)

(47.6.5) (Homotopy) If (E',U’,¢’) and (E,U, ) are homotopic then
ind (E,U, @) =ind (E',U’, ).

(47.6.6) (Contraction) If ¢’ € M(U, E') where E’ is a linear subspace of E, j: E’
— FE is the inclusion and j o ¢’ = ¢ then (E,UNE',¢|vnp) € A and

ind(E',UNE,¢|une) =ind (E, U, ).
(47.6.7) (Strong Units) If, for each x € U, p(x) = K C E then

1 if KNU#0D,

nd (5, U0) = { 0 ifKNU =10
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(47.6.8) (Multiplicativity) Let E’ be a normed space and U’ a bounded open subset
of E'. If (E',\U',¢') € A then (Ex E'\UxU",px¢') €A and

ind(Ex E',UxU',ox¢)=ind (E,U,p)-ind (E',U’, ¢").

The proof of (47.6) depends on the application of the definition and the Cech
cohomology functor and it is straightforward (strictly analogous as for singlevalued
maps see [Do-M] or also Section 12).

(47.7) REMARK. Note, similarly as for acyclic mappings, that if an index func-
tion satisfies property (47.6.1), Units, Additivity and Homology properties then it
is equal to ind defined in (47.5).

Now, we are going to define the fixed point index for morphisms of arbitrary
ANRs. Let B denote the class of all triples (X, U, ¢), where X € ANR, U is an open
subset of X and ¢: U — X is a compact morphism such that Fix(¢,) is a compact
subset of U. Similarly, two triples (X;,Uj, ;) € B, j = 0,1 are homotopic if
X, =X,U; =U, j=0,1 and there is a compact morphism x:U x [0,1] — X
such that x oi; = ¢;, 7 = 0,1, i;:U — U x [0,1], 4;(x) = (z,7), j = 0,1 and
cl Ute[o,l] Fix(t),.)) is a compact subset of U.

Let (X,U, ) € B. In view of the Arens—Eells embedding theorem, there is an
embedding i: X — i(X) C E of X onto a closed subset i(X) of a normed space E.
There is an open set V C E and a map 'V — U such that r o i|y = idy and
i~1(V) = U (indeed, since i(X) is a neighbourhood retract of E). Observe that
(E,U,iopor) e A. Therefore, we are allowed to let:

(47.7.1) ind (X,U,¢) =ind (E,V,iogpor).

(47.8) THEOREM. Let (X,U, ) € B.

(47.8.1) The above definition (47.7.1) is correct i.e. it does not depend on the
choice of i, E, V, r.

(47.8.2) (Contraction) If p(U) € Y, where Y C X is an ANR then (Y,Y N
U,olynu) € B and ind (X, U, ¢) =ind (Y, Y NU, ¢lynu)-

(47.8.3) (Topological Invariance) If ¥ € ANR and h: X — Y is a homeomor-
phism then (Y,h(U),hopoh™1) € B, and

(47.8.4) The defined index ind: B — Z satisfies the properties of Existence, Ad-
ditivity, Homotopy, Multiplicativity, Strong Unity and the restriction of
ind to singlevalued maps is equal to the ordinary index (as formulated
in (47.6)).

PROOF. Let i|c: X — Ej be an embedding of X onto a closed set Ay = ix(X)
in a normed space Ej, Vi, C Ej be an open set such that ikfl(Vk) = U and
ri: Ve — U be a map such that ryip =idg,, k=1, 2.
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We are to show that ind (E1, Vi, m1) = ind (E2, Va,n2), where n = igory, k =
1,2. Observe that A’ = igiflz Ay — A is a homeomorphism. Let £ = E; x E»
and ji: By — E, mp: E — Ej be given as follows:

]1('13) = (.13,0), 7T1(.13,y) =, ]2('13) = (0,.13), 7T2(.13,y) =Y

for y,x € Ei, k = 1,2. Clearly, mjr = idg,. We claim that there is a homeo-
morphism h: E — E such that hji|a, = joh’. Indeed, by the Dugundji extension
theorem, there are maps h{: E; — F3 and hi: E5 — E; such that hy|g, = b/ and
Byl a, = h' =1 Define hy: E — Ej, k = 1,2 by the formula

hi(z,y) = (z, Wi (@) +y), ho(z,y) = (x — hy(y),y)

and put h = hg o hy, then h is needed homeomorphism.

(1) Now, let us introduce some notation. For k = 1,2, we put W, = W;l(Vk),
sy = Jrix: X — E. Then sgl(Wk) = U and s = hs;. Let W = Wy N
h(W7) (observe that W is open and nonempty since s2(U) C W) and let f; =
rimh Hw: W — U, fo = roma|w: W — U. Then faso|v, fis2lv = 1u.

(2) In view of (47.6.6) and (47.6.4)

ind (El, ‘/1,771) = ind (E, Wl,j17717'('1) = ind (E, Wl, 81<pT17T1)
= ind (E, h(Wh), sorimih™ ") = ind (E, W, s20.f1)

and
ind (E2, Va,m2) = ind (E2, Wa, japams) = ind (£, W, s2¢f2)

since, as one easily checks,
Fix(soprimi(h ™ |hwy))) C W and  Fix(sapra(ma lw,)) C W.

(3) For any number n > 0, let N, = {x € X | inf{dx(z,2) | z € Fix(¢)} < n}.
Choose an « > 0 such that ¢l Ny, C U and ¢ | cl Ny, determines a compact map
and put U’' = N3,. There is an € € (0, «) such that, for x € cl Nyq, if y € p(z)
and dx (y,z) < € then & € N,.

(4) For any x € U’, by the continuity of f and since sa(x) € W there isa d, > 0
such that By = {z € E | ||z — s2(2)||g < 6z} C W and dx(f2(2),z) < €/2 for
2 € B, (vecall that fose(x) = x). Forx € U', let W, = f; 's5 " (B,) N fy 's5 ' (By)
and put W’ = [J{W, | z € U'}. Clearly s2(U’) C W’. One easily checks, using
(1), that Fix(s2pf1), Fix(sa@f2) C W’. Therefore, by (2) and (47.6.4)

ind (El? ‘/1?771) = ind (E? W/a 32<)0f1)a
ind (B2, Va,n2) = ind (E, W', s2p0f2).
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Consider the map I: W/ x I — FE given by [(z,t) = tsaf2(z) t € I, then there is
x € U’ such that z € Wy; hence safa(2), s2fi(z) € B, and I(z,t) € B, as well.
Now, define a morphism y by the formula y = sapfal. Evidently x determines
a locally compact map. Moreover, it is a matter of a more or less straightforward
calculation, based on the choice of e (see (3) and the choice of §,), to show that
the set {z € W' | z € ¥(z,t) for some t € I} is contained in sa(cl p(U’) N cl Nay,)
and thus, is compact. Now since x, as a homotopy, joins sapf1|w: with sepfo by
(47.6.5) we infer

ind (E1, Vi,m) = ind (E2, Va,12).

The other properties are self-evident and follow from the respective properties
in (47.6). Hence the proof is completed. O

Now, by using the same arguments as in Section 12 we obtain:

(47.9) PROPERTY (Normalization Property). If (X, X, ) € B then ¢ is a Lef-
schetz morphism and ind (X, X, ¢) = A(p).

Note that (47.9) connects this section with Section 45.

48. Noncompact morphisms

A morphism ¢: X — Y is called locally compact provided the determined mul-
tivalued map v,: X —o Y is locally compact, i.e. for every x € X there exists an
open neighbourhood U, of x in X such that the restriction |, of 1, to Uy is
a compact map.

(48.1) REMARK. In what follows we shall use the same notation ¢ for a mor-
phism ¢: X — Y and the associated map 9,: X — Y. So ¢: X — Y is a morphism
and ¢ = ¢,: X —o Y is the multivalued map determined by .

(48.2) LEMMA. Assume that ¢:U — X is a locally compact morphism with
Fix(p) compact, where U is a subset of X. Then there exists an open subset V' of
U such that Fix(¢) C V and ¢|v is compact, where Fix(y) = Fix(1,) = k().

PrOOF. Consider ¢:U — X. We choose an open neighbourhood U, C U of
x € U such that ¢|y,:U, — X is compact. Then {U,},crix(p) is a covering of
Fix(¢). Let {Us,,...,Us,} be a finite sub-covering. We let V = U,, U...UU,,
and the proof is completed. O

Let B; be the family of all triples (X, U, ¢) such that X € ANR, U is open in X,
p: U — X is a locally compact morphism such that Fix(¢p) is compact. Of course,
B CB.
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Below we would like to show that the fixed point index ind:B — Z can be
extended onto B;. Assume that (X, U, ) € B;. By using (47.2.1)?, we can choose
V C U such that Fix(y¢) C U and (X, V, ¢|v) € B. We let:

From Theorem (47.8) it follows that the above definition is correct. Moreover,
we obtain that this index has all properties as formulated in (47.8). The most
interesting problem is to show for which triples in 5; the normalization property
(47.9) holds true.

The rest of this section is devoted to this problem.

(48.4) REMARK. In what follows all considered morphisms are locally compact.
Note, that if X € E and dim F < +o0o then every morphism ¢: A — X, A C X is
locally compact. Moreover, for a subset A C X by A we shall denote cl (A) in X.

(48.5) DEFINITION. A morphism ¢: X — X is called eventually compact pro-
vided there exists n € N such that:

pt=po...0p

n
is compact.

(48.6) DEFINITION. A morphism ¢: X — X is called a compact attraction if
there exists a compact K C X such that, for each open neighbourhood V of K in
X we have X C |J;2, ¢ (V) and if " (2) C V, then for every m > n, ¢"™(z) C V
for every x € X.

(48.7) DEFINITION. A morphism ¢: X — X is called asymptotically compact if
the set Cy = (1,50 " (X) is nonempty and relatively compact, i.e. ,q @™ (X) is
compact (then V,, is called the center or core of ¢) and for every x € X the orbit
U0 ¢ (2) is relatively compact.

(48.8) DEFINITION. A morphism ¢: X — X is called a compact absorbing
contraction provided there exists an open U C X such that:

(48.8.1) (U) C U,
(48.8.2) the restriction ¢|y: U — U of ¢ to U is compact,
(48.8.3) for every x € X there is n = n, such that "= (z) C U.

We would like to point out that every compact morphism is eventually compact
and, also, a compact absorbing contraction.

Now, we shall explain connections between the above classes of morphisms. Our
considerations will be strictly analogous to those presented in Section 42.
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(48.9) PROPOSITION. Any eventually compact morphism ¢: X — X is a com-
pact absorbing contraction morphism.

PRrROOF. Let ¢: X — X be an eventually compact morphism such that K’ =

©"(X) is compact. Define

we have
oK) |Je'(K) CKUg"(X) CKUK' CK.
i=1

Since ¢ is locally compact, there exists an open neighbourhood Vj of K such that

L = ¢(Vh) is compact. There exists a sequence {V4,...,V,} of open subsets of X
such that L Np(V;) C V;—1 and K U " (L) C V; for all i = 1,... ,n. In fact,
if KU (L) C V,and 0 < i < n, since K U " ¢(L) and CV; N L are disjoint

compact sets of X, there exists an open subset W of X such that
KUue" (L)ycWcCcW cCV;UCL.

Define Vi1 = ¢~ (W); since o(K)Up(e"~CT(L)) ¢ KU (L) C W, we have
KU " (L) € Vigy and @(Viyy) € W C V; UCL implies LN @(Viy1) C V.
Beginning with K U™ (L) C K C Vp, we define, by induction Vi,...,V,, with the
desired properties.

Putting U = Vo NnViN...NV,, we have K’ ¢ K C U and

oU) CcoVo)ne(WVi)Nn...np(Vy) C LNne(Vi)N...Nne(V,),

hence

o) C (LNpV))N...0LNe(Va)NL CVoN...A Va1 NV, =T,

but ¢(U) is compact since p(U) C L. Moreover,
" . > .
XclJewx)ycJe
i=1 i=0

and the proof is completed. O

(48.10) PROPOSITION. Any compact attraction morphism is a compact absorb-
g contraction.

PROOF. Let ¢p: X — X be a compact attraction morphism, K a compact at-
tractor for ¢ and W, an open set of X such that K C W and L = (W) is
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compact. We have L C X C |J;=, ¢ *(W) hence, since L is compact, there exists
n € N such that L C |J;_, ¢ “(W). Define V = |J;_, o “(W); then

XclJew)cJe v,
=0 =0

e(V)c | e W) ceW)uV C LUV CV
=0

and
n

n n
et V) cJem ) = @) c | @),

i=0 §=0 §=0
which is compact and included in V, since L C V and ¢(V) C V implies that
@' (L) C V for all j € N. Consider the restriction ¢":V — V of ; ¢V — V
is an eventually compact map, since V' is an open set. By (47.9), there exists an
open set U of V, hence of X such that ¢/(U) = ¢(U) is a compact subset of U
and V C |22, ¢ (U) € Uiy ¢ ™ (U); hence

xclermclJe'vmc e,
=0 =0

and the proof is completed. O

(48.11) PROPOSITION. Any asymptotically compact morphism is a compact
absorbing contraction.

PRrROOF. Observe that C, = (1,5, %" (X) is a compact attractor. So, ¢ is
a compact attraction morphism and in view of (48.10) our Proposition (48.11) is
proved. O

It follows from the above that the class of compact absorbing contraction mor-
phisms is a big one. Consequently, the following theorem is interesting;:

(48.12) THEOREM. If X € ANR and ¢: X — X is a compact absorbing con-
traction morphism then ¢ is a Lefschetz morphism and A(p) # 0 implies that

Fix(p) # 0.

PROOF. We choose U according to the definition of compact absorbing con-
traction morphisms. Let

o:U—U, o(x) = p(x) for every z € U,
7 (X, U) = (X,U), p(x)=¢p(x) forevery z € X.

Consider p,: H(X,U) — H(X,U). Then p, is weakly nilpotent, because for every
x € X there is n = n, such that ¢"=(z) C U. Hence A(g,) = 0.
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Consequently, from (48.9) we infer that ¢ is a Lefschetz map. So, by applying
(11.5) we deduce that ¢ is a Lefschetz morphism and A(®) = A(@) + A(y).

Assume that A(¢) # 0. Then A(@) # 0 and by using the existence property @
has a fixed point, so Fix(¢) # 0 and the proof is completed. O

Many consequences of (48.12) can be obtained. We just mention the following:
(48.13) COROLLARY. If X € AR and ¢: X — X is a compact absorbing con-
traction morphism, then Fix(p) # 0.

49. n-Morphisms

The notion of a morphism is based on Vietoris maps. But instead of Vietoris
maps we can dispose Vietoris m-maps. So similarly to n-acyclic maps we can
consider also n-morphisms. Consider two diagrams

X/FXY
N, A

in which p and p; are n-Vietoris maps. We will say that (p,q) is equivalent to
(p1, ¢1) provided there is a homeomorphism such that the diagram is commutative:

Iy
Clearly, the relation (p, q) ~ (p1,q1) defined above is an equivalence relation. The
equivalence class for a diagram:
xtr Ly
in which p is a n-Vietoris map is denoted by
p={X L1 LyhX->Y

and is called a n-morphism from X to Y. In what follows by M,,(X,Y") we shall
denote the set of all n-morphisms from X to Y. Unfortunately a composition
of two n-morphisms is not a n-morphism but all the results obtained before for

n-acyclic maps can be generalized for n-morphisms. We left for the reader the
respective formulations and proofs.
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50. Multivalued maps with nonconnected values

Following B. O’Neill we would like to consider multivalued mappings with values
consisting of 1 or n acyclic components (see [Nel], [Ne2], [Dz1-M]). First we shall
recall one example owed to J. Jezierski (see [Je]). A multivalued map ¢: X — Y
is called finitely-valued provided for every x € X the set ¢(z) is finite.

Let C = R? denote the plane of complex numbers. Then ¢: C' — C, p(z) = {/z,
is a finitely-valued map. Moreover, ¢(z) consists of one or n acyclic components.
The following proposition shows us that multivalued mappings having one, two or
three values are not useful in the fixed point theory.

(50.1) PROPOSITION. One dimensional sphere S* C C' is (1-2-3)-contractible,
i.e. there exists a homotopy x: S* x [0,1] — ST such that:

(50.1.1) x(z,0) =z and x(z,1) = zg for every x € S*,
(50.1.2) x(z,t) has one or two or three values.
ProOF. We shall treat S' as a quotient space of R with respect to Z, i.e.
St =R/Z =10,1]/o~1. We define a sequence of singlevalued homotopies:
A17 A27 317 327 B37 017 02: Sl X [0? 1] - Sl
as follows:
0, (2.13‘ - t) ' (2 - t)_l)?
la 2.13‘(2 - t)_l)?
t(27t — |22 —271)) ifz <271
Bl(l‘,t) =
t(27t — 22 —3-27Y) ifx>274

By(z,t) =1 — By(z,t),
Bs(z,t) = 2z,

Ci(z,t) = Bi(x,1 —t),
Cy(x,t) = Ba(x,1 —1t)

We let A= Al UAQ, B = Bl UBQUBg, C = Cl UCQ. Then AOBOC is a desired
(1-2-3) contraction of S* which we can illustrate as follows:

As an easy consequence of (50.1) we obtain:
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(50.2) COROLLARY. Two dimensional closed ball K* C C fails (1-2-3) fized
point property, i.e. there is p: K? — K2 such that ¢ is u.s.c. and o(z) consists of
1, 2 or 3 points.

PROOF. Let x:S! x [0,1] —o S* be (1-2-3) contraction of S* to a point x¢ € S*
(as defined in (50.1)). We define ®: K? — S! by putting

2|71z, || if £ #£0,
() = { x([[=] [l2[]) #

To if z =0.

Then ¢ is (1-2-3) retraction of the ball K? onto S'. Consequently, the map
P K2 —o K? define by ¥(z) = —®(z) is a desired fixed point free map and the
proof is completed. U

(50.3) REMARK. Observe that all multivalued mappings considered in (50.1)
and (50.2) are not only u.s.c. but also l.s.c. and consequently continuous.

According to (50.1) and (50.2) in what follows we shall consider multivalued
mappings for which there is a fixed natural number n such that the values of these
mappings consist of one or n acyclic components (like: ®(z) = ¥/z).

As initiated in 1957 by B. O’Neill (see [Nel]) we shall see that multivalued
mappings of this type are convenient in the fixed point theory. Recall that an
u.s.c. map ®: X —o Y is said to be acyclic provided the set ®(z) is acyclic for
every € X. We will denote the class of acyclic maps from X to Y by Ay(X,Y)
instead of AC(X,Y") used earlier, i.e. AC(X,Y) = Ap(X,Y).

Let m be a positive integer.

(50.4) DEFINITION. A multivalued map ®: X — Y is in the class A,,(X,Y)
provided
(50.4.1) @ is continuous,

(50.4.2) For each z € X the set ®(z) consists of one or m acyclic components.
Note that A;(X,Y) C Ag(X,Y).

(50.5) EXAMPLES.

(50.5.1) Let C be the complex plane. Define a map ®:C' — C by ®(x) := {z |
2™ = x}. Tt is clear that ® € A,,(C,C).

(50.5.2) Let p: X — B be a finite covering with B connected. Define the
inverse map U: B — X, U(b) := p~(b). Since p is a local homeomorphism,
U is a continuous map and thus ¥ € A, (B, X), where n is the number of elements
in p~1(b).
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(50.5.3) Consider the map ®:[—1,1] —o [—1, 1] defined by

{l,z+1}  forz €[-1,0),
O(z) =< {1,-1} for x =0,
{-1,z—1} forz € (0,1].

Then ® is u.s.c. and 2-point-valued but not l.s.c. and hence ® ¢ A5([-1,1],[-1, 1]).
Observe that ® has no fixed points.

It is evident that the classes A,, are not closed under the composition law.

(50.6) DEFINITION. A decomposition (®1,...,P,) of a multivalued map &: X
— Y is a sequence of maps

1 ‘1’2 ‘i’g ‘i’n—l ‘i’n
X=Xg—oX;—0Xo—o- —0 X, 1 —0 X, =Y,

)

such that ®; € Ay, (Xi—1,X;), ® =P, 0...0P;. Wesay the map P is determined
by the decomposition (®1,...,®P,). The number n is said to be the length of
the decomposition (®1,...,®P,). We will denote the class of decompositions by
DAX,Y).

(50.7) REMARK. The two decompositions

i oS P, [ Do g
Xo—o X3 —o--—0X,, Xi—o0D1(Xg) —o Po(P1(Xp)) —o -+ —o X,,,

will be considered identical because they determine the same map ®. But we will
not identify a decomposition with the multivalued map it determines, as one map
® may be determined by different decompositions.

(50.8) EXAMPLE. Let f: X — Y be a singlevalued continuous map. It admits
the following decomposition:

$1: X — X x {0,1}, &y (z)
Py X x {0,1} = X, By(x,t)

{(2,0), (=, 1)},
f(z).

Here ®; € A3(X, X x {0,1}) and &5 € A; (X x {0,1}, X).
(50.9) REMARK. Elements of the class A;(X,Y") can be identified with decom-
positions of length one. Therefore, A;(X,Y) C DA(X,Y).

The restriction of (®q,...,P,) € DA(X,Y) to a subset A C X and the com-
position of (®1,...,®,) € DAX,Y) and (¥y,...,¥,) € DA(Y, Z) are defined in
the obvious way. Now we introduce the notion of a homotopy in DA(X,Y).
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(50.10) DEFINITION. Decompositions (®1,...,®P,), (¥y,...,¥,)eDA(X,Y)
are homotopic if there exists (01,...,0,) € DA(X x [0,1],Y) such that

(®1a---a®n)|X><{O}:((I)1a---a(I)n) and (®1a---7®n)|X><{1}:(\I/17---a\I/n)-

(50.11) PROPOSITION. If ®; is homotopic to U, in Ay, (X;—1,X;) for each i =
1,...,n then the decompositions (P1,...,®P,) and (¥y,...,¥,) are homotopic.

PROOF. Let H;: X;—1 x [0,1] — X; € A, (X;-1 % [0,1], X;) be a homotopy
joining ®; and ¥;. Define a map X;: X;_1 x [0,1] — X; x [0,1] by the for-
mula X;(z,t) := (H;(z,t),t). Then (Xi,...,X,_1,H,) is a homotopy joining
(P1,...,P,) and (¥q,...,T,) (cf. (50.7)). O

Let X, Y be two spaces.

(50.12) DEFINITION. An u.s.c. map ®: X —o Y is permissible provided it ad-
mits a selector ¥: X —o Y which is determined by a decomposition (¥q,...,¥,) €
DA(X,Y). If ® itself is determined by a decomposition (®q,...,®,) then it is
strongly permissible (s-permissible).

We will denote the class of permissible maps from X into Y by P(X,Y") and
the class of s-permissible maps by s-P(X,Y).

(50.13) EXAMPLES.

(50.13.1) The map ®: [—1,1] — [—1, 1] defined in (50.5.3) is an u.s.c. map which
is not permissible.

(50.13.2) Consider the map ¥:[—1,1] — [—1, 1] defined by ¥(x) := &(z) U{x},
where ® is the map from (50.5.3). Then ¥ is permissible because it admits the
identity map as a selector. But it is not strongly permissible.

(50.13.3) Let S* := {z € C | |z| = 1}. The map ®:S' — S! defined by
®(2) = {w | w? = z}, is s-permissible (it is in the class A3(S*, S')), but not
admissible.

(50.14) PROPOSITION.

(50.14.1) The composition of two permissible maps ®: X — Y and ¥:Y — Z is
permissible.

(50.14.2) The product of permissible maps is permissible.

PROOF. The first part is evident. We prove (50.14.2). Observe that if ® €
An(X,Y) then ® xid € A,,,(X x I,Y x I). Let the decomposition

D L) @
Xg —o X —o - —0 X,
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determine a selector ® of ®: Xo — X, and the decomposition

Wy Wy W
Yo —o¥i —o - —0 ¥y

determine a selector ¥ of U: Yy —o Y;,,. Then the decomposition
T, T, T, T, Uy k2
XoxYy— Xy xYyg—0: -+ —0 X, xYy— X, xY; —0--- —0 X, XY,

where ®;(z,y) := ®;(z) x {y}, V;(x,y) := {x} x ¥,;(y), determines a selector of
D x U, U

(50.15) DEFINITION. Two permissible maps ®, ¥: X — Y are homotopic if
there exists a permissible map ©: X x [0,1] — Y such that ©(z,0) C ®(z) and
O(z,1) C U(x) for z € X.

(50.16) PROPOSITION. If two permissible maps ®,V: X —o Y are homotopic

then they have selectors \I/ ® which are determined by homotopic decompositions.

PROOF. Let ©: X x [0,1] — Y be a homotopy. Assume that there is a selec-

tor © C © determined by a decomposition (O1,...,0,). Then the restrictions
(©1,...,00)|xx0y and (O1,...,0,)|xx {1} are homotopic and determine the de-
sired selectors ¥ and ® and the proof is completed. O

Now we shall define an approximation system for multivalued maps and then
the index for such systems. We will keep notations and notions presented at the
end of Section 5. Let (K, 7) and (L, ) be two finite simplicial complexes with
triangulations 7 and u, respectively. Let ®: (K, 7) —o (L, ) be an u.s.c. map.

(50.17) DEFINITION. Let k and [ be two natural numbers. A chain mapping
0: Co(K, ) — C.(L, pu¥) is called an (n, k)-approzimation of ® provided the fol-
lowing condition holds: for each simplex o € 7! there exists a point y(c) € K such
that
o C St"(y(o),7"), carrgo C St"(D(y(0)), u*).

(50.18) DEFINITION. A graded set A(®) = {A(®);}jen, where A(P); C
hom(C\ (K, "), C(L, 1)), is called an approzimation system (A-system) for &
provided there is an integer n = n(A) such that:

(50.18.1) If p € A(®); then ¢ = 1 0b, where ¢ is an (n, j)-approximation of ®,
(50.18.2) For every j € N there exists j; € N such that for m > j; and for all
p=¢p10be A(P); and ¢ =1 o b € A(P),, the diagram

C (K, 1) e C.(L, i)

C*(K, Tml) ¢—> C*(L,Mm)
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with mq > [; is homotopy commutative with a chain homotopy D sat-
isfying the following smallness condition:
(50.18.3) For any simplex o € 7! there exists a point 2(c) € K such that

o C St"(z(0),77), carr Do C St"(®(z(0)), p?).

(50.19) DEFINITION. Let &1, P: K —o L be u.s.c. maps and let H: K x[0,1] —o
L be an u.s.c. homotopy joining ®; and ®. Let A(P;) and A(P1) be A-systems
for ®; and ®,, respectively. They are H-homotopic provided there is an integer
m € N such that the following condition holds:

(50.19.1) For every j € N there is j; € N such that for any I > j; there are ¢ =
prob € A(P1); and ¥ = 3 0b € A(P2); such that ¢y, @1: Ci(K, h) —
C.(L, p') are chain homotopic with an H-small homotopy D, i.e.
(50.19.2) For o € 7! there is a point d(c) € K such that

o C St"(d(c),77), carr Do C St™(H(d(o) x I), u?).

(50.20) PROPOSITION. Let ®1: K —o L, ®o: L — M be u.s.c. maps and let
A(®y), A(D2) be A-systems for @y, P, respectively. Then the graded set A =
{A;}, where

Aj = A(P2)j 0 A(P1); :={p =201 | p2 € A(P2);, 1 € A(P1);}

is an A-system for the composition ®5 o ®y.

A simple example of an A-system is the family of all chain mappings induced
by simplical approximations of a given singlevalued continuous map (see [SeS]).
Let U C K be open and polyhedral and let ®: U — K be an w.s.c. map such
that x & ®(x) for x € OU. Let A(®) be an A-system for ®. Then the index
IA(K,®,U) € F is defined as follows:

Let denote by py: Ci(K, %) — C.(U,7*) the natural linear projection. Let
© € A(®)g. Then the “local Lefschetz number’

dim K

Apuow):= Y (=1)'tr(pu o p)i

=0

is defined, here we consider homology with coefficients in an arbitrary ring F', for
example F' = Q or F = Z. Tt has been proved in [SeS| that for sufficiently large
ko the above element of F' is independent of the choice of ¢ € A(®) (k > ko),
because all the approximations are small homotopic (see (50.5.2)).
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(50.21) DEFINITION. T4(K,®,U) := A(py o p) for p € A(®), k > ko.

(50.22) PROPOSITION (Additivity). Let Uy, Us be open, disjoint and polyhedral
subsets of U and ®:U —o K an u.s.c. mapping such that Fix® C Uy UUs. If A(®)
is an A-system for ® then

TA(K,®,U) = I4(K,®,U;) + 14(K, D, Us).

(50.23) COROLLARY (Excision). Let Uy C U be an open and polyhedral subset
of K and Fix® C Uy. Then

TA(K,®,U) = I4(K,®,Uy).

(50.24) PrOPOSITION (Homotopy Invariance). Let H:U x [0,1] —o K be an
u.s.c. homotopy such that x ¢ H(x,t) for x € OU and t € [0,1]. Let Ag, A1 be
H-homotopic A-systems for Hy = H(-,0), Hy = H(-,1), respectively. Then

Ia,(K,Ho,U) =14,(K,Hy,U).

(50.25) REMARK. Because of (50.22) one can define I4(K,®,V), where V is
open and not polyhedral, if &: . — K, V C L C K, and L is a subpolyhedron
of K. Then one puts I4(K,®,V) := I4(K,®,U) where U C V is polyhedral and
Fix g C U.

(50.26) PROPOSITION (Commutativity). Let W C K be open and let ®1: K —o
L, ®3: L — K be u.s.c. maps. Assume that x ¢ Po 0 O1(z) for x € OW and
y & ®10®y(y) fory € (P (W)). Assume further that if y € Fix ®10®y—5 (W)
then ®o(y)NFix oo @y |3 = (. Then for any A-systems A1 = A(®q), Ay = A(Dq)

Ta,0, (L, ®1 0 Bg, &5 (W) = Tay0a, (K, P30 ®y, W).

(50.27) PrROPOSITION (Mod-p Property). Let F' = Z,, p prime. Let W C K
be open and ®: K — K an u.s.c. map such that x & ®P(x) for x € OW. Assume
that if y € Fix ®” — W then ®*(y) N Fix ®P|3 = 0 for k < p. Then

IA(K, &, W) = Liw(K, &, W).

The detailed proofs of the above properties are given in [SeS]. Now we shall
use nerves of coverings for constructing chain approximations of decompositions
of multivalued maps. We will use here the notation introduced in Chapter I,
Section 5. The symbol i will stand for the simplicial map N(a) — N(3) defined
there. It was also defined for the induced map of chain complexes.

First we will prove the following technical lemma:
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(50.28) LEMMA. Let ® € A, (X,Y), ap € CovX, By € CovY, n € N. There
exist sequences of coverings c; € CovX, 3; € CovY,

Ong1 2 0p 2 ... 2 a0, Buy1 2060 2>...2 fo,

such that for each simplex s € N(«;) there are a point a (s) € X and a covering

Bi—1(s) € CovY (B; > Bi—1(s) > Bi—1) with the following properties:

(50.28.1) supp s C St(a(s), ai—1);

(50.28.2) ®(St(supp s, a;)) C St(P(s(s)), Bi—1(s));

(50.28.3) If C;(a(s)) are the components of ®(a(s)) then sets St*(Cj(a(s)), Bi—1(s))
are pairwise disjoint;

(50.28.4) For y € St(supp s, ;) and j=1,...,m

O(y) NSt(C(als)), Bi1(s)) # 0,

(50.28.5) (i)t HL(N (Bi-1(5)lse2(Cs (a(s)) o1 (s)))

— H*(N(ﬁz’—l)|St(¢>(a(s)),ﬁi_1)) s a zero homomorphism.

PROOF. Let n =0 and x € X. Since every component C; of ®(z) is acyclic,
by (5.12) there is 8 = fo(z) € CovY such that the sets Stz(Cj,ﬁ) are pairwise
disjoint and the homomorphisms

(igo)*i ﬁ*(N(ﬁ) |St2(cj,ﬁ)) - }NI*(N(ﬁO”St(@(x)ﬂo))

are trivial. By the continuity of ® there is a neighbourhood O, of x such that:

(i) 2(0:) C St(2(x), ),
(ii) for each y € Oy, ®(y) NSt(Cy, B) # 0,
(iii) the covering {O, }sex is a refinement of ay.

We choose a finite subcovering {O,, }¥_,. Let a; be a star-refinement of {O,,}.
For a simplex s € N(ay) we define a(s) := x; if supps C O, and [y(s) :=
Bo(x;). Let f1 be a common refinement of all 5y(x;). The above procedure can be
continued inductively. O

Such sequences («, §;) of coverings as in Lemma (50.28) will be called squeezing
sequences for (P, ag, Bo).

Recall that the Kronecker index of a 0-chain ¢ = ) ¢;0; is the sum Y ¢; (see
(SE-M]). Let us denote by N (a) the n-skeleton of the simplicial complex N (a).
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(50.29) DEFINITION. Let a,@ € Cov(X), 3,8 € Covy(Y)and ® € A,,(X,Y).
A chain map ¢: C,(N™ (@) — C.(N™(B)) is called an (o, 3)-approzimation of
® provided

(50.29.1) ¢ multiplies the Kronecker index by m.
(50.29.2) For each simplex s € N(™ (@) there is a point p(s) € X such that

supp s C St(p(s),a), supp s C St(®(p(s)), B).

(50.29.3) If dim s = 0 then for every component C; = C;(p(s)) of ®(p(s)),

supp ps C St(Cj, B8) # 0.

(50.30) THEOREM. Let ® € A,,,(X,Y), a € CovX, § € CovY. For everyn €
N there exist a refinement @ of a and an («, B)-approzimation p: Co(N™ (@) —
CL(N™(B)) of ®.

PROOF. From (50.28) we obtain a squeezing sequence (o, ;) with ap = « and
Bo = B. Define @ := a,, 1. We will construct the desired chain map ¢ inductively.
k =0. Let s be a vertex of N(@). By (50.28), we obtain a point a(sg) € X. If
the set ®(a(sp)) is connected then we define ¢gso := ma, where @ is an arbitrary
vertex of N(fBp4+1) with suppa C St(P(a(so)), Bn(s0)). If ®(a(sg)) consists of m
components then gsp := a1 + ...+ an,, where a; are vertices of N(8,41) such
that suppa; C St(Ci(a(sp)), ﬁn(SO)). So, we have defined ¢g: Co(N(ant1)) —
Co(N(Bn+1)). We would like to extend it to 1-chains. Let s be a 1-simplex in
N(@). Then 0s = s; — sp. Since a (sp) and a (s1) belong to St(supp s, a,),

D(a(so)) UP(a(s1)) € St(@(a(s)), Bn-1(s))-

Let wods = > a; — > b; with a;,b; € Co(N(Bn+1)). If ®(a(s)) is connected then
by (50.28.5)

Zg:ﬂ (Z(ai _ bz)> — Zaci’ where ¢; € C1(N(8n-1)).

If ®(a(s)) = U, Ci(a(s)) then for each pair a;,b;
supp(a; — bi) C St(Ci(a(s)), (Bn-1(s))-
Thus by (50.28.5), we obtain

Zg:_'—i( Q; — bz) = 8ci
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for some ¢; € C1(N(8r—1)) such that suppe¢; C St(Cs(a(s)), Bn—1). Let us define
©18:= Y ¢;. Hence we have obtained the following commutative diagram:

gn+1
zﬁ

Co(N(ans1) =2 Co(N (Bu11)) = Co(N(Bn_1))

o [

C1(N(an+1)) Ci(N(Brn-1)

1

Therefore, a chain map ¢1: Co(NM (o i1)) — Co(ND(B,_1)) is defined (on 0-

chains p1c :=ipgc). Now, assume that
er-1: Co(NF D (ar41)) = CoNF V(B p41))

is defined and satisfies conditions (50.29) with & = a1 and § = B,k )). Asinthe
step 0 = 1, we will define ¢i: Ck(N(n+1)) = Cr(N(Bn-k)). Let s € N(ant1)
be a k-simplex and 5 := iq""%, (s). From (50.28) we obtain a point a (3) and
a covering B, (35). Let s = > s;. dims; = k — 1. By our inductive assumption

we have p(s;) such that

supp s; C St(p(si), n—k+1),  Supp Pr—15; C SHP(p(s:)), Bn—k+1)-
But we also have the following inclusion:
B(p(s:)) € SHB(als)), Bu-1(3))
Therefore,
Supp @108 C St2(¢’(a(s)),ﬁn_k(§)).

Because of our assumption, ¢x—190s € Ci_1(N(Bn-k+1)) is a cycle. Hence by
(50.27.5) there is a chain ¢ € Cx (N (Bn—r)|st(®(a(3)),8,_x)) Such that

i pp_10s = dc.

Let us define s := ¢ and p(s) := a (5). For chains of lower dimension we put
@k =10 1. Then ¢, is the desired approximation . O

(50.31) DEFINITION. A chain homotopy D: C,.(N(a)) — C.(N(B)) is (P, «, §)-
small provided for each simplex s € N (@) there exists a point ¢(s) € X such that

supp s C St(c(s), ), supp Ds C St(®(c(d)), B).

Let ® € A,,(X,Y). We will prove the following:
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(50.32) PROPOSITION. For every two n-close (a, §)-approzimations ig"“ o,

and ig"“ o of ® with the same squeezing sequences (ai,ﬁi)?:ol the diagram

Co(NM(&)) — CL(N™ (B,11))

Bnt1
‘s

% C.(N™(5)

B
%

CL(N™ (@) = C(N (Bni1))

is homotopy commutative with a (P, «, §)-small homotopy D.

PROOF. Let sy be a vertex in N(&) and let 5y := ig(SO), 50 = 7r§n+1(50).
According to (50.23) we choose points p(sg), p(So), respectively for sp and 3.
From (50.28) we obtain a point a(Sp). Since supp sy C suppSg C supp S, it
follows that p(so), p(So) € St(supp S, @pn+1). Therefore,

@(p(s0) Up(30)) C St(P(a(50)), Bn(50))-

Since ¢ and 1) are approximations of ®,

supp pso C St(®(p(s0)), Bnr1), suppsg C St(P(p(50)), Brs1)-

Therefore,
supp ¢so U supp ¥so C St*(®(a(50)), Ba(50))-

Moreover, conditions (50.28.3) and (50.28.4) ensure that if sy = > .- a; and
P59 = Z:ll b; then there are m cycles of the form a; — b; with

supp(a; — b;) C StQ(Ci(a(gg)),ﬁn(gg)).

Because of (50.28.5) there is a chain ¢ € C1(N(f,)) such that

m
supp ¢ C St(®(a(S0)), Bn), Oc= Z(ai —b;) = psp — Y3p.
i=1
We define Dysp := ¢ and ¢(sg) := a (59). The construction of the chain homo-

topy follows inductively: Assume that D;: Ci(N™)(@)) — Ci1 (N (B, _r41)) are
defined for 7 < k and satisfy the~c0nditions:
(50.32.1) i pe— iyt wi% ¢ = dDic+ Di_1dc,
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(50.32.1) For each simplex s € N(a), dims = i, there is a point ¢(s) € X such
that

supp s C St(c(s), an—i), supp D;s C St(®(c(s)), Bn—i)-

Let s € N(a) be a k-simplex. We consider the simplex § := zgs and § :=
io, .S From (50.28) we obtain points p(s) and p(s). From (50.27) we have

a (3). They satisfy

p(s),p(3) € St(supp 5, an—r+1), P(p(s) Up(3)) C St(P(a(s)), Bn-r(5)).

Therefore,

suppiy s CSt*(@(a(3)), Buk(3)), suppiy Tl ¢FCS?(D(a(3)), Bui(3)).

Let 0s = Y s; and dims; = k — 1. By the inductive assumption we obtain
that supps; C St(c(s;j), wn—k+1). Hence c(s;) € St(supps, an—g+1) and thus
D(c(s;)) C St(P(a(s)), Br-r(8)). Therefore,

supp Dy_15; C St(®(c(s7)), Ba—r+1) C St*((a(3)), Bn—1(3)).

Let us consider the chain ¢ := ig:t;ﬁps — ig:f;lw? — Dj_10s. We deduce

from the above that supp ¢ C St*(®(a(3)), Bn_x(3)).
On the other hand we have

Oc = 0ips — diths — ODy_10s = 10ps — i0Yis — 0D _10s
= ipds — ipids — 0Dy _10s = ODy_10s + Dy_200s — 0Dy, _10s = 0.

Therefore, by (50.30.5), there exists a chain ¢ € Cj41(N(8,—)) such that d¢ = ¢
and suppé C St(®(a(3)), Bn-r). We define Dis := ¢ and ¢(s) := a(s). For

Bn—k+1

i < k we compose D; with ¢5""""". Since ¢ can only enlarge supports, the D;
satisfy (50.32.1), (50.32.2). In the n-th step one obtains a desired (@, «, 3)-small
homotopy D. O

(50.33) PROPOSITION. For arbitrary two n-close («, 3)-approxzimations
@: CL(NM (@) = CL(N™(B))  and ¢: CL(N™(@)) — C.(N™(B))

of ® there exists o/ € Cov(X) such that ¢ 0 i2 and ¥ o igf are (¥, a, 3)-small
homotopic.

PROOF. Let p = ig"“ opy and ¢ = ig"“owl. There exist common refinements:

Qof @, &, Qnt1, @nt1, and B of Byi1, Bypq. We construct an (@, B)-approximation
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0: CL(N™ (o)) — C*(N(")(ﬁl) of ® using (50.29). From (50.32) we deduce that

po ig' is small homotopic to zg o ¢ with a homotopy D1, 9o igf is small homotopic

to zg o o with a homotopy Ds. Therefore, D; + D5 is a small homotopy joining

@oi andqpoi%'. O
(50.34) REMARK. Note that the only place where the continuity of the map ®

is important is the proof (50.27.3) and (50.27.4). If ® is an acyclic map then we
can assume it to be u.s.c. only.

(50.35) LEMMA. Let ®1: X7 —o X3, Po: X3 —o X3 be u.s.c. maps, X1, X2, X3
compact spaces and o € Cov(X1), v € Cov(X3). There exists § € Cov(Xz) such
that for each y € X there is a point u(y) € X1 such that

y e St(u(y), Oé), ¢2(St2(¢1(y)?ﬁ)) - St((bg 0 (bl(u(y))?’}/)-

PROOF. The set St(®2 o ®y(y), ) is a neighbourhood of the compact set ®q o
®,(y) in X3. Thus for every = € ®;(y) there exists a covering 3(x) € Cov(Xy)
such that ®5(St(z, B(x))) C St(Py0®y(y), 7). So, the set U := |J{St(z, B(x)):x €
®4(y)} is a neighbourhood of ®1(y) such that ®o(U) C St(P2 o D1(y),7). Since
®,(y) is a compact set, there is ((y) € Cov(Xy) such that St*(®,(y), 8(y)) C U.
Hence,

D(St7(1(y), B(y))) C St(P2 0 @1(y),7)-

Now, it is sufficient to show that there is 5 € Cov(X3) such that for every z € X;
there is u(y) € X1 such that

y € St(uly),a), St*(Ri(y), B) C S (@1 (u(y)), Bu(y))).

Suppose on the contrary that for every 3 € Cov(Xs) there is yg € X; such that
for each z € St(yg, o)

(50.35.1) St*(@1(ys), B) ¢ St*(P1(z), B(2)).

We can assume that the net {yg} converges to yo, because X7 is compact. The
set St(P1(yo), B(yo)) is a neighbourhood of ®4(yp) in X5. Since ®; is u.s.c. there
is a covering ag > « such that ®;(St(yo, o)) C St(P1(yo0), B(yo)). There exists

B1 € Cov(Xz) such that, for every 5 > (i, Y5 € St(yo, o), and consequently

‘Dl(yg) C St(®1(0), B(y0))-

Hence, St2(<b1(yg),5) C St?’((bl(yo),ﬁ(yo)) and gy € St(yg, ap) C St(yg,a). A
contradiction with (50.35.1). O
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(50.36) DEFINITION. Let (®q,...,%;) € DA(Xo, Xk), ®; € A, (Xi—1, X5).

Let a,@ € Cov(Xy), B, 8 € Cov(Xy). A chain map ¢: C,(N™(@)) — C.(N™(B))
is an (a, B)-approzimation of (®q,...,Py) provided that:

(50.36.1) o multiplies the Kronecker index by m = m; ...my;
(50.36.2) For each simplex s € N (@) there is a point p(s) € Xy and r € N such
that

supp s C St"(p(s), ), suppps C St"(®(p(s)), B),

where ® is a map determined by (®q,...,Py).

(50.37) PROPOSITION. Let &1 € DA(X:,X5), ®o € DA(X2, X3). Let the
coverings a € Cov(X1) and v € Cov(X3) be given. There is a covering 3 €
Cov(X3) such that if ¢: C.(N™(@&)) — C.(N™(3)) is an (o, B)-approzimation
of ®1 and - C*(N(")(B)) — C.(N™ (%)) is a (B,7)-approzimation of ®y then
Yo is an (o, y)-approximation of P o0 Py € DA(X1, X3).

PROOF. (50.36.1) is evident. We prove (50.36.2). For simplicity we assume
that r; = ro = 1. Let 8 € Cov(X2) be obtained from (50.35). If ¢ is an (a, 3)-
approximation of ®1, then for each simplex s € N(&) there is a point p(s) € X
such that

supp s C St(p(s),«), supp s C St(P1(p(s)), 5).

From (50.35) we obtain a point u = u(p(s)) € X1 such that

p(s) € St(u, ),  Ba(St*(P1(p(s)), B)) C St(P2 0 P1(u), 7).

Therefore, supp s C St?(u, a).
Let s = Y a;s;. For every s; there is p(s;) € X3 such that

supp s; C St(p(si), B), supp¥si C St(P2(p(s:)),7)-
Hence, p(s;) € St*(®,(p(s)), B) and
supp ¥s; C St(®2(St*(p(s), £)),7) C St (@2 0 @1 (u), 7).
Since tps = 3 azps;, we obtain
supp s C St?(u, a), supp s C St*(Py 0 @y (u), 7).

The proof is finished. U
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(50.38) COROLLARY. Let (®q,...,P;) € DA(Xo, Xi). Let a € Cov(Xp), B €
Cov(Xy), n € N. Then there exists an («, 3)-approzimation p: Co(N™ (@) —
C.(N™(3)) of (®1,...,®y) which is a composition of chain approzimations of
the ®;.

PROOF. The proof proceeds by induction on the length k. For k£ = 1 the
assertion follows from (50.29) and (50.37) is used in the inductive step. O

(50.39) PROPOSITION. Compositions of small homotopic and sufficiently fine
chain approximations are also small homotopic.

PROOF. Let ®; € DA(Xy, X2), P2 € DA(X2,X3) and let a,@ € Cov(Xy),
B, 3 € Cov(X2), v € Cov(X3). Assume that the following diagram is given:

CL (N (@) ——2——s CL (N (B)) ——2—— CL(N™(4))
id Q8] id (I1) id

CL(NO (@) ———— (N (B)) —————— C(N (7))

where (I) is a homotopy commutative with a (®1, a, 3)-small homotopy D; and (IT)
is a homotopy commutative with a (P2, 3, v)-small homotopy D (cf. 50.35). Let
the covering 3 be fine enough to satisfy (50.35). We prove that D := 42 D1 + D21
is a chain homotopy joining @2¢1 and 9 o ¢y that it is (P, a,7)-small, where
P =Py0P;. Let s € N(")(E) be a simplex. Then
o118 — @218 = YaP1S — Y1 + Pap1s — paprs
= ¢2(8D18 + Dlas) + 8D2<p18 + D284p18
= 0(¢p2D15 + Dap18) + (¥2D1 + Da2ip1)0s.
Therefore, D is a chain homotopy. Now, we check the smallness condition. From
(50.31) we obtain a point ¢(s) € Xy such that
supp s C St(c(s),«), supp Dis C St(¥1(c(s)), B).
By (50.35), we find a point u = u(c(s)) € X1 such that
c(s) € St(u, ), @2(St*(P1(c(s)), B)) C St(@2 0 P1(u), ).

Thus supps C Stz(u,a). We show that supp Ds C St2(<1>2 o ®y(u),7y). But
supp Ds = supp 9 D1s U supp Dap1s. Let Dis = > a;s;. For each s; there is
p(si) € X5 such that

supp s C St(p(si), #), suppthas; C St(L2(p(si), 7).
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Hence p(s;) € St*(®4(c(s)), 3) and
supp thas; C St(®o St2(®1(c(s)), B),7) C St (P 0 B (u), ).

Therefore,
supp ¥2D1s = |_Jsupp vhas; C St*(®2 0 @1 (u), 7).

(3

Note that supp ps C Dis. Let ¢15 = > b;s;. By (50.31), for each s; € N™(B)
there is a point ¢(s;) € X» such that

supp s; C St(c(s;), 5), supDas; C St(Pa(c(sj)),)-
But we note that c(s;) € St*(¥,(c(s)), 3) and consequently
supp Dasj C St*(®g 0 @y (u), 7).

Therefore,
supp Dap1s = Usupp Dysj C St*(®y 0 @1 (u),7)
J

and our proof is finished. O

51. A fixed point index of decompositions for finite polyhedra

In this section we shall use the previous results to construct a fixed point index
theory on compact polyhedra.

Let X and Y be two compact spaces. Let (®1,...,®;) € DA(X,Y). Then
each chain approximation ¢: C.(N ™ (a)) — C.(N™(B)) of (®1,...,®) induces
a homomorphism

e H(N™(a)) — H(N™(B)).

Assume that the chain approximations considered are compositions of n-close ap-
proximations of the ®;. From (50.33) and (50.39) we deduce that for sufficiently
fine coverings «, 3 the diagram

H.(N™ (@) = H.(N™(5))

&
za*T

HL(NO(&)) —— H.(N)(5))

commutes, where a > @ > «, 5 > (3> (3 and @, are (o, B)-approximations of
(®1,...,Pk). Therefore, one can define the induced homomorphism

(®1,...,0p)w: Ho(X) — HL(Y)
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by the formula
(51.1) (@1, , Pr)g = {iLn{QD*q: Hq(N(")(a)) - Hq(N(n)(ﬁ))}

for ¢ < m. This homomorphism is nontrivial in the sense of O’Neill (see [Nel]),
i.e. it is a nonzero homomorphism of the 0-th homology vector spaces.

Let (X, A) and (Y, B) be compact pairs and let ® be a map determined by
(®1,...,P;) € DA(X,Y) such that ®(A) C B. Let @ € CovX and 3 € CovY be
such that ®(St?(A, a)) C St(B, 3). Let 5 € CovY be a star-refinement of 3. Con-
sider a chain map ¢: C,(N(@)) — C,(N)(3)) which is an (a, 5)-approximation
of (Bq,...,Px).

If a chain ¢ € C.(N™(@)) is such that suppc C St(A,@) then supppc C
StZ(B,E) C St(B, ). This follows from (50.36.2) (without loss of generality we
can assume that ¢ satisfies (50.36.2) with » = 1). Therefore, ¥ = zg o is a chain
map of the relative chain complexes:

7 CL(N(@), N @)y, 1 77) — Co(N(B), N (D)l (5,6

Now, a formula similar to (51.1) gives a definition of the relative induced homo-
morphism ([ES-M]):

(51.2) (®1,...,Pp). Ho(X, A) — H.(Y,B).

Let (X, A) and (Y, B) be two arbitrary pairs. If ® is determined by (®q,...,®;) €
DA(X,Y) then by (14.9), the image ®(C') of any compact set C' C X is a compact
subset of Y. Assume that ®(A) C B. Then the procedure given in Section 5
of Chapter I can be applied. Therefore, we obtain the induced homology homo-
morphism (®1,...,®y).: Ho(X, A) — H.(Y,B), where H is the Cech homology
functor with compact carriers and coefficients in the field Q.

Let (K, 7) be a polyhedron with a fixed triangulation 7. The covering associated
with the triangulation 7 is a(7) := {st(v;, 7) := Int St(v;, 7)}, where v; are vertices
of 7. There are simplicial maps 6: (K,7) — N(a(7)) and A\: N(a(7)) — (K, 7)
defined on vertices by 6(v) := st(v,7) and A(st(v,7)) := v. These maps define
the canonical simplicial isomorphism between the complexes (K, 7) and N(a(7)).
Moreover, carr s C supp #s and supp o C St(carr Ao, a(7)).

Let (®4,...,P;) € DA(K, L). Let 7 be a triangulation of K and p a triangu-
lation of L. We define A;(®1,...,®Px) to be the set of chain maps ¢: C,.(K,77) —
C.(L, ji7), which are of the form ¢ = Aoy o...0p;000b, where b is the standard
subdivision map, A and 6 are induced by the above-named isomorphism for p/,
77, respectively, and ¢; are n-close chain approximations of ®;; n = dim K.
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(51.3) PROPOSITION. The graded set {A;(®1,...,Px)}; is an A-system for
the map ® determined by (®q,...,Pg).

PrOOF. From (50.30) and (50.38) we deduce that the sets A;(®1,...,Py) are
nonempty for arbitrarily large j. Condition (50.18.2) follows from Propositions
(50.33) and (50.39). d

(51.4) DEFINITION. The above A-system is said to be an induced A-system of
the decomposition (®1,...,P;). We denote it by A, (Py,..., k).

Since every element ¢ of A;(®q,...,P;) induces a homology homomorphism,
using (50.18.2) we obtain the induced homomorphism

(A(D1, ..., D)) Ho(K) — Hi(L).
A straightforward consequence of the definitions is given by

(51.5) PROPOSITION. If X and Y are compact polyhedra and (®q,...,Py) €
DA(X,Y) then
(P1,. .., Pp)e = (Au(P1, ..., D))
Let X be a compact polyhedron and let ® be a map determined by a decom-
position (®q,...,P;) € DA(X,X). Let U be an open subset of X such that
x & ®(x) for x € OU.

(51.6) DEFINITION. We define a fized point index i(X, (®1,...,®;),U) of a de-
composition (P, ..., Py) with respect to U by

Z(X, ((I)l, - ,(I)k), U) = IA*(@L.“’@k)(X,(I), U)

(51.7) PROPOSITION. Definition (51.6) does not depend on the triangulation T
of X.

PROOF. Let A,(®y,...,®;) and A, (P,...,®P;) be constructed for triangu-
lations 7 and 79, respectively. Given j € N there is an integer j; such that
a(rd) > a(r?). Let ¢: Co(N™(a(r"))) — C.(N™(a(7]"))) be an approxima-
tion of ® such that

AoobBobe A (P1,...,Pp).

Let [ be an integer such that a(7!) > a(7g').
We define a chain map ¢: C, (N (a(7!))) — C.(N™(a(77))) by the formula

.(X(Tgl )

Y= Ty (i) otoi

a(TZ)

a(rg!)’

It is also an approximation of ® and Aowofob € A;(Py,...,Py). Note that the
only difference between ¢ and 1 is in the natural maps i. Therefore, one easily
verifies that A, and A, have the same index. O
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(51.8) LEMMA. Let H: X xI =Y € A, (X x1,Y) be a homotopy (I = [0, 1]).
Then for every pair o € CovX and 8 € CovY there are (o, 3)-approzimations ¢
of Hy and @1 of Hy which are chain homotopic with an (H, o, §)-small homotopy D
(see (50.18.2)).

PROOF. For every z € X there is a neighbourhood O, C X of x such that
H(O, x I) C St(H({z}) x I),3). We can assume that the covering {O},cx is
a refinement of . Let {O,,}%_; be a finite subcovering of {O,}. Let @ be a star-
refinement of {O,,}. Now, we consider a covering v of X xI, v :={UxI | U € @}.
There exists a (7, §)-approximation of H, 1: C,, (N1 (7)) — C,(N"+D(5)). We
can assume that 7 consists of set of the form U x V, where U C X and V C I.
Then N(¥) = N(a) x N(n), where a = {U}, n={V} and ¥ = {U x V}. We can
also assume that the complex N(n) is 1-dimensional. Let us define, for i = 0, 1,
@i = w|N(g)><{V7¢}’ where V; are such that ¢ € V;. Obviously N(a) x {V;} = N(a)
and one easily verifies that the ¢; are («, §)-approximations of H;, i =0, 1.

Let s € N(a) be a simplex and consider the chain s x I = Y s;, where s; are
simplex of N (7). We define Ds := (s x I). Since 1 is an approximation of H,
for each s; there is a point p(s;) € X x I such that

supp s; C St(p(s;),7), suppvs; C St(H(p(s;)), 8).
Since a > @, there is a set O, such that St(supp s,@) C O,,. Therefore,
H(St(supp s, @) x I) C St(H({z;} x I), ).
Let p(s;) = (pj,t;). Then p; € St(supp s&) and hence
supp ¢s; C St(H({z;} x I), 5).

We put d(s) := z; (see (50.18.2)) and the proof is complete. O

(51.9) PROPOSITION. Let X andY be compact polyhedra and let (®q, ..., Py),
(Uy,...,P%) € DA(X,Y) be homotopic. If H: X x I — Y is the map deter-
mined by the joining homotopy then the induced A-systems A.(®1,...,Px) and
A (Uq,...,9) are H-homotopic (see (50.18)).

PRrOOF. Without loss of generality we can assume that @9 = Wy, ... &) = Uy,
and @, is homotopic to ¥y in A, (X, X1). By (51.8), there are arbitrarily fine ap-
proximations of ®; and ¥y which are h;-small homotopic (where H is determined
by (hi,...,h;)). We obtain the desired H-small homotopic approximations of
(®1,...,Px) and (¥y,...,P) by composing those from (51.8) with the approxi-
mations of the maps ho, ..., hg. O
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(51.10) THEOREM. The fized point index satisfies the following properties:

(51.10.1) (Additivity) Let ® be determined by the decomposition (®1,...,Py) €
DA(X, X), where X is a compact polyhedron. Assume that Uy and Us
are open disjoint subsets of an open set U C X and Fix ®|z C Uy UUs.
Then

WX, (Pr,...,Pk),U) =i(X, (P1,..., D), U1) +i(X, (P1,...,Dk), Ua).

(51.10.2) (Homotopy Invariance) Let (®1,...,®x) and (Vy,..., V) be homotopic
and let the map H: X x [0,1] — Y determined by the homotopy satisfy
x & H(z,t) forx € OU and t € [0,1]. Then

WX, (@1, ..., Pr),U) = (X, (Vyq,...,P),U).
(51.10.3) (Normalization) If (®4,...,®;) € DA(X, X) and

A@1, . B)e =D (1) (@1, ..., Br));

then i(X, (®1,...,0), X) = N1, ..., Bp)..

(51.10.4) (Commutativity) Let X, Y be compact polyhedra and ® € DA(X,Y),
U € DAY, X). Denote by the same letters the maps determined by
O and V. Let W be an open subset of X such that © ¢ U o ®(x) for
x €W, yg ®oV(y) forye d(¥LW)) and

U(Fix® oW — U~ H(W)) NFix ¥ o @5 = 0.

Then i(X, Vo ®, W) =i(Y,® o0 T, U~L(W)).

(51.10.5) (Mod-p Property) Let F' = Z,, p prime. Let ® € DA(X, X) and denote
by same letter the map determined by ®. Let W C X be open and
assume that © & ®P(x) for x € OW and

P*(Fix ®? — W) NFix |z =0  for k < p.

Then (X, ®, W) = i(X, dP, W).

PrOOF. (51.10.1) is an immediate consequence of (50.21) (see (50.24)). The
homotopy invariance follows from (50.23) and (51.9). The normalization property
is a consequence of (51.5) and the Hopf trace theorem (see [Sp-M]). The last two
properties follow from (50.25) and (50.26), respectively. O
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52. Fixed point index of decompositions for compact ANRs

In this section we extend the fixed point index theory to the case of compact
ANRs. We need five lemmas which are strictly analogous to (22.2) but for the
clarity of this section we shall present the respective formulations.

(52.1) LEMMA. Let A be a closed subset of a compact space X. Let : X —o X
be an u.s.c. map such that Fix(®)NA = 0. Then there exists 6 = §(®, A) > 0 such
that: if dist(z, A) < ¢ then dist(z, ®(z)) > 4.

(52.2) LEMMA. Let U be an open subset of a compact ANR-space X and let
®: X —o X be an u.s.c. map such that Fix(®)NOU = 0. Ife < (®,0U) and P; -
dominates X withr.: P — X and s.: X — P then the map ¥V = s.o®or.: P—- P
is fized point free on d(rZ1(U)).

(52.3) LEMMA. Let X;, X2, X3 be compact metric spaces, ®1: X1 — Xy and
Py: Xo —0 X3 u.s.c. maps, and €9 > 0. There exists € > 0 such that for every
point y € X3 there is a point u(y) € X1 such that

Y € Oc,(u(y)), P2(O2:(P1(y))) C Oy (P2 0 P1(u(y))).

(52.4) LEMMA. Let X1, X3 be two compact metric spaces and let ®1: X1 —o X5
and ®Po: Xo — X7 be u.s.c. maps. Then for each € > 0 there is eg > 0 such that
for n € (0,e0) and w.s.c. maps P1,: X7 —o Xa, Poy: Xo —o X7 with Oy (x) C
0,(®;(x)) we have

Fix ®g, 0 1,y C O (Fix P4 0 Oq).

(52.5) LEMMA. Let U be an open subset of a metric space Z and let C C Z be
such that CNU = ). For § < d(C,U) and a continuous singlevalued map f: Z — Z
such that d(z, f(z)) < § we have f~HU)NC = 0.

In this section we will denote by the same letter a decomposition ® € DA(X, X)
and the map ®: X — X, which determines the decomposition. Usually, the as-
sumptions that are made for the map. The index is defined for decompositions.

Let X be a compact metric ANR and ® € DA(X, X). Let U be an open subset
of X such that Fix ® N oU = 0.

(52.6) DEFINITION. Let € < (1/4)6(®,0U). Let P be a finite polyhedron e-
dominating X with maps r: P — X and s: X — P. We define the fixed point index
of the decomposition ® with respect to U by

i(X,®,U) :=i(P,V,r *(U)), where U =s0dor.
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(52.7) PROPOSITION. Definition (52.6) does not depend on the choice of an
e-domination.

PROOF. Let 1,62 < (1/4)0(®,0U) and let ri: P, — X, s;: X — P; be such
that r; o s; is g;-homotopic to idy, i = 1,2. We shall prove that

i(P1,s10® orl,rfl(U)) =i(Pa,820® 07“2,7“2_1(U))
in four steps.
(52.7.1) (P2, 82 0P 0 7“2,7“2_1(U)) =i(P, T, 7“2_1(U)),

where T := ssoryos;o®Por;os;ory. Let H: X x I — X be an £;-homotopy
with H(z,0) = 2 and H(z,1) =ry o s1(x). Consider the composition

’

PoxT - xxT 2 x 1% S xxr L x 22 p,

where 1} = (rq,id), H' = (H,id), ® = (®,id). In order to apply the homotopy
property (51.10.2) we have to show that for each ¢ € [0, 1] the map

VU:.:=s90oH;0PoH;ore: P — Py

has no fixed points in the set d(r; ' (U)). Note that d(ry 1 (U)) C 5, (OU). Actu-
ally, we will prove that y & U(y) for y € X such that d(r2(y), 0U) < (1/4)6(®, 0U).
First, note that if € U is such that d(r2(y),0U) = d(r2(y), ) then

d(Hyor2(y),0U) < d(Hyora(y), ) < d(Hyor2(y),r2(y)) + d(ra(y), z)

<o %5(@, o) < 25(3,0U).

1
2
From (52.1) we obtain d(® o Hy o ro(y),r2(y)) > (3/4)5(®,0U). For every z €
® o Hy ory(y) we have

1
d(H(2),2) <e1 < Zé(@,@U)
and therefore,
1
(52.7.2) d(Hy(2),r2(y)) > 55(@,8U).

Now, suppose that for some y such that d(rs(y),0U) < (1/4)6(®,0U) we have
y € U(y). Then ry(y) € ro 0 ¥(y). But for each z € & o H; o ra(y) we have

(72.7.3) (20 520 Hi(2), H(2)) < &2 < 10(®,00).
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Now, (52.7.3) together with (52.7.2) imply that
1
d(rz 0 52 0 Hi(2), 72(y)) > 76(®,9U) > 0.

Therefore, d(r3 o ¥(y),r2(y)) > 0 which is impossible because r2(y) € r3 o U(y).
So, the homotopy property (51.10.2) gives (52.7.1).

(52.7.4) i(Py, T,ry H(U)) = i(Py, T, S~H(U)),

where T :=syoriosio®Poryosyory, S:=ry08 ors.

For the proof of (52.7.4) we apply the additivity (51.10.1). First, we show
that the map T: P, — P, has no fixed points in the set A := r; *(U) \ S~1(U).
Let y € A. Then ro(y) € U but S(y) ¢ U. Consider the map ¢:[0,1] — X,
e(t) := H(ra(y), t). The path ¢(]0,1]) meets U at ¢(0) and X \ U at ¢(1). So, there
is to € [0, 1] such that c(tg) € OU. But

A(ra(), H(ra(), ) < 1 < 76(,00),

hence d(ra(y),0U) < (1/4)6(®,0U). The argument from the first step implies
that y € T'(y). By the additivity property (51.10.1) one obtains

i(P, T,ry ' (U)) = i(P, T,ry {(U) N STHU)).

The same argument used for set B := S~1(U) \ r, *(U) implies that
i(P, T, 871 (U)) =i(Py, T,ry " (U)NSH(V)).

The last two equalities imply (52.7.4)

(52.7.5) i(Py, T, S~Y(U)) = i(Py, R, vy (U)),

where R:=s10r08,0r108, 0®ory.

For the proof of (52.7.5) we apply the commutativity (51.10.4). Let K:X X
[0,1] —o X be an es-homotopy such that K(x,0) = z and K(z,1) = 72 0 s2(x).
We wish to show that the map

Ri:=s1oK;oHio®or: Pp — P,

has no fixed points in the set d(r;*(U)) for t € [0,1]. Let y € P be such that
r1(y) € OU. Then d(r1(y), P ori(y)) > 6(P,0U). For each z € ® or1(y) we have

d(Kio He(2),z) < d(Kio Hi(z2), Hi(2)) + d(Hi(2),2) < g2 + &1 < %6(@,8U).
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Since §(®,0U) < d(r1(y), 2) < d(z, K; o Hi(2)) + d(r1(y), K¢ o Hi(2)), we have
(52.7.6) d(r(4). Ko o Hyo @ 0 r1(y)) > 25(®,0U).

Suppose, that for some y € r;*(0U) we have y € Ry(y). Then r1(y) € 71 0 Ry(y).
But for each z € ® o ry(y) we have

1
d(riosyoKio Hy(z), Kt o Hi(2)) <e1 < Zé(@, ovu).
Combining this with (52.7.6) we obtain
1
d(ry 0 Ru(y),ma(4) > 19(®,00) >

which establishes the contradiction with our assumption. In particular, taking
t = 1, we have shown that the map R = R; has no fixed points in the set
o1 (V).

Let us consider the compositions h := ssoryosy o®Pory, k:= sy ors. We
have just shown that k o h has no fixed points in the set d(r; *(U)). Now, we
check the last two assumptions for the commutativity property (51.10.4). Denote
W= r[NU). Lety € Ok~ (W)) = k=Y (0W). Ify € hok(y) = T(y) then
k(y) € sy 00T (y) = kohosyor(y) and sy o ra(y) € d(ry*(U)), which
is impossible.

Let y € Fixhok — k=1 (W). We have to prove that k(y) € Fixko hl3. But this
follows from Fix k o h|g C k1 (W). Therefore, (51.10.4) implies (52.7.5).

(52.7.7) i(Pr, R, vy (U)) = i(Pr,s10®ory,r HU)).

We take the homotopy

. r @ @ H' K o
L:PPXx]—XXx[—0-+—0 XX —0XXxI]—0X—— Py,

where ] = (r1,id), ® = (®,id), H' = (H,id). We have already proved in the
third step that y & L(y,t) for y € 9(r; *(U)) and t € I. By the homotopy property
(51.10.2) we obtain (52.7.7) and this completes the proof of (52.7). O

Now we verify the properties of the index.

(52.8) PROPOSITION. Let U be an open subset of a compact ANR X. Let ® €
DA(X,X) and let Uy, Uz C U be open, disjoint and such that Fix ®|;z C Uy U Us.
Then

i(X,0,U) = i(X,®,U1) +i(X, ®,Us).
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PROOF. Applying (52.1) to the map ® and A := (U \ Uy) UUs; we find § which
is smaller than 6(®,9U) and §(®,0U;). Let € < (1/4)0 and let P be a compact
polyhedron which e-dominates X with maps r: P — X and s: X — P. Then

i(X,®,U)=4(P,W,r *(U)), i(X,® U;)=1iP,V,r *U;)),

where ¥ = so®or, j = 1,2. We have to show that ¥ has no fixed points in the set
r~ Y U)\r~ Y (U UUy) = r~1(U — Uy UUs). Suppose y € ¥(y) and let 2 € ®(r(y))
be such that r(y) = (r o s)(z). Therefore,

Ar(w), () < d(rly),2) = d(r o )(2),2) <& < J,

and we have arrived at a contradiction with (52.1). Hence the additivity (51.10.1)
implies our assertion. O

(52.9) ProPOSITION. Let H € DA(X x I, X). If U is an open subset of the
compact ANR, X such that the maps Hy: X —o X have no fized points on OU for
t €I then

i(X, Ho, U) = i(X, Hy, U).

PROOF. Let X = (H,id): X x [ — X x I. If x € OU then X(z,t) = (z,t)
means that H(z,t) = Hy(x) = x contrary to the assumption, and so X has no
fixed points in the set OU x I. Apply (52.1) to the map X and A = 90U x I, with
the natural Cartesian metric d’ in X x I. We find § such that

d'((x,t),0U x I) < § implies d'((x,t), H(x,t)) > 0.
But
d'((z,t),0U0 x I) = d(z,0U0), d'((z,t),X(z,t)) =d(x,H(z,t)) = d(z, Hyx)).

Therefore, we may assume that §(Hy, OU) is the same for all ¢ € I. Denote it by 4.
For € < 0/4 we have a polyhedron P e-dominating X with maps s: X — P and
r: P — X. By definition, i(X, H;,U) = i(P,s o Hyor,r~Y(U)). By (52.2), the
family s o H; o r satisfies the assumption of the homotopy property (51.10.2). O

(52.10) PROPOSITION. Let X be a compact ANR and ® € DA(X, X). Then

i(X, @, X) = \(®,).

PROOF. The assertion follows from (51.10.3) and from the fact that r.os, = id.
(see (6.1)). O
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(52.11) PROPOSITION. Let X, X’ be compact ANRs and ® € DA(X, X'), ¥ €
DA(X', X). Let U be an open subset of X such that x & ¥ o ®(zx) for x € U,
y g ®oV(y) forye dWHU)) and

U(Fix® o U\ U1 (U)) NFix Vo ®|7 = 0.

Then i(X',® o0 ¥, U~ (U)) = i(X, Vo ®,U).

PROOF. From (52.1) we obtain §(¥ o ®,9U) and §(® o ¥, d(¥~1(U))). Let &
be the smaller of these two. Next, we find € for g9 = §/4 from (52.3) (¢ < g¢) with
®; = @ and Po = U. Again from (52.3) we find &’ for &g = € and ®; = ¥ and
®y, = ®. Let P be a polyhedron e-dominating X with mapsr;: P — X, s1: X — P.
Let P’ be a polyhedron £-dominating X with ro: P/ — X, s0: X — P’. Since
£<30/4<6(Vod,0U),

(X, Wod U)=i(P,sgoVodor,r  (U)).
Since &’ < (1/4)6(® o ¥, 0(¥~H(U))),
(X, oW, U Y U)) =i(P',s50P 0 Wory, (Vory) H(U)).

We have to prove that the right sides of the above equalities are equal. We will
do it in four steps:

(52.11.1) i(P,syoWo®ory,r {(U)) =i(P, ¥y 0y, r; (U)),
where W) =s;0Wory, &y =s50dPory,

(52.11.2) i(P, Wy 0@y, (U)) = i(P, &1 0y, (ry 0 ¥y) 1)),
(52.11.3) (P, ®1 0¥y, (ry 0 Uy) 1 (U)) = i(P', @10 ¥y, (T ory) 1)),
(52.11.4) (P, ®1 0y, (Tory) Y (U)) =i(P',s20P0Wory, (¥ory) *(U)).

Proof of (52.11.1). We apply the homotopy property (51.10.2). Let H': X x
I — X be an &’-homotopy such that H'(z,0) = x, H'(z,t) = 72 o s2(z) and
H{(z) := H'(z,t). We have to prove that ©; := s; o W o H; o ® o 71 has no
fixed points in the set 77 *(U). Let y € r;*(0U) be such that y € ©;(y). Then
r1(y) € r1 0 ©:(y) and therefore,

r1(y) € r10 510 Y (O (P ori(y))).

By the definition of €', there is a point u = u(r1(y)) such that

r1(y) € (11051)(0s/4(¥ 0 @(u))) C Og/2(¥ 0 @(u)).
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Therefore, u € O3z5/4((V o ®)(u)) and d(u,0U) < 6 which contradicts the choice
of 6.

Proof of (52.11.2). We verify the assumptions of the commutativity property
of Theorem (51.10). First, note that the map ¥; o ®; has no fixed points in
d(r;1(U)), as has been proved above (t = 1). We let B; = Fix(V o ®|y;), By =
Fix(® o ¥|g-1(1)), Bs = Fix(® o ¥) \ ¥~ (U), Since B;, i = 1,2, 3 are compact,
there exists €1 such that

d(Oe,(B1), X \U) =61 >0, d(O,(Bz), X"\ ¥ '(U)) =6, >0,
d(Oal(B?))? \I/_l(U)) = 63 > Oa d(\II(Oal(BS))? U) =04 > 0,
d(\II(Oal(BQ)),X \ U) =d5 > 0.

Let g5 < (1/2) min{€1,51,52,53,54,55}. Let €3 < &9 satisfy (523) for g = es.
Without loss of generality we can assume that ¢’ is smaller than 3. Suppose
y € @1 0TUy(y). Then ra(y) € Fixry o @1 0 51 and therefore,

ro(y) € Oc, (Fix® o ¥) = O, (Bs3).

Let C := ¥(O.,(B3)). We have ¢ < g3 < (1/2)d(C,U) and from (52.8) we obtain
(r1081) Y U)NC = 0. Hence, d(O, (B3),V) > 0.

Let D := ¥(Og, (B2)). Since € < (1/2)d(D, X \ U), by (52.8) we obtain (r1 o
51)"HX\U)ND = 0 and thus D C (ry o s1)"}(U). Therefore, O, (Bz) C V.
Hence, we deduce that 75(y) & OV and therefore v ¢ d(ry*(V)). Tt remains to

prove the following implication:
(52.11.5) y € Fix @100y \ 1y (V) = Ui(y) NFix U1 0 @y -1y = 0.
Actually we prove a stronger one:

(52.11.5) = Wy (y) Nry L(U) = 0.

Suppose y satisfies (52.11.5). Then ra(y) € Fixrg o @1 081\ V. Therefore, r3(y) €
O.,(B3) D O.,(B3). But ¥(O.,(B3)) NU = 0 and by the choice of ¢/ < d4 we
obtain (r;0s1 0W) (O, (B3))NU = (). Therefore, ®;(y)Nry *(U) = () and applying
(5.10.4) we finish the proof of (52.11.2).

Proof of (52.11.3). Note that we have just proved above that the map ®; o Uy
has no fixed points in the sets A; := ry *(V) \ (¥ o r3)"}(U) and Ay := (¥ o
r2) M U) \ 13 (V).

So, applying twice the additivity property (51.10.1) one obtains (52.11.3).

Proof of (52.11.4). We apply again the homotopy property. We only have
to show that the map O} := sp o ® o H; o U o 5 has no fixed points in the set
ry HO(TH(U))). Let y € ©4(y). Then ro(y) € (r2 0 ©})(y) and therefore, by
(52.4), r2(y) € Ogy(Fix® o ¥). The considerations in the proof (52.11.3) imply
that ro(y) € d(¥~1(U)). This finishes the proof of (52.11). O
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(52.12) PROPOSITION. Let F' = Z,, p a prime number. Let & = DA(X, X)
and let U be an open subset of X such that Fix®? NOU = () and

®*(Fix®? \ U) NFix®? |7z =0 for k < p.

Then i(X,®?,U) = i(X, ®,U) (mod p).

PROOF. As in the proof of (52.11) we choose ¢ such small that for the polyhe-
dron P e-dominating X with maps r: P — X and s: X — P, the map so®or
satisfies the assumptions of (51.10.1). We omit the details. O

53. Fixed point index of decompositions for arbitrary ANRs

In this section we extend results from Section 52 to arbitrary ANRs. Let X €
ANR and let ® € DA(X, X) determine a compact map ®: X — X. Assume
further that U is an open subset of X such that Fix(®)NoU = (. We can assume,
without loss of generality, that X is a closed subset of a normed space E (see
(1.6)). Let V be an open neighbourhood of X in E and r:V — X a retraction
map. We let

:V -V, ¥=io0dor,

where i: X — V is the inclusion map. Then ¥ € DA(V,V) determine a compact
map and Fix(¥) Nr~1(U) = 0 (cf. (52.2)). By using (1.13), we get a compact
ANR-space K such that

d¥(V)CKcW

We let also W = K Nr~1(U). Then i(K, ¥|x, W) is well defined. We let:
(53.1) i(X,®,U) = i(K, U|x, W).
It is an easy exercise to see that the above definition does not depend on the

possible choices. Moreover, we obtain:

(53.2) PROPOSITION. The index defined in (53.1) satisfies the following prop-
erties:

(63.2.1) IfUy,Uz C U are open disjoint and if Fix(®|z) C Uy U Us then:
i(X,®,U) = (X,®,Uy) +i(X, ®, Us).
(53.2.2) Let x € DA(X x[0,1], X) determine a compact homotopy x: X x[0,1] —o

X such that x & x(x,t) for allz € OU and t € [0,1]. Then i(X, xo0,U) =
Z(X? Xl?U)'
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(53.2.3) Let W C X be an open set and let ® € DA(X,Y), ¥ € DAY, X)
determine compact maps. Assume that x & V(®(x)) for x € OW, y &
B(U(y) for y € OV (W)) and

Y(Fix(® o ¥\ U H(W)) NFix(¥ o ®|57) = 0.

Then i(X, ¥ o &, W) = i(Y, ® o ¥, U~L(W)).
(53.2.4) Let W C X be an open subset such that

F(Fix(9P) \ W) N Fix(®*|3)) = 0,

for k <p, p is a prime number and Fix(®?) NOW = (. Then
(X, 0, W) =i(X, P, W) (mod p).

(53.2.5) If ® € DA(X,X) determines a compact map ®: X — X then ¥, is
a Leray endomorphism and i(X, ®, X) = A(D.).

Proofs of properties (53.2.1)—(53.2.4) are straightforward consequences of (53.1)
and the respective properties for compact ANRs. To deduce (53.2.5) it is enough
to use, additionally, the commutativity property of the Leray endomorphisms (see
Property (11.4)).

(53.3) REMARK. We would like to point out that definition (53.1) can be ex-
tended to compositions in DA(X, X) which determine compact absorbing con-
tractions, where X € ANR. In fact assume ® € DA(X, X) determines com-
pact absorbing contraction ®: X — X and V is an open set in X such that
Fix(®) N oV = 0.

According to the definition of compact absorbing contraction maps we can find
an open set U C X such that:

(i) ®(U) is a compact subset of U, and

(ii) for every x € X there is n, such that ®"=(z) C U.

So ®1:U — U, ®1(x) = ®(z) is a compact map and, in view of (ii), Fix(®) =
Fix(®1) N W = 0, where W = U N V. Therefore, we can let:

(53.3.1) i(X, ®,V) = i(U, &, W).

Then, it is easy to verify that definition (53.3.1) is correct and (53.2) holds fine in
that case.

We shall end this section by applying the above method to the, defined earlier,
permissible maps. Let X € ANR and let ®: X — X be a permissible map of
compact absorbing contraction. Thus there exists a decomposition (®1, ..., D) €
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DA(X, X) which determines a selector of ®. So, similarly to admissible maps, we
can define the fixed point index set #i(X, ®,U) of ® and the Lefschetz set A(P) of
® by putting:

(X, ®,U) = {i(X, (®y,...,®),U) | ®po...0d; C D},
A®) = {A((®y,...,Pp)s) | Pro...0D C D).

Tt is an easy exercise for the reader to formulate properties of the above sets (see
[Dz1-M]). We restrict our considerations to the following two facts which are simple
consequences of obtained earlier results.

(53.4) THEOREM (The Lefschetz Fixed Point Theorem). If X € ANR and
® € P(X, X) is a compact absorbing contraction map then the Lefschetz set A(P)
of @ is not empty and A(®) # {0} implies that Fix(®) # 0.

(53.5) COROLLARY (The Schauder Fixed Point Theorem). Let X € AR and
® € P(X,X) be a compact absorbing contraction map then Fix(®) # 0.

54. Spheric mappings

Let A be a compact subset of the Euclidean space R"*1 then the set R* ™1\ A
consists of two different parts, namely:

(54.1)  the unbounded component DA of A, and
(564.2)  the bounded part BA of A to be the union of all bounded components of
R\ A,

Of course DANBA =), DA # (), DA is connected and we have:
R"™™ = BAU AUDA.

Moreover, we let A= BAUA =R\ DA.
The following property is an immediate consequence of the above notations:

(54.3)  Let A be a compact subset of X, and X be a compact subset of R"*1.
If R\ X is connected, then A C X.

(54.4) DEFINITION. A compact subset A C R™"T! is called spheric provided
the set A is acyclic (with respect to the Cech cohomology functor).

By using the Alexander duality theorem (see Chapter I) we can obtain the
following examples of spheric sets.

(54.5) EXAMPLES.

(54.5.1) Any acyclic set A is spheric.
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(54.5.2) Any compact connected subset of R? is spheric.
(54.5.3) If A has the same Cech cohomology as S™ then A is spheric.

It follows from (54.5.2) that the multivalued map ¢: K? — K? considered in
Chapter II (see (13.5.9)) is continuous and has spheric values but we see that
Fix(p) = 0.

So, the Brouwer fixed point theorem is not true for u.s.c. mappings with spher-
ical values. In order to understand the reasons for this we let:

() = {z € K? |z € By(x)}.

Note that for ¢ as in (13.5.9) we have 6(¢) = {0}.
In what follows we have assumed that all multivalued mappings are u.s.c. with
compact values. Let X be a compact of R™. Therefore, X € AR.

(54.6) DEFINITION. Let ¢: X — X be a multivalued map. We will say that
¢ € 6(X) if and only if the set §(¢) = {x € X | x € Bp(x)} is an open subset of X.

Observe that ¢ considered in (13.5.9) is not an element of §(K?). Note, that
if ¢: X — X is acyclic or there is m such that ¢(x) consists of one or m-acyclic
components then ¢ € §(X).

Now, with a map ¢: X — R"! we shall associate the map @: X — R"*! by
putting

p(x) = Bo(x) Up(z) =R™\ Dy(z) for every x € X.

(54.7) REMARK. Since X € AR we obtain: if ¢: X — X is a multivalued map
then ¢(x) C X, for every z € X, i.e. § can be considered as a map from X to X.

We will prove the following:

(54.8) PROPOSITION. If ¢: X —o Rt then @: X —o R"T! is u.s.c., in partic-
ular if @ is a map from X to X then © is an u.s.c. map from X to X.

PROOF. Let 29 € X and € > 0 be given. Let O.(@(zg)) = {y € R" |
there exists z € p(zo) 3 ||y — z|| < €} be the open e-neighbourhood of @(zg) in
R™*L. Since p(xg) is compact we can choose r > 0 such that O(p(xg)) C B(0,7),
where B(0,7) denotes the open ball in R"™! with center 0 and the radius r. Let
us consider the compact set

K = R\ O:(3(20))) \ (R"™\ B(0,7)).

We can cover K by a finite number of open balls B(a;,e/2) in R i =1,... k.

Consequently B(ai,e/2),...,B(ak,e/2), R**1\ B(0,r) is a covering of the set
R\ O (@(0)).-
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We choose an arbitrary point a € R*"*1\ B(0,r). By joining it with all points
ai, ... ,ar we get a continuum C' such that.

CU R\ Oc(@(x0)) € R"™\ G(ao).

We let ¢ = min{e/2,dist(C, @(x0))} = inf{||ju — v|, w € C Av € g(xp)}. Since
© is w.s.c. there exists an open neighbourhood Uy, of g in X such that ¢(x) C
Os((x0)) for every x € Uy,.

Then we have R"™\ O.(¢(z0)) C R*™\ Os(4(0)). But R™1\ Os(p(x0)) C
R\ o(z) for every x € U,,. Consequently we obtain:

$(z) =R"1\ Dy(x) C Os(Z(o))

and the proof is completed. O

We let F(X) = {¢: X — X | ¢ is u.s.c. with compact values and Fix(p) # 0}.
We have seen in the last two chapters, that the class F(X) is quite rich.

(54.9) PROPOSITION. A multivalued map ¢: X —o X is called spherical (written
p € S(X)) provided ¢ € F(X).

(54.10) THEOREM. S(X) C F(X).

PROOF. There are two possible cases:

(i) the boundary dX of X in R"*! is equal to X,

(il) 0X # X.

In the case (ii) we have @ = ¢ so our claim holds true because ¢ € F(X).

Now, let assume on the contrary that Fix e = (). It means that the set §(p) =
{zr € X | z € Bo(x)} # () and hence §(p) is open because ¢ € §(X). On the
other hand d(¢) = Fix ¢ so it is also a closed subset of X. To obtain contradiction
it is sufficient to observe that X \ §(p) # 0. Indeed, we have X # 0 (X is
compact!) but if z € 9X, then x € By(x) and consequently x & 6(¢). The proof
is completed. O

Now we will look carefully at the class (X)) of multivalued mappings.
We shall show that the set §(¢) = {z € X | x € Byp(x)} is open in terms of the
Borsuk continuity of the map ¢ (see Section 20).

(54.11) THEOREM. If ¢: X —o X is Borsuk continuous then ¢ € §(X).

PROOF. For the proof we consider the multivalued map By: X — X defined
as (By)(z) = B(p(z)). Tt is sufficient to show that, if ¢ is Borsuk continuous then
the graph I'p, = {(z,a) € X x X | a € By(z)} is an open subset of X x X.
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Let (x,a) € I'p,. We take two real numbers «, 3 > 0 such that o + 8 =
dist(a, ¢(x)). Evidently,

(54.11.1) B(a,a) N Og(p(x)) = 0.

Since ¢ is Borsuk continuous there is an open neighbourhood V of z in X such
that de(p(z), o(y)) < B for every y € V. Therefore,

(54.11.2) o(y) C Os(p(x)) for every y € V.

We will prove that V' x B(a, «) is an open neighbourhood of (z,a) in I'g,. Assume
to the contrary that there exist z € V' and b € B(a, a) such that b € Bp(z).

From (54.11.1) and (54.11.2) we infer that b ¢ ¢(z) and hence b € Dyp(z).
Obviously, b € By(x). It follows that

de(p(x), o(y)) > inf{|f[ | f € C(p(z), p(y))} > B,

which is a contradiction. O
From (54.11), (54.10) and (54.5.3) we infer:

(54.12) THEOREM. Let X C R? and ¢: X — X be an u.s.c. map with compact
connected values. If ¢ is Borsuk continuous then Fix(p) # 0.

To finish this section we would like to add that some topological invariants, e.g.
the topological degree, the Lefschetz number, the fixed point index etc, can be
defined for spherical type of mappings (see [Da-M]).

Note, that in Definition (54.6) instead of assuming that d(¢) is open we can
assume that the graph I'g, of the map By: X — X is open in X x X (cf. [Da-
M]). Throughout this paper we have assumed that X € AR. Let us remark that
most of the results hold true for acyclic approximative neighbourhood retracts (see
Chapter I).

Finally, let us formulate two open problems:

(54.13) OpPEN PROBLEM. Does the Brouwer fixed point theorem hold true for
compositions of spheric mappings?

(54.14) OPEN PROBLEM. Does Theorem (54.12) hold true for X < R+l
n > 27

To re-formulate all the results of this section for an arbitrary Banach space E,
would constitute another problem.

It may be done but some essential changes are necessary, namely:

(54.15) compact sets have to be replaced by closed and bounded subsets of F;
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(54.16) mostly acyclic sets have to be replaced by convex sets;

(54.17) instead of the Cech cohomology functor we have to consider the so called
Geba—Granas cohomology functor H>*~" (see [Da-M]).

(54.18) in the definition of the Borsuk metric of continuity one has to consider
compact vector fields instead of continuous functions.

For more information on the infinite dimensional case see [Da-M]. More about

spheric mappings we shall present in Section 81.



CHAPTER V

CONSEQUENCES AND APPLICATIONS

Results obtained in Chapter IIT and Chapter IV have many applications in fixed
point theory, nonlinear analysis, games theory, mathematical economics, and other
fields.

Applications to nonlinear analysis (or more precisely to differential inclusions)
will be presented in Chapter VI. This chapter is devoted to applications in the
others of the aforementioned fields. In Chapters IIT and IV we considered several
different classes of multivalued mappings; it is possible to generalize the results
for all of those classes of mappings.

In this section we shall deal with the so called class of admissible mappings
or, simply, mappings determined by morphisms. Formulations of the respective
results for other classes of mappings will be left to the reader.

55. Birkhoff-Kellogg, Rothe and Poincaré theorems

We shall keep notations used in previous chapters. First we will formulate the
finite dimensional version of the Birkhoff-Kellogg theorem.

(55.1) THEOREM. If : S?" —o P?"*1 js q compact, (2n)-admissible map, then
there exists xo € S*™ and a real number \g # 0, such that M\oxo € p(x).

PROOF. Assume to the contrary: for each z € 52" and for each A # 0, Az ¢
o(x). Let (p,q) C ¢. We have the diagram

5271 p T q P27l+1

and by assumption Az & (qp,)(z) for each z € S?" and X\ # 0. Let p = i- p, where
i: 5?7 — P27+l g the inclusion mapping. Define a homotopy h: T x [0, 1] — P2 +1
by putting:
h(y,t) =t-q(y) + (1 = t)B(y).
#2n _ —+2n

From assumptions immediately follows that h(T" x [0, 1]) C P?"*! so ¢*?" = p*?",
and consequently

(5511) (p*Qn)—lq*Qn — (p*Zn)—lp*2nZ-*2n — Z-*Qn-
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Let p = j op, where j: $?" — P?"*! is a map given as follows j(x) = —x, for each
x € 8%, Let f:T x [0,1] — P?"*! be a homotopy defined by

f(y.t) =tq(y) + (L = t)p(y).
It is easy to see that f(T' x [0,1]) C P?"*1 so ¢*?" = p*?" and consequently
(5512) (p*Qn)—lq*Qn — (p*Zn)—lp*an*Qn — j*2n-

From (55.1.1) and (55.1.2) we have i*2" = j*2". On the other hand j**" =

*2n

(—1)2n+1*2n and *2" is an isomorphism. Therefore, j*** # i*2" and we ob-

tain a contradiction and the proof is completed. O

Now we are able to formulate the general version of the Birkhoff-Kellogg theo-

rem.

(55.2) THEOREM (Birkhoff-Kellogg). Let E be an infinite dimensional normed
space. If ¢: S —o P is a compact, n-admissible map (for some n), then there exists
xo € S and a real number Ao # 0, such that Moz € ¢(xo).

PROOF. By assumption ¢(S) is a compact subset of P, so the distance

dist(0,(S)) = inf |z|| =46 > 0.

z€p(S)

We choose a natural number mg such that 1/m < §/2, for each m > mgy. Let
(p,q) C o, where p:T' — S and ¢: T — P. Applying the Schauder Approximation
Theorem to the compact map ¢ and for e = 1/m, m > mg, we obtain a map
gm: ' — P such that:

(65.2.1) |lgm(y) — q(w)|| < 1/m, for all y € T', and
(55.2.2) gm(T) C PE™ c B, Pk = pkim)\ {0},

The condition (55.2.2) follows automatically from the inequality: 1/m < §/2.
We can assume that k(m) > n and k(m) is odd for each m > mg. Now, for each
m > mo we define a map @,,: S¥("™ 1 — P¥(™) by putting

©m(x) = qm(pp(x)), foreach z € ghm)—1
Because ¢, is compact, so ¢, is compact, too. Moreover, the pair
Gh(m)—1 Lp—l(sk(m)—l) q_m)Pk(m),

is a selected pair for ¢,,, S0 @, is an n-admissible map. Applying Theorem (55.1)
to ¢y, we obtain a point x,, € S and a real number \,, # 0 such that

AmTm € ©m(Tm), for every m > my.
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Let y,, be a point in I" such that

Gm(Ym) = AmTm  and  p(ym) = T, for every m > my.

Let zm = q(ym). Then the sequence {z,,} is contained in the compact set ¢(S).
Therefore, we can assume, without loss of generality, that limz,, = zy. Conse-
quently from the inequality

Jamm) — alym)| <

it follows that lim g, (ym ) = 2. Because ||z, || = 1, the sequence {A,} is bounded.
Therefore we can assume without loss of generality, that lim \,,, = Ay and from
5/2 > || Amzm| = |Am| we deduce that Ao # 0. It implies that limx,, = z¢ and
zo € S. Now we have:

(55.2.3) zm € (qpp)(@m), and
(55.2.4) lim z,, = zo, lim ., = xo,

so, from (2.1)-(2.3) it follows that zy € (g o ¢p)(x0) C @(zo). Because zp = Aoz
we found a point z¢ € S and a real number Ay # 0 such that Aoxzg € @(zp). The
proof of Theorem (55.2) is completed. O

(55.3) REMARK. In fact, we have shown that for any two maps p: Y — S and
q:Y — P such that:

(55.3.1) p is a Vietoris n-map,
(55.3.2) ¢ is a compact map,

there exists yo € Y and Ag # 0 such that Aop(yo) = q(yo). The same remark is
true in the finite dimensional case (cf. (55.1)).

(55.4) REMARK. Moreover, let us observe that the formulation of the Birkhoff-
Kellogg theorem in terms of n-admissible maps is equivalent to the formulation
in terms of such pairs of maps p, ¢ for which the above conditions (55.3.1) and
(55.3.2) are satisfied.

Let us formulate a generalization of the Rothe fixed point theorem. Let K be
the unit ball in a normed space E and S = 0K be the unit sphere in E.

(55.5) THEOREM (Rothe). Let ®: K — E be an n-admissible compact map
such that ®(S) C K. Then Fix(®) # 0.

PROOF. Let p: K — E be an n-admissible compact vector field given by ¢ =
I — ®. We may assume without loss of generality, that ¢(S) C P. It suffices to
prove that Deg(¢;0) # {0}. For this purpose let

Y(x,t) =2 —tP®(x) for an arbitrary z € S, 0 <t < 1.



286 CHAPTER V. CONSEQUENCES AND APPLICATIONS

It follows from our assumption that for an arbitrary z € ¥(x,t) we have
12l = [l = tyl| = [l«[| = t]ly| >0 for 0 <t <1

and thus ¢: S x [0,1] — P. It is evident that ¢(S x [0,1]) is a closed subset of E
and hence d(0,v(S x [0,1])) = > 0.

Let (p,q) C ® be a selected pair of the form K <~ Y - E and let the
pair (p1,q1) of the form S &~ p=1(S) L% E be associated with (p,q) (cf. the
definition of Deg(p;0)). Let g.:p~(S) — E**! be an e-approximation of qi,
where 0 < ¢ < §. We put S¥ = SN E**! and Y}, = p~1(S*). We have the diagram

Sk PE_ Yi LN Ek—i—l,

in which pg, g are restrictions of p; and g., respectively.

Define the map qi: Y, — P**! by putting Gx(y) = pr(y) — qi(y) for each
y € Y. We claim that deg(p1,q1) = deg(p, Gr) # 0. In this order, consider the
map f:Y; — P¥! given by f(y) = px(y) and a homotopy h: Y x [0,1] — PF+1
given by h(y,t) = pr(y) — tqx(y). Since ¢(S) C P and ¢, is an e-approximation of
q1, 0 < € < §, we deduce that h(Y) x [0,1]) C P**!. Then the maps f and g are
homotopic and hence f* = g;. Finally, we obtain

deg(pb (11) - deg(pkaak) = deg(pk, f) 7é 0?

and the proof is completed. O

Now we shall apply the Rothe result to obtain the Leray—Schauder alternative.
Let ¢: E — E be an n-admissible map which is completely continuous, i.e. the
restriction ¢|g of ¢ to any bounded set B C E is a compact map. We let:

L(p)={z € E|xz el p(x)forsome 0 < A < 1}.

(55.6) THEOREM (Leray—Schauder Alternative). Under the above assumptions
we have:

either L(p) is unbounded or Fix(p) # 0.

PROOF. Assume that L(p) is bounded and let K(0,r) be a closed ball in E
containing L(y) in its interior. The ¢ = @[k (0,r): K(0,7) — E is a compact
admissible map such that ¢(0K(0,7)) C K(0,r). So (54.6) follows from (54.5). 0

(55.7) THEOREM (Poincaré type of Coincidence Theorem). Let ¢: K —o E be

an admissible compact vector field and V: K — E be a compact admissible map.
Assume further that:

(55.7.1) 0 ¢ Deg(yp),
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(65.7.2) X-o(z)NY(x) = 0 for every A > 1 and x € S, where 1) is the field
associated with W.

Then there exists x € K such that p(x) N(x) £ 0.

PROOF. We consider the map (¢ — ¢): K — E given by (¢ — ¢)(z) = p(z) —
Y(x)={y—ul|ye€ o), uecp(x)}. We may assume, without loss of generality,
that 0 & (¢ — ¢)(z) for every x € S. Of course (p — ) is an admissible map. We
have to prove that 0 € (¢ — 9)(K). In order to do that we consider:

XK x[0,1] - E, x(z,t) =x — (®(z) + t¥(z)),

where ® is a compact part of . We will prove that x(S x [0,1]) C P. Fort =0
and t = 1 it is evident. Assume that for some 0 < tg < 1 there exists zg € S such
that 0 € x(xo, to). Then we have (1/tg)¢(z0)N(xg) # @ and, since 1/tp > 1, from
(55.7.2) we get a contradiction. Consequently, in view of (55.7.1) and a homotopy
property of the topological degree we infer that Deg(x(-,1)) # 0 so, our claim
holds true and the proof is completed. O

56. Fixed point property and families of multivalued mappings

For a space X we denote by Cov(X) the direct set of all finite open coverings
of X. Let ¢: X —o X be a multivalued map and o € Covy(X). A point z € X is
said to be an a-fixed point for ¢ provided that there exists a member U € « such
that z € U and p(z) N U # 0. Moreover, if a, 3 € Cov(X) and « refines 3, then
every a-fixed point for ¢ is also 8-fixed point for .

Let X be a compact space. We will say that X has fized point property with
respect to admissible maps provided that any admissible map ¢: X — X has
a fixed point.

(56.1) LEMMA. Let ¢: X — X be an u.s.c. map. Assume that there exists
a cofinal family of coverings D C Cov(X) such that ¢ has an a-fized point for
every a € D. Then ¢ has a fived point.

PROOF. Suppose that ¢ has no fixed points. Then for each x € X there
are open neighbourhoods V, and U,y of x and ¢(z), respectively, such that
Ve NUy(zy = 0. From the u.s.c. of ¢ we deduce that the set V = ¢~} (Uy(,)) is an
open neighbourhood of z in X. Let W, =V, NV; then we have

(66.1.1) (W) C Uy(yy, and
(66.1.2) WoNUy@m) = 0.

Since X is a compact space, we infer that there exists a finite number of sets
Ways..., Wy, such that X = (J;, W,,. Putting 8 = {W,,,..., Wy, }, we get
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a covering of X such that ¢ has no [-fixed point. If o is a member of D that
refines 0 then ¢ has no a-fixed point, and thus we obtain a contradiction. O

Let {X;}ier be a family of compact spaces indexed by an infinite set I and let
X = X, X; be their topological product. Denote by J = {J} the family of all
finite subsets of I; given J € J, we put X; = X,;c;X;.

(56.2) THEOREM. An infinite product X = X ;c1X; of compact spaces has the
fixed point property within the class of admissible maps if and only if every finite
product Xy = X;e;X; (J € J) has the fized point property within the class of
admissible maps.

PROOF. Choose in each X; a point z¥ and define X 7 C X as follows:

( }E)Z'<:> r; € X; forieJ,
T
' ! 9 fori g J.

Ti =T,

Clearly, we may identify X ; with X ;. Next we define a subset D = {a} € Cov(X)
as follows: a € D provided « is a finite covering consisting of open sets of the form
Uy = X,;esU; with U; open in X; and U; = X; for all i € J. By the theorem
of Tychonoff and taking into account the definition of the product topology, we
conclude that D is cofinal in Cov(X). Let a € D; it follows from the definition of
the set D that o determines a finite set of essential indices J(«). Take rq: X —
)~(J(a) to be the projection and s4: )~(J(a) — X the inclusion.

Assume that every finite product X; = X,c;X; has the fixed point property
within the class of admissible maps. Let ¢: X — X be an admissible map. We
prove that ¢ has a fixed point. Let p,q: Y — X be a selected pair of ¢. Consider
the map 1: X — X given by ¢ = qo © Py Then 1 is a u.s.c. admissible maps. For
each a € D, consider the map ¥,: XJ(Q) —o XJ(Q) given by ¥, = rq¥s,. Then
1o 1s a u.s.c., admissible map for each a € D. By the assumption, there exists
a point z% € )ZJ(Q) such that

(56.2.1) % € Yo (xY) = roPsa (%) = ro(z®), for each a € D.

Let U be a member of o such that #® € U. Then from (56.2.1) we deduce that
(x*) NU # (). This implies that x* is an a-fixed point of ¥, and hence from
(56.1) we infer that ¢ has a fixed point. Finally, since 1)(x) C ¢(x) for each z € X,
we conclude that ¢ has a fixed point.

Conversely, assume that X has the fixed point property within the class of
admissible maps and that there exists a finite set J € J such that X; has not
the fixed point property within the class of admissible maps. We may assume,
without loss of generality, that there is an admissible map : X —o X such that
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x & Y(x), for each z € X,. Let r;: X — X be the projection and s;: X; — X
the inclusion. Then we have the admissible map ¢: X — X given by ¢ = sj9r;.
By assumption there exists a point z € X such that

x € p(z) = syyry(x).

This implies that r;(x) € rys;¢(rs(x)) and thus we obtain a contradiction. The
proof of (56.2) is completed. O

As an immediate consequence we obtain the following two corollaries:

(56.3) COROLLARY. An arbitrary Tychonoff cube has the fized point property
within the class of admissible maps.

(56.4) COROLLARY. Ewvery retract of a Tychonoff cube has the fized point prop-
erty within the class of admissible maps.

In what follows by K we will denote the compact approximative retract and by
X(K) = A(idk)

its Euler characteristic. A multivalued semi-flow on K is a strongly admissible
map ¢: K x [0,400) — K such that:

(i) ¢(+,0): K — K is an acyclic map,

(ii) = € ¢(z,0) for every z € K,

(iil) e(e(@,1),7) = Uyecp(un ¢ 7) C p(a,t+7) for every z € K, t, 7 € Ry =

[0, 4+00).

A fixed point for the multivalued semi-flow is a point z € K such that z € ¢(x,t)
for all t € Ry.

(56.5) THEOREM. If x(K) # 0, then any multivalued semi-flow on K must
have a fixed point.

PROOF. Let ¢; = ¢(-,t). Consider the homotopy (x,p) — ¢(z, (1 — p)to).
Then we see that g is homotopic to ¢¢,. Since, in view of (i), ¢o is acyclic we
obtain

AMo) = x(K) # 0.

Moreover, since @g ~ @1, we infer A(¢o) € A(py,) for every to € R
Consequently A(pz,) # {0}. Now, in view of the Lefschetz fixed point theorem,
we conclude: Fix(p;) # (0 for every ¢ € R
Let A, = {x € K | z € o(x,27™)}; each A, is nonempty and compact.
Moreover, from (iii) we obtain:

1 1 1 1 1
P\Ton ) =P\ gnpr T gnrr | 2 P\ P\ 5n1 ) gart
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so, it implies that A, 41 C A,. Therefore, (,, An # 0. Let z9 € [, An. Since zg €
o(x0,27™) for every n = 1,2,3,..., it implies (cf. (iii)) that zo € p(zo,m-27")
forevery n=1,2,... and m=1,2,....

Because the set {n-27"} of dyadic rationals is dense in R, upper semicontinuity
of ¢ assures that xg € ¢(z,t) for every t € Ry and the proof is completed. O

(56.6) REMARK. Observe that if in the definition of multivalued semi-flow we
replace the condition (i) by the following:

(i) 0 & Apo),

then (56.5) holds true.
By J™ we will denote the n-th Cartesian product of [0, 1].

(56.7) THEOREM. Let p: K x J" — K be a strongly admissible map and K €
ANR. Assume that 0 € X(po), where o = ¢(-,(0,...,0)). Then there exists
x € K such that:

dim{t € J" |z € p(x,t)} > n —k.

For the proof of (56.7) we need some additional notions and facts. Let Y, X be
two compact spaces and p: Y — X be a map; p is called universal, if for any map
9:Y — X there exists a coincidence point, i.e. there is y € Y such that p(y) = q(y).

We have proved in (12.11) that if X is a compact AR-space then any Vietoris
map p: Y — X, for arbitrary compact Y, is universal.

Note the following well known fact (see [Go-4]):

(56.8) if p:Y — J" is universal then dimY > n.

PROOF OF (56.7). Let A = {(z,t) € K x J" | ¢ € p(x,t)}. Since 0 & A(¢o),
in view of the Lefschetz fixed point theorem, the set A is nonempty. Moreover, A
is compact (¢ is u.s.c.). Let g: A — J" be defined as g(x,t) = ¢t. We claim that
g is universal. Indeed, let h: A — J™ be a map. By using the Dugundji extension
theorem let h: K x J" — J" be an extension of h. The map ¢ K x J* —o K x J"
defined by putting:

¢($,t) = {(y,s) €K xJ" | Y€ <P($,t), §= h(x’t)}

is clearly strongly admissible.

Now, by using the homotopy argument we deduce that A(¢)) # {0}. Since
(K x J™) € ANR we obtain Fix(1) # 0.

If (z,t) € ¢(x,t) then = € p(z,t) and t = i~1(x,t) = h(z,t) = g(x). So g is
universal and hence from (56.8) we obtain dim A > n.
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Let f: K x J" — K be defined as f(x,t) = . Thus by the generalized Hurewicz
theorem (see [HW-M]) relating maps and dimension we obtain:

dim f~'(z) >n —dim K for some = € K.
Such a point = satisfies our hypothesis and the proof is completed. O

57. The Lefschetz fixed point theorem for pairs of spaces

In this section we will consider morphisms
p={(X,4) <= ([.T0) = (X, A)}: (X, 4) — (X, 4)

and determined by them multivalued mappings. We shall use the same notation
 for a morphism and its determined mapping.

In what follows we assume also that X, A € ANR and ¢ determines a compact
map. Let

o ={(X,A) <= (I',Ty) -5 (X, A)}: (X, A) — (X, A)

be such a morphism. We will denote by

ox={X &I L X} X—>X and pa={4 <E:FOLA}:A—>A

the morphisms induced by ¢.
In view of (11.5) and the normalization property of the fixed point index we
obtain:

(57.1) PROPOSITION. The generalized Lefschetz number A(p) = A(p™) of ¢ is
well defined and

Alp) = Mpx) — Mpa).
Assume ¢: (X, A) —o (X, A) is a compact multivalued map determined by a mor-
phism ¢ such that A(p) # 0 (X, A € ANR). We would like to get some information

about fixed points of ¢ in X \ A.
We start with an example:

(57.2) ExaMpPLE. Let f:(]0,1],{0,1}) — ([0,1],{0,1}) be a map defined as
follows:
f(z) =2?% for every z € [0, 1].

Let fi = flp,1) and fo = fl{o,13- We have A(f) = A(f1) = A(fe) =1-2=—-1#0
but f has no fixed points in [0, 1]\ {0, 1}.

We prove the following:
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(57.3) THEOREM. Let X,A € ANR, A C X and let ¢: (X, A) — (X, A) be
a compact multivalued map (i.e. px and pa are compact) determined by a mor-
phism ¢ such that A(p) # 0. Then ¢ has a fized point in cl (X \ A).

PROOF. Assume to the contrary that Fix(p) Ncl (X \ A) = 0. It implies that
Fix(p) C Intx A. Let U = Intx A. Then U is an open set in X such that U C A
and Fix(px) C U. Therefore, from the additivity and contraction properties of
the index we obtain:

(57.3.1) Ind(X, ox,U) =Ind(4, pa,U).
But from the normalization property of the index we obtain:

(57.3.2) Alpx) =Ind(X, ¢ox,U),
(57.3.3) Alpa) =Ind(A, pa,U).

So, in view of (57.1) we obtain A(¢) = A(px) — A(pa) = 0, a contradiction and
the proof is completed. O

As an application of (57.3) we obtain Krasnosiel’skii’s theorem. Let X be
a closed cone in a normed space. Given two real numbers rg, r such that 0 < rg < r
we let:

Sry ={z € X | ||z[| = ro}, Ky ={x e X[ |zll <o},
Arr={zeX|ro< |zl <r}, Kf={zeX||z]=r}

We prove:

(57.4) THEOREM (Krasnosiel’skil). Let p: X — X be a compact mapping
determined by a morphism such that o(Sy,) C K, and ¢(S,) C K. Then
Fix(p) # 0.

Proor. Let A = K, U K,F. Tt follows from our assumptions that ¢ maps
A into itself. Denote by @: (X, A) —o (X, A) the respective map of pairs and let
pa: A —o A be the restriction of ¢ to (A, A). Since X, A € ANR we obtain:

A(@) = Alp) = Alpa).

But A(p) = 1 (X is a convex subset of E) and A(pa) = 2 (A consists of two
contractible components) hence A(@) = 1-2 = —1 and (57.4) follows from (57.3).00
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58. Repulsive and ejective fixed points

There are several classifications of fixed points for singlevalued mappings: es-
sential and inessential, repulsive and ejective or Sharkhowskii’s classification (see
[Bro4], [Brob], [For|, [Gol] and [Sh]). In the case of multivalued maps the situa-
tion is much more complicated. We are able to consider only repulsive and ejective
fixed points (see [BGK], [FP], [GP]).

Let X be a space and z € X. By U(x) we will denote the family of all open
neighbourhoods of z in X. Let X be a compact space and ¢: X — X be an u.s.c.

map.

(58.1) DEFINITION. A fixed point o € Fix(p) is called repulsive relative to
U € U(a) if, for any V € U(a), there exists an integer n(V) > 1 such that
(X \ V) C X\U for all n > n(V). If there is U € U(a) such that « is repulsive
relative to U then « is called repulsive. The set of all repulsive fixed points is
denoted by Fix,(p).

(58.2) DEFINITION. A fixed point o € Fix(yp) is called ejective relative to
U € U(a) if, for any * € U \ {a}, there exists an integer n > 1 such that
©"(x) € X\ U. If there is U € U(a) such that « is ejective relative to U then «
is called ejective. The set of all ejective fixed points is denoted by Fix. ().

As an immediate consequence of the above definitions we obtain:
Fix,(¢) C Fixe(yp).
A simple example shows that the converse is not true even for singlevalued map-
pings.
(58.3) ExamMpLE. Consider a function f:[0,1] — [0, 1] given by
f(a) =2(=a® + )
and the open neighbourhood U = [0, 1/4) of the origin. It is easy to see that 0 is
ejective relative to U. However, this fixed point is not repulsive because f(1) = 0.
First we prove the following:

(58.4) PROPOSITION. Let X be a compact space, ¢: X — X be continuous and
a € Fix(p). The following statements are equivalent:

(58.4.1) « is repulsive,
(58.4.2) there exists U € U(a) such that, for any x € X \ {a}, there exists an
integer n(z) > 1 such that ¢"(x) C X\ U for all n > n(z).
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PROOF. It is obvious that (58.4.1) implies (58.4.2). Suppose that (58.4.2) holds
We show that there exists M > 1 such that X \ U C Uf\il e Y X\ U). But
Uiz, ¢ %X \ U) is an open covering of a compact set, hence we can find the
wanted number M. Thus, we have

U5 X\ e (D) = X\ e~ (D) = e3> N3 0.

Let N =UnN ﬂf\il_l(gof(U)) By continuity of ¢ the set N is open, € N and
NcU.

We show that ¢ '(N) C N. In fact z € ¢ '(N) if and only if (x )OU;«'é (¢ and
for every i, 1 <i<M—1, <p( )N (U) # 0. Tt meansthatxeﬂz N (%))
Thus © € U and z € ﬂ Y 1(U)). This implies that ¢ " '(N) C N and

eI Y (N) Cc 3N )foreverynzo. Now,

oo
aeﬂgo; ﬂ%r ﬂ‘P+ ﬂ<p
n=1

Thus N2, p1"(N) = {a}. Let W € U(a) be such that W C N. We assert that
« is a repulsive fixed point relative to W.

Let V € U(a). We show that there exists n(V) > 1 such that <p+"(v)( N)cV.
Suppose that for every n > 1 we have o "(N) N (X \ V) # 0, i.e. for every n > 1

| |
wa

there exists z, € ¢ "(N) such that z, € X \ V. By a compactness of X \ V
there is a subsequence z,, — x € X \ V. But z € (=, p7"*(N) = {a}. This is
a contradiction.

Now, for every n > n(V') we have ¢ " (N) C V and thus Uzozn(v) e "(N)CV.
Therefore,

X\vec () X\ ﬂ e "(X \ N).
n=n(V) n=n(V)

This implies that for every n > n(V) we have ¢"(X \ V) C X \ N C X C W the
proof is completed. U

(58.5) PROPOSITION. Let X be a compact space, ¢: X — X be continuous and
a € Fix(p). The following statements are equivalent:

(58.5.1) « is repulsive,
(58.5.2) « is ejective and a & (X \ {a}) (« is strongly ejective).

PROOF. If « is repulsive then, obviously, (58.5.2) is also true. Let a be ejective
relative to U € U(a) and a € (X \ {a}). For every point x € X \ {a} we have
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dist(p(x), @) > 27y(x) > 0 for some y(x). For every x € X \U there exists o(z) >0
such that ¢(y) C Nya)(¢(x)) whenever y € Ny, (). Then dist(p(y), o) > y(x) >
0. By a compactness of X \ U there are z1,..., 2, and N1 = Ny, y(21), ..., N =
Noy(z1,)(2x) such that X \ U C Ule Nj.

Define v := min {y(z1), ... ,7(2x)}. Let V € U(a) be such that V. C UNN,(«).
Then for every € X \ U there is i, 1 < i < k, such that € N;, and then
dist(p(), @) > v(2;) > ~. This implies ¢(x) C X \ V and for every x € X \ {a}
there is n(z) > 1 such that ¢™*)(z) € X\ V. The set X \V is open and ¢ is u.s.c.
s0, for every = € X \ {a} there exists N (z) € U(z) such that o™ @)(N(z)) ¢ X\ V.
Let C = X \ V. This set is compact and o ¢ C. Choose for every x € C' the set
V(z) € U(x) such that V(z) € N(z). Then C C |Ji_, V(x;) for some 7 > 1 and
for every i, 1 <i <7, @) (V(z;)) c X \V C C.

Define K = (J;_, U"(m D=1 03(V(z;)). This set is compact, o ¢ K and C C
K. We show that ¢"(K) C K for every n > 1. First, note that ¢"(K) C
Ui_ 1U"(x) Lorts(V(z;)). Now, if n+ s < n(z;) then " t5(V(z;)) C K. If
nts > n(z) then g™ (V (7)) = ¢+ 1) (on@) (V(2,)). Bus ") (V(zy) ©
X\ V C C C K. Therefore, by induction, " +*(V(x;)) C K.

Let z € X \ {a}. There exists n(z) > 1 such that ¢"@)(z) ¢ X \V C K.
Hence, ¢"(x) C K for every n > n(x). Now, if W € U(a) < W C X \ K then «
is repulsive relative to W; the proof is completed. O

(58.6) THEOREM. Let X be a compact ANR and ¢p: X — X a multivalued map
determined by a morphism. Suppose that there exists an open subset V.C X such
that

(58.6.1) the inclusion i:V — X induces an isomorphism on homology,

(58.6.2) there exists a natural number ng such that o"(X \V) C X\ V, for every
n>ng.

Then i(X, o, V) = 0.

PROOF. Observe that Fix(¢™) N AV = ) for every n € N. Indeed, if Fix(p™) N
OV # () for some n, then we choose k € N such that &k -n > ng. Then Fix(¢™) N
OV # () implies Fix(p*™) N OV # 0 in contradiction to ¢"(X \ V) € X\ V (see
(58.6.2)). Therefore, the index ind (X, ¢™, V) is well defined for every n. It follows
from the mod-p property of the fixed point index that, if

(X, @™, V)=0 for every n > ny,

then (X, ¢, V) = 0. So, we shall prove that i(X, ¢™, V) = 0 for every n > ny.
First, from the additivity and normalization properties of the fixed point index we
obtain:

(58.6.3) i(X, 0" V) +i(X, 0", X\ V) = Ale").
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We consider ¥1: X \V — X\ V, ¥: X\ V — X\ V, 93: X\ V — X \ V the
respective mappings defined by ™ (cf. (58.6.2)). From (58.6.1) and (11.4.1) we
deduce:

(58.6.4) A(p™) = A(¥2).

On the other hand we have the following commutative diagram:

X\V—Lox\V

1Nk

in which j: X \ V — X \ V is the inclusion map. So, from (11.4) we deduce that:

(58.6.5) A(tp2) = A(yn).

Since the open set X \V of an ANR-space X is again ANR from the contraction
and normalization properties of the fixed point index we obtain:

(58.6.6) i, 6", X\ V) = i(X\ V00, X\ V) = A().

Consequently, from (58.6.3)—(58.6.6) we infer: (X, ¢", V) = 0, and the proof is

completed. 0O
As an immediate consequence of (58.6) we obtain:

(58.7) COROLLARY. Let X and ¢ be the same as in (58.6). Let o € Fix, ()
be a repulsive point relative to U € U(). Assume that:

(58.7.1) there exists V € U(a) such that V.CV C U and i: X \'V — X induces
an isomorphism on homology.

Then i(X,,U) = 0.
PROOF. Observe that « is the only fixed point in U (by definition). So,
i(X,0,U) =i(X,,V)
and our claim holds by (58.6). O
Now from (58.7) and the additivity property of the fixed point index we obtain:

(58.8) COROLLARY. Let X and ¢ be as in Theorem (58.6). Assume that
Fix, (@) = {a1,...,ar} and o; is repulsive relative to U; € U(a), i = 1,... ,k
and the assumption (58.7.1) holds true for every U;, i = 1,... k. If A(p) #0
then there exists a € Fix(p) such that o € Fix,(p).

In particular, if in (58.8) we assume that X € AR then we have:
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(58.9) COROLLARY. If X € AR and ¢: X — X is a multivalued map deter-
mined by a morphism then Fiz(p)\ Fix,(p) # 0.

PROOF. Since X is acyclic, so A(p) = 1. If ¢ has no repulsive fixed point then,
there exists = € Fix(p) \ Fix,(¢). So, we can assume that Fix, (@) # 0. If the set
Fix, () is finite, then our claim follows from (58.8).

If it is not, then we choose a sequence {z,} C Fix,(¢) such that lim, x, = « €
Fix(¢) (observe that by definition any repulsive fixed point is isolated). O

Since Fix,(¢) C Fix.(¢) it would be interesting to find sufficient conditions for
fixed points which are not belonging to Fix. ().

Recall that we have assumed X to be a compact ANR-space and ¢: X — X to
be a multivalued map determined by a morphism. In what follows we shall keep
the above assumptions. We start with the following:

(58.10) PROPOSITION. Let F' C Fix(yp) be an open and closed in Fix(p). As-
sume that (X \ F) C X \ F' and the restriction ¢': X \ F' — X \ F' is a compact
map. Denote by @: (X, X \ F) — (X, X \ F) the map determined by ¢. Then
(X, 0, W) = A(@) = Alp) — A(¢'), for any open neighbourhood W of F in X
such that W N (Fix(e) \ F) = 0.

Proposition (58.10) immediately follows from the Lefschetz fixed point theorem,
normalization and additivity properties of the fixed point index and (58.5).

(58.11) PROPOSITION. Assume that (X \Fixe(p)) C X\Fixe(p), #Fix.(p) <
+00. Denote by ¢': X \ Fix.(¢) —o X \ Fixc(¢) and @: (X, X \ Fix.(f)) — (X, X'\
Fixe(p)) the respective maps determined by @. Then A(@) = 0 and A(p) # 0
implies that Fix(p) \ Fix.(¢) # 0.

PROOF. From (58.10) we deduce that A(¢’) # 0. So by the Lefschetz fixed
point theorem applied to ¢’ we obtain Fix(y¢’) = Fix(¢) \ Fixe(p) # 0 and the
proof is completed. U

For the remaining part of this section we will keep, in addition to the previously
made assumptions, the assumptions of proposition (58.11).

(58.12) COROLLARIES.

(58.12.1) If ¢ is homotopic to a constant map, then Fix(p) \ Fix.(p) # 0.

(58.12.2) If X or X \ Fixc(p) is acyclic, then A(P) = 0 implies that Fix(p) \
Fix, (4,0) # 0.

(58.12.3) If X and X \ Fix.(p) are acyclic then Fix(p) \ Fixe(p) # 0.

(58.12.4) Let B C Fix.(¢) and i: X \ Fixc(p) — X \ B be the inclusion map.
If iw: Ho(X \ Fixe(¢)) = H.(X \ B) is an isomorphism, then the set
Fix.(p) in (3.2) can be replaced by B.
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(58.12.5) If the inclusion i: X \ Fix.(¢) — X induces an isomorphism on homolo-
gies and A(p) # 0, then Fix(p) \ Fixe(p) # 0.

(58.12.6) Assume that Y C X is a closed subset such that o(X) C Y. If for
every ¢ € Fix.(¢) we have H (Y,Y \ {}) = 0 and A(p) # 0, then

Fix(p) \ Fix.(¢) # 0.

For some further results we recommend [FP], [GP], [Pei].

59. Condensing and k-set contraction mappings

To learn about condensing maps it is useful to start with the notion of k-set
contraction and condensing pairs of maps. As in Chapter IV, by a pair (p, q) we
mean the following diagram:

X &L 1 Ly

in which p is Vietoris and ¢ continuous. Such a pair (p,q) is called compact
provided ¢ is compact.

Let E be a Banach space. By v: B(E) — R4 we will denote the measure of
non-compactness function, i.e. v is a function satisfying all properties of (4.10).
In particular, we can let v = a to be the Kuratowski measure of compactness or
~v = 3 to be the Hausdorff measure of non-compactness (see Section 4).

(59.1) DEFINITION. Let A and C be two subsets of E. A pair A <= T -4 C
is called a k-set contraction pair, if there exists a real number k£, 0 < k < 1, such
that for every bounded B C A the following condition is satisfied:

(59.1.1) Y(a(p~"(B))) < k- y(B);

(p, q) is called a condensing pair, if for every bounded and no relatively compact
B C A we have

(50.1.2) alp~'(B))) < 1(B).

It is evident that any compact pair is k-set contraction with k& = 0 and any
k-set contraction pair is condensing. Moreover, let us observe that if (p,q) is
a condensing pair then for any bounded B C A the set ¢(p~!(B)) is bounded.

(59.2) PROPOSITION. Let A 17 L Cha condensing pair, where A is
a bounded and closed subset of E. Then Fix(p, q) is a compact set, where as before

Fix(p,q) = {z € Az € qlp~ ()}

PROOF. Indeed, we have Fix(p, q) C q(p~!(Fix(p,q))), hence

V(Fix(p, q)) < v(q(p~ ' (Fix(p, q)))) < v(Fix(p, q))-
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So, by (4.10) we deduce that Fix(p, q) is compact. Because Fix(p, q) = Fix(p, q)
the proof is completed. O

We will say that the pair (p, q) satisfies the Palais—Smale condition provided for
every sequence {uy} C T, the property
lim(p(uz) = g(un)) =0
implies that there exists a convergent subsequence of {uy, }.

(59.3) PROPOSITION. Let (p,q) be the same as in (59.2). Then the pair (p,q)
satisfies the Palais—Smale condition.

PRrROOF. Let lim,(p — q)(yn) = 0. We put z,, = p(¥n) — ¢(Yn), Un = p(Yn)-
Then {z,} C E and {u,} C A. By assumption v({z,}) = 0. We will show that

y({un}) = 0. Because q(yn) € q(p~!(un,)) we have

1a{yn})) <A™ {un}))) <k -v({un}).

On the other hand, u,, = x,, + q(yn) so, in view of (4.10.2), we obtain

Y{un}) <v{zn}) +9({a(ya)}) = v(g{yn}))-

The above two inequalities imply that y({u,}) = 0. Therefore the set p~*({u,})
is compact (p is proper!), so from the sequence {y,} in p~!({u,}) we can choose
a convergent subsequence and the proof is completed. O

Let A be a bounded closed subset of E and let C' be a convex closed subset of
E. Consider a k-set contraction pair (p,q) from A to C. We will associate with
such a pair (p, q) a compact pair (p, ) such that Fix(p, ¢) = Fix(p, q). In order to
do it we define a decreasing sequence { K, } of closed bounded and convex subsets
of C' by putting

Ky = womw(g(p (A)), . , Ky = @ (q(p (AN Ky 1)), ..

It is evident that ¢(p~*(K, N A)) C K,+1 and Fix(p,q) C K,, for every n. There
are two possibilities, namely,

(59.4) K, #0, foreachn,
(59.5) K; #0, fori=1,...,mand K,,+; =0, for each j.

If (59.5) holds then we choose a point xg € K, and we define
(59.6) g:T'— C by putting q(y) = z¢ and p = p.

Then (p, q) is a compact pair such that Fix(p, q) = Fix(p, q) = 0.
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(59.7) LEMMA. Assume that (59.5) holds and let x1 € K,,,. Then there exists

a compact homotopy h:T x [0,1] — C joining q¢ with ¢1 such that
Fix(p,h) = {z € A|z € h(p~ ((z) x {t})), for every t} =0,

where ¢1:T' — C' is given by the formula ¢1(y) = 1.

For the proof of Lemma (59.7) it is sufficient to consider a homotopy h:T' X
[0,1] — C given as follows:

h(y,t) = (1 — t)zo + tzq.

(59.8) REMARK. By comparing (59.6) and (59.7) we can say that, if (59.5)
holds, then the pair (p, ) is defined uniquely up to homotopy.

(59.9) LEMMA. If (59.4) holds, then Koo = (.o, K, is a compact conver and

nonempty set which contains Fix(p, q).
ProoOF. First, we claim that

(59.9.1) ~(K,) < k™ - ~(A), for each n, where k is given for considered k-set
contraction pair (p, q).

We prove (59.9.1) by induction. Since

V(K1) = ~(@nv(g(p~ (4)))) = 1(a(p~" (4))) < k- (4),

our assertion holds for n = 1. Now assume that (59.9.1) is true for every m < n.
Then we obtain:

V(K,) = ~y(conv(q(p~ (AN Kn-1))))
=v(qlp " (ANK,1))) <k -y(ANK,_1)
<k y(Kno1) <k-E"y(A) = Emy(A)

and thus finish the proof of (59.9.1). Now, from (59.9.1) it follows that lim,, v(X,)
= 0. Therefore, our claim follows from (4.14). O

We associate with given k-set contraction pair (p, q):
ALr LC

the pair (p, q):

(59.10) ANKy 4= pHANKL) L Ko

by putting p(u) = p(u) and q(u) = q(u). Since ¢p (AN Ky ) C Ku, in view of
(59.9) we get Fix(p,q) = Fix(p, q). Observe, that if A = C, then the condition
(59.5) cannot occur.

Since (p, q) is a compact pair, then from the Lefschetz fixed point theorem for
admissible (or determined by morphisms) maps we obtain:
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(59.11) PROPOSITION. If C is a bounded closed and convexr subset of E and
(p,q) is a k-set contraction pair from C to C, then Fix(p,q) # 0.

We prove:

(59.12) THEOREM. If C is a bounded closed and convex subset of E and (p, q)
is a condensing pair from C to C, then Fix(p, q) # 0.

For the proof of (59.12) we need some additional facts. Let e > 0. A point
u € T is called an e-coincidence for (p, q), if ||p(u) — q(u)| < e.

(59.13) LEMMA. If (p,q) has an e-coincidence for every e > 0 and satisfies the
Palais-Smale condition, then Fix(p, q) # 0.

PROOF. Let ¢, = 1/n and {u,} C T be a sequence of ¢,-coincidence points
of (p,q), n =1,2,.... Then lim,(p(u,) — q(u,)) = 0. So, from the Palais—Smale
condition we obtain that there exists a convergent subsequence {uy, } of {u,}.

Let u = limy, up,,. Then p(u) = g(u), so the set »(p, q) of coincidence points is
nonempty and consequently Fix(p, q) # 0. O

PROOF OF (59.12). We can assume without loss of generality, that 0 € C. For
each n =1,2,... we define a map ¢,: " — C by putting:

) = (17 ) atw),

Then (p,q) is an (1 — (1/n))-set contraction, n > 2. So, from (59.11) for every
n > 2 we obtain a point u, € I" such that p(uy,) = q(un). On the other hand we
have:

IN

Ip(un) = q(un)l| < llp(un) = gn(un)ll + [lg(un) — gn(un)ll

1 1.
~llg(un)[| < — - diam(C),
n n

where diam(C') denotes the diameter of C. It implies that (p, ¢) has e-coincidence
for every € > 0 and hence our theorem follows from (59.13) and (59.4); the proof
is completed. O

Let C be a convex closed subset of E and (p,q): U LT L C be a k-set
contraction pair such that Fix(p,q) NOU = (, i.e. (p, ¢) has no fixed points on the
boundary U of U in C, where U is an open subset of C.

Following (59.10) we obtain a compact pair

7.3):UNKy <= p ' (UNKL) -5 CNEKw.
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For simplicity let us denote Uy = U N Ky and C1 = CN Ky, T'1 = p~HU N Ko).
Then we have a compact pair

U, &1 -5,

where U; is open in C7 and C is a convex nonempty compact subset of E.

Now, by using the Schauder Approximation Theorem, for given £ > 0 we can
find a n(e)-dimensional subspace E™) of E and an e-approximation ¢.:T; —
E™E) of q. Welet V=0, NE™®) and C. =C4 NE™®) . Then we obtain a diagram:

V&IV B

As we have seen in Chapter 3 for sufficiently small & > 0 such that Fix(p1,¢-) N
OV = 0 and ¢, is homotopic to g/ for €,¢’ < &g, for some € > 0.

Let r:R™ — C. be a retraction (C. is convex and closed, so C. € AR). Then
r~1(V) is an open subset of R" and we have the following commutative diagram:

V) = == (V) —— C.
Pe g

NZa

T ()

q.=10gc:0g

in which e = {(z,y) € r=2(V) xp (V) | r(x) = p1(¥)}, pe(z,y) = 2, f(z,y) =
r(z), g(x,y) = y. Moreover, we obtain:

Fix(pe,q.) = Fix(p1,¢:) C V.

But for the pair (pe,q.) the coincidence index I(p.,q.) is well defined (see (12.4)).
We let:

(59.14) I(p,q) = I(pe,q.)-

Then I(p,q) is called the coincidence index for the k-set contraction pair (p,q).
Note that by a standard argument, used already several times, we can see that
definition (59.14) is correct for a given retraction r.

The following problem remains open (see [GK]).

(59.15) Does Definition (59.14) depend on the choice of a retraction map r?
Note that (59.15) is a slight reformulation of the definition of a topological
degree for n-admissible mappings.

We shall make use of the following two properties of the coincidence index
defined in (59.14).
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(59.16) PropPERTY (Existence). If I(p,q) # 0, then Fix(p,q) # 0.

(59.17) ProPERTY (Homotopy). Let U be an open subset of C, where C is
a convex closed subset of a normed space E. Let p:T = U be a Vietoris map and
let h:T x [0,1] — C be a continuous map. Assume further that the following two
conditions are satisfied:

(59.17.1) Fix(p, h)NOU = 0, where Fix(p,h) = {x € U | x € h(p~(x,t)) for some
te[0,1]},

(59.17.2) y(h(p~1(B x [0,1]))) < k- y(B) for every B C U and some 0 < k < 1.

Then I(p, ho) = I(p, h1), where h;(z) = h(x,i), i =0,1.

The standard proofs of (59.16) and (59.17) are left to the reader.

Now we will generalize the non-linear alternative and the Leray—Schauder al-
ternative from the case of k-set contraction singlevalued maps to the case of k-set
contraction pairs. Till the end of this section we will assume that C is a convex
and closed subset of E which contains the zero point 0 of F.

(59.18) THEOREM (The Non-Linear Alternative). Let U be an open bounded
subset of C' such that 0 € U and let (p,q) be a k-set contraction pair from U to C.
Then at least one of the following properties holds:

(59.18.1) »(p,q) # 0,
(59.18.2) there is an x € OU such that x € (A - q(p~*(x))) for some X\ > 1.

PROOF. We can assume without loss of generality, that Fix(p, ¢) NoU = . For
the proof consider a homotopy h:T" x [0,1] — C defined by the formula h(y,t) =
t-q(y). Then h satisfies (59.17.2) and it is a homotopy joining ¢ with the constant
map q1,q1(y) = 0. If Fix(p,h) N OU = (, then from (59.17) and (59.16) we
deduce that Fix(p,q) # 0, so (59.18.1) holds. If Fix(p,h) N U # (), then we
can take a point xg € AU such that x¢ € (to - q(p~*(z0))) for some 0 < to < 1.
Consequently, for A = 1/tg > 1 we have zg € X - q(p~'(x0))) and the proof is
completed. O

(59.19) COROLLARY. Assume (p,q) is as in (59.18). Assume further that for
every x € OU and for every u € q(p~1(x)) one of the following conditions holds:

(59.19.1) ul| < ||z,
(59.19.2) Jull < llz = ull,
(59.19.3) lull® < ll2]® + ||z — ).

Then »(p,q) # 0.

For the proof of (59.19) it is sufficient to note that each of conditions (59.19.1)—
(59.19.3) implies that the second property of the non-linear alternative cannot

occur.
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For a pair (p, q) from C to C and for a subset A C C, by (pa, ga) we will denote
a pair defined as follows:

pa:p” (A) = A, paly) =ply
ga:p~ ' (A) = C, qaly) = aly
(59.20) THEOREM (The Leray—Schauder Alternative). Let (p,q) be a pair from
C to C such that for any open and bounded U C C' the pair (pu,qu) is a k-set
contraction. Let G(p,q) = {x € C |z € (A\-q(p~(x))), for some 0 < X\ < 1}.
Then either G(p, q) is unbounded or s(p,q) # 0.

)

)
)-

PROOF. Assume G(p,q) is bounded. We choose an open ball B(0,r) in E
containing G(p, ) in its interior. Let U = B(0,7) N C. Then (py,qu) € C(U,O)
and no x € QU can satisfy the second property of the non-linear alternative. By
using once again (59.18) to the pair (py, qu) we have § # (py, qu) C »(p,q) and
the proof is completed. O

(59.21) REMARK. Finally, let us remark that all results of this section can be
formulated for k-set contraction and condensing admissible maps or morphisms;
¢ is a k-set contraction (condensing) admissible map if there exists a k-set con-
traction (condensing) pair (p, ¢) such that (p, q) C ¢. In the definition of the k-set
contraction (condensing) morphism we consider the equivalence relation in family
of all k-set contraction (condensing) pairs (p, q).

(59.22) REMARK. Note that in Section 60 we will continue the study of k-
set contraction and condensing maps in the framework of so called compacting

mappings.
60. Compacting mappings

The aim of this section is to show a way of generalizing some of the results
presented in Section 59. In this section we assume that all multivalued mappings
are determined by morphisms. We start with some notations and notions.

(60.1) DEFINITION. A closed subset of X of a Banach space E is called a special
ANR provided there exists a family {C;};es of closed convex subsets of E such
that X = ey C; and this union is locally finite, i.e. for every x € X there exists
a finite set J, C J, such that x & C; for every j € J \ J, (written X € s-ANR).

Note that a special ANR is an ANR-space. In fact it follows from the so called
Second Hanner Theorem, which states that any space locally ANR is an ANR-
space, and from (1.10.1).

If X € ssANR and X is a finite union X = U?zl C; of closed convex subsets
in E, then we will write X € sf-ANR.

We shall use the following lemma:
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(60.2) LEMMA. Let C' € sf-ANR be the union C = |Jj_, C; of closed convex
subsets of E. Then there exists a polyhedron P such that P = J;*, P;, where P; =
conv{zy,...,&m,} for some x1,...,&m, € C and a continuous map m:C — C
such that ©(C;) C P; C C; for all i < n.

Lemma (60.2) is strictly technical so the proof is omitted here. For details
see [Nu].

(60.3) DEFINITION. Let X € s-ANR and U be an open subset of X. A multi-
valued map ¢: U — X (determined by a morphism) is called compacting provided
there exists an open set W C U and a sequence {K,} such that K,, € sf-ANR for
every n and the following conditions are satisfied:

(60.3.1) Fix(p) CW CW CU,

(60.3.2) WcC Ky CX,
(60.3.3) p(WNK,)C Knt1 C K, forany n >1,
(60.3.4) lim, 00 y(K,) = 0, where ~, as in Section 59, denotes the measure of

non-compactness.
We shall prove the following:

(60.4) PROPOSITION. Suppose that X € s-ANR, U is an open subset of X and
f:U — X is a continuous map such that S = {x € U | f(x) = x} is compact.
Assume that there is an open neighbourhood W of S such that flw is a k-set-
contraction with k < 1. Then f is compacting.

PROOF. X has a locally finite covering {C,, | & € A} by closed, convex hull
of B in the overlying Banach space. By the local finiteness of the covering and
the compactness of conv f(W), there exists a neighbourhood W, of S, W; € W,
such that (W U convf(W7)) N C, is empty except for « in a finite index set A;.
Define K; € Fy by K1 = UaeA1 Cy and for n > 1 define {K,} inductively by
K41 = (convf (W1 N K,)) N X. Since f is a k-set-contraction, k < 1, v(Kp41) <
k"y(W1) — 0. Tt is also not hard to see that K,, D Kp41, f(WiNK,) C Kpy1
and Wy C K;. Thus f is compacting; the proof is completed. O

Now assume that ¢: W —o X is compacting with W and {K,} satisfying the
conditions of (2.8). Since K; € sf-ANR there exists m(i) and Ciy, . .. , Cip(s) closed
convex such that K; = Um(z Ci; and 9(Ciy) < v(K;) +i~ L.

We may now choose n and by Lemma (60.2), 7,: K1 — K; such that 7, (K;) C
P, C X, where P, is a polyhedron such that

||
i Cg

U and 7'('"(02']‘) - Pz'j - Cz]
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Thus 7, (K;) C K; for any i < n and if z € K; we have ||m,(z) — x| < v(K;)+i~L.
Since the fixed point index for maps determined by morphisms on polyhedra is
defined, as we have already observed, we can let:

(60.5) (X, 0, U)= lim i(P,,mp00, WNP,) =i(Py,m, 00, WNPF,)
n—oo

if n is big enough. The proof of a correctness of the above definition is quite long
and technically complicated. We recommend [FV1].
We shall restrict our considerations to the case of the fixed point index defined

in (60.5) having the following properties:

e existence,

e excision,

e additivity,

e homotopy,

e commutativity,

e mod p.

To obtain the normalization property of the above fixed point index one more
assumption about ¢ is needed. We have to assume that ¢ is a compact absorbing
contraction and compacting mapping. We have proved in Chapter IV that for
compact absorbing contractions the Lefschetz fixed point theorem is true, so it is
sufficient to see that the respective Lefschetz number and the fixed point index
are equal.

There are still some open problems concerning compacting and compact ab-
sorbing contractions:

One of those is to find relations between:

e compacting, condensing, k-set contraction mappings on one hand;
e eventually compact mappings with compact attractors, compact absorbing
contractions, asymptotically compact — on the other hand.

61. Fixed points of differentiable multivalued maps

In this section we prove several fundamental fixed point principles for u.s.c.
maps with convex values which are k-set contractions, k < 1 and differentiable at
the origin or infinity. We will base on the works of G. Fournier and D. Violette
(cf. [FV1], [FV2]).

Let E, E’ be two Banach spaces. A multivalued map F: E — E’ is called
homogeneous, if F(tz) = t- F(x) for any ¢ € E and t € R. We say that F is
semi-linear positive if F(}1 | t;x;) < >0 t; - F(x;) for every z; € E, t; > 0 and
Yo ti < 1. In this case F(0) = 0 and F(conv A) C conv F'(A). A real number A
is an eigenvalue of F: E —o FE if there exists € E such that Az € F(z); then z is
called an eigenvector corresponding to .



61. FIXED POINTS OF DIFFERENTIABLE MULTIVALUED MAPS 307

Let U be an open subset of E.

(61.1) DEFINITION. A multivalued map T:U — E’ is differentiable at the
point x € U if there exists an u.s.c. multivalued map S,: T'(z) x E — E’ such that
the map S, ,: E — E’ defined by S; .(h) = Sz(2,h) is u.s.c., homogeneous and
that if ||h]| < d, then

tu(T@4n), U 5 <l

z€T(x)

where dpy stand for the Hausdorff distance. The map S, is called a differential
of T at x. If T is differentiable at every point of U, T is said to be differentiable
on U. We do not have the uniqueness of the differential at a point. Moreover, our
differential is not necessarily a map with convex values.

(61.2) EXAMPLE. Let T:R" — R™ be defined by
T(x) = conv(Ty(x),...,Tp(z)), where T;:R" — R"

is a singlevalued differentiable maps on an open subset U of R™. Then the map T
is differentiable on U and the map S,: T'(z) x R™ — R™ defined by

Sy(z,h) = {ZaiDTi(x)(h) ZaiTi =2z, a; >0 and Zai = 1}
i=1 i=1 i=1

is a differential of T at z € U.
The differentiable multivalued maps have the following properties:

(61.3) PROPOSITION. Let T:U — E' be a multivalued map differentiable at
x € U. Then there exists 6 > 0 and there exists k > 0 such that ||Sz(z, h)|| < E||h]|
for ||h]| < & and for every z € T(x).

(61.4) PROPOSITION. IfT:U —o E’ is a multivalued map differentiable at the
point x € U, then T is continuous at that point.

(61.5) DEFINITION. Let T:U — E’ be a multivalued map such that T'(z) is
compact for every x € U, where U = {z € E | ||z| > M > 0}. T is differen-
tiable at infinity if for any € > 0, there exists 6 > 0 such that ||h|| > ¢ implies
dg(T(h),S(h)) < €||h||, where S: E — E’ is an u.s.c., homogeneous and semi-
linear positive map. The map S is called a differential of T at infinity.

(61.6) DEFINITION. Let T:U — E’ be a differentiable map on U. We shall
say that T is continuously differentiable on U if there exists a map (z,z) — Sg.»
such that
(61.6.1) it is continuous on (J, ¢y {z x T'(7)},

(61.6.2) S, is a differential of T' at x.
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(61.7) PROPOSITION. Let U C E be an open set containing the point 0 € E
and let F:U — E be a multivalued differentiable at 0 map such that F(0) = 0. If
So is a differential of F' at O then the m-th iteration F™ of F is differentiable at O
and Si* is a differential of ™ at 0.

PROOF. Since Sp o is homogeneous, Sy 0(0) = 0 and hence Sg’,(0) = 0.
Since F is differentiable at 0, for any € > 0, there exists § > 0 such that

(61.7.1) du(F(h),So,0(h)) <ellh| for every h € N5(0).

Since F' is u.s.c. at 0 and F(0) = 0, we can assume that F*(h) C Ns(0) for all
i <m if h € Ns, (0) where §; > 0. By (61.7.1) we have (3)

di (Fi(h), Soo(F1(h))) < el|Fi~(h)|| for all i < m.

In particular,
du(F™(h), Soo(F™ ' (h))) < el F™ = (h)]|.

But dg (F™ (), So.o(F™2(h))) < g|F™2(h)|| and Sp o is semi-linear positive

S0,

di (F™ (), S5 o(F™72(h))) < el F™ = (h) (M-
We also have
dig (F™72(h), So.0(F™ 2 (h))) <ellF" ()|
di (F™(h), S5 o(F™ % (h))) <el F™~(h) Fm=2(n)|
2IFm =3 ()|
and by the finite induction, we have
dp (F™(h), Sglo(h ZHFm”

=0

By the finite induction, we will show that
d (F™(h), Sg'o(h)) < exm [hl],

where @, = Y70 )
The case m = 11is (61.7.1). Suppose that it is true for k& < m. Let us show this
for k+ 1. By (61.7.1) with m =k + 1, we have

“iand x; = 1.

dH(FkJ'_l(h),Sg:’_l < EZ HFk i

(3) where || (h)|| = dist(0, F (h)).
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Let exp i1 ||h]| = e 5 [|FF~i(h) ', then

expra|h] = el F*(h) HE+ZHF’“ (

k—1 ] )
=e|F’f<h>|+e(Z|F’f-1-J<h> , )

Jj=0

writing down j =14 —1

Il

(

)

by the induction hypothesis

= e(( ) Ikl = ezxi Al
since
k k
Tpi1 = Z( z) Ik—z _ 7 Ik—z
=0 e
k 1
z=0
writing down j =14 —1
+ ( )Jfk
As a consequence dy (F*T1(h), S&'gl(h)) < expi1|h|. O

(61.8) PROPOSITION. Let U C E be an open set containing 0. If F:U — FE
is a multivalued map differentiable at 0 such that F(0) = 0 and F is a k-set
contraction, then Sp o is a k-set contraction.

PROOF. By Proposition (61.7), the m-th iteration F™ of F is differentiable at
0 and S7* is a differential of F™ at 0. Also, F™(0) = 0 since F(0) = 0. Then
the fact that F'"™ is a k-set contraction implies that its differential Sg* at 0 is also
one. t

(61.9) PROPOSITION. Let U = {x € E | ||z|| > M > 0} and F:U — E be
a multivalued map differentiable at infinity. If S is a differential of F at infinity
such that 0 & S(h) for ||h|| = 1, then the m-th interaction F™ of F is differentiable
at infinity and S™ is a differential of F™ at infinity.

PROOF. Since S is homogeneous, S(0) = 0 and S™(0) = 0. Since F is differ-
entiable at infinity, then for any € > 0, there exists § > 0 such that

du(F(h), S(h)) <ellhl| if [|A]] > .
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Since 0 ¢ S(h) for ||h|| = 1, there exists 6* > 0 such that Fi(h) C E \ Ns(0) for
every i < m if ||h|| > 6'. We then have dg(F*(h), S(F*=1(h))) < e||[F*~1(h)| for
all i <m.

By proceeding similarly as in the proof of (61.7), we obtain the conclusion. [

(61.10) PROPOSITION. Let U = {x € E | ||z|| > M > 0} and let F:U — FE
be a multivalued map differentiable at infinity such that F is a k-set contraction,
k< 1. If S is a differential of F' at infinity such that 0 & S(h) for ||h|| = 1, then
S is a k-set contraction.

PROOF. We use the proposition (61.8), and obtain the conclusion by proceeding
similarly as in (61.8) O

Now we will formulate and prove our main results of this paper.

(61.11) THEOREM (Expansion at the origin). Let C' C E be a cone and F: C' —o
C be a u.s.c. multivalued map with convex values such that F(0) = 0. Assume F
to be differentiable at 0 € C and let Sy be a differential of F' at 0. Assume,
furthermore, that there exists a positive integer m such that:

(61.11.1) F™ is a k-set contraction,

(61.11.2) Sg'y(h) is convex for every h,

(61.11.3) dist(0, S5'(9B(0,1)) > v(Sg%),

(61.11.4) the eigenvalues of Sy, are strictly greater than 1.
Then i(C, F™, B(0,7)) = 0 if r is small enough.

For the proof of (61.11) we need some lemmas.

(61.12) LEMMA. Let C be a cone in E. Then there exists y € C such that
|z 4+ Ay|| > ||z|| for every x € C and for all X > 0.

Lemma (61.12) is a well known fact from functional analysis (see [Bed-M)]).

(61.13) LEMMA. Let C be a cone in E and S:C — C be a homogeneous map
such that S is a k-set contraction and all eigenvalues of S are different from 1.
Then there exists € > 0 such that dist(X, S(x)) > e - ||z|| for ||x| # 0.

PROOF. Since S is homogeneous, it sufficient to show that there exists € > 0
such that dist(X,S(z)) > . We proceed by contradiction and assume that there
exists a sequence {z,} C C, ||z,|| = 1 such that dist(x,, S(x,)) goes to 0 when
n — oo. Let z, € S(x,) be such that lim, ||z, — z,| = 0. Then v({z,}) =
v({zn}) <Y(S(xn)) <k -~y({zn}), where k<1. But this is true only if v({z, })=0.
Let y € {x,}. Then ||y =1 and y € S(y), a contradiction since 1 is not an

eigenvalue of S. O

Now, by using (61.13) contradiction argument we obtain:
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(61.14) LEMMA. Let C be a cone in E and let F: C' —o C' be a multivalued map
which is a k-set contraction and differentiable at 0 such that F(0) = 0. If Sy is
a differential of F' at 0 and all eigenvalues of Sp o are different from 1, then 0 is
an isolated fixed point of F.

Finally, note that from (61.13) it is easy to obtain the following:

(61.15) LEMMA. Let C be a cone in E and F:C — C a k-set contraction map
differentiable at infinity. If S is a differential of F at infinity and all eigenvalues
of S are different from 1, then F has no fized point if ||x|| is big enough.

PROOF OF (61.11). There are three important steps to show this result.
Step 1. We will show that F' is homotopic to Sp o on B(0, r) if r is small enough.
Let G be the homotopy given by:

G(h,t) = (Hp(F(h),t),t),

where Hy,(y,t) = H(y, h,t) = (1—t)y+ton(y), y € F(h),h € C,t € [0,1] and pp, is
the projection on the convex compact F(0)+Sp o(h) = So,0(h), i.e. py, is the set of
all elements of Sy o(h) which are the nearest to y. Then pj, is a multivalued u.s.c.
map with convex values. So, G is a homotopy in the class of mappings determined
by morphisms.

By Lemma (61.14), G has no fixed point on 9B(0,r) if r is small enough and
G is compacting. By the homotopy property of the fixed point index we obtain:

i(C,F,B(0,7)) =i(C,pog, B(0,1)),

where g(h) = F(h) x {h} and p(y, h’) = p,(y) for all (y, ') € F(h) x C.
Now, we consider the homotopy G’ defined as follows:

G'(h,t) = (1 = t)pp(F(h)) +tSo,0(h) C So,0(h)
and hence we deduce:
Z(C, pPeyg, BT(O)) = Z(C, g, B(O? T)) = Z(C, SO,Oa B(O? 1))

Step 2. We show now that Sy o is homotopic to ASp o, if 7/(/S0,0(0B(0,7))|| <
A < 1/%(So,0). By the choice of A, the map - Sy is a k-set contraction. Now,
we consider the homotopy H' defined by:

H'(h,s) =s-Sp,0(h) forl1<s<A\

Then we obtain
Z(C, 5070, B(O, 7“)) = Z(C, )\ . 5070, B(O, 7“))
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Step 3. By (61.11), let yo € C be such that
diSt(O,p Yo + )\5070(}7/)) > A diSt(O, 5070(}7/))

for allp > 0. Choose p > (r+A-||S0,0(0B(0,7))|)/lvo|| and consider the homotopy
H" defined by:

H"(h,t) = tpyo + A\(So,0(h)) forall ¢t € [0,1].
Then we obtain i(C, ASp 0, B(0,7)) = i(C, pyo + ASo,0, B(0,7)) = 0 and the proof
is completed. O

(61.16) THEOREM (Compression at the origin). Let C C E be a cone. Let
F:C — C be a k-set contraction map with convex values and differentiable at
0e C. Let Sy be a differential of F at 0 such that:

(61.16.1) So,o(h) is convex for every h,
(61.16.2) the eigenvalues of Spo belong to the interval [0, 1).

Then i(C, F, B(0,r)) = 1 if r is small enough.
PROOF. Asin the Step 1 of the proof of (61.11) we can show that i(C, F, B(0,r))
= i(C, So,0, B(0, 7)) if r is small enough. The homotopy H' defined by
H'(z,t)=t-So,0(h), te]0,1]

has no fixed points on dB(0,7). So, by the homotopy property of the index we
obtain:

i(C, So,0, B(r,0)) = i(C, fo, B(0,7)) =1,

where fo: B(0,r) — C is defined by fo(h) = 0 for every h € B(0,r) and the proof
is completed. O

(61.17) LEMMA. Under the same hypotheses of Theorem (61.16), the map G
defined in the proof of Theorem (61.11) (see, Step 1) is a k-set contraction.

PROOF. We have G(h, ) C conv(F(h) U So,0(h)) and so
G(A x [0,1]) C conv(F(A) U So.0(A))
for every bounded subset A of E. It follows that:
Y(G(A % [0,1])) < max(v(F(A4)),7(S0,0(A)))

and thus G is a k-set contraction since F' and Sy o are. O

We will end this section by formulating next four results.
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(61.18) THEOREM (Expansion at infinity). Let C C E be a cone. Let F:C—C
be an w.s.c. multivalued map with convexr values such that F(0) =0, F is a k-set
contraction and differentiable at the infinity. Let S be a differential of F at infinity
such that:

(61.18.1) S(h) is convex for all h,
(61.18.2) dist(0, S(0B(0,r))) > ~(S), r >0,
(61.18.3) the eigenvalues of S are strictly greater than 1.

Then i(C, F, B(0,r)) = 0 if r is big enough.

PRrROOF. The proof is similar to the proof of (61.11) but we must substitute Sp o
by S and use Lemma (61.15) and Proposition (61.8). O

(61.19) THEOREM (Compression at infinity). Let C C E be a cone. Let
F:C — C be an u.s.c. multivalued map with convex values such that F(0) =0, F
1s a k-set contraction and differentiable at infinity. Let S be a differential of F at
infinity such that:

(61.19.1) S(h) is convex for all h,
(61.19.2) the eigenvalues of S belong to the interval [0,1).

Then i(C, F, B(0,r)) = 1 if r is big enough.
PROOF. Similar to the proof (61.16). O
If we combine the previous theorems, we obtain the following two theorems.

(61.20) THEOREM (Expansion at the origin and compression at infinity). Let
C C E be a cone and let F: C' —o C be an u.s.c. multivalued map with convex values
such that F(0) =0, F is a k-set contraction and differentiable at the origin 0 and
infinity. Assume furthermore that conditions (61.11.1)—(61.11.4) are satisfied for
Ry > 0 and conditions (61.19.1)—(61.19.2) are satisfied for Ry > 0. Let U = {x €
C | Ry < ||z|| < R2}. Theni(C,F,U) =1 and thus F has a non-trivial fized point
i U.

(61.21) THEOREM (Compression at the origin and expansion at infinity). Let
C C E be a cone and let F: C' —o C be an u.s.c. multivalued map with convex values
such that F(0) =0, F is a k-set contraction and differentiable at the origin 0 and
infinity. Assume furthermore that conditions (61.16.1)—(61.16.2) are satisfied for
Ry > 0 and conditions (61.18.1)—(61.18.3) are satisfied for Ry > 0. Let U = {x €
C | Ry < ||z|| < R2}. Then i(U,F,C) = —1; and thus F has a non-trivial fixed
point in U.

PROOF. By combining the previous theorems. O
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62. The generalized topological degree for acyclic mappings

In the bifurcation theory a generalized topological degree for mappings acting
between spheres of different dimensions is needed. First, we shall do it for strongly
acyclic mappings (see Section 33). To provide necessary constructions we shall
appeal to the homotopy groups of sphere. For the unit sphere S™ C R™*! we
let 7, (S™), m = 1,2,... be the m-th homotopy group of S™. According to
the Section 33 by SA(m,n) (resp. C(m,n)) m > n, we denote the class of all
triples (¢, U,y) (resp. (f,U,y)), where U is an open subset of S™, y € S™ and
©: (clU,0U) —o (8™, 5™\ {y}) is an SA-map (resp. f:(clU,0U) — (S™, 5™\ {y})
is a continuous map), where a SA-map means a strongly acyclic map.

The next lemma plays a role in what follows.

(62.1) LEMMA. Let U be an open subset of a finite-dimensional metric space
X and lety € S™. If o: (clU,0U) —o (S™, S™\ {y}) is an SA-map, then there is an
SA-map ¢': (X, X\U) —o (8™, 8" \{y}) such that ¢'|v = ¢|v. If¢: (X, X\U) —o
(8™, 8"\ {y}) is an SA-map such that ¢'|y = ply and f,g: X — S™ are co-
selections of ¢’ v’ respectively, then the maps f,g are homotopic.

PROOF. There is § > 0 such that ¢(z) N B(y,d) = 0 for x € OU. Define
Z =S\ B(y, (6/2)). The set Z is strongly acyclic and a map ¢’: X —o S™ given
by the formula

¢'(z) =

Z forx € X\ U,
p(x) forxel,

satisfies our requirements. Indeed, it is upper semi-continuous since its graph is
closed and has strongly acyclic values. Now, consider an SA-map v’ as above
and a map f: X \ U — S™ given by f/(x) = y for z € X \ U. By Proposition
(33.4) there is a co-selection f” of ¢’ such that f”’|X \ U = f'. Evidently f, f”
are co-selections of ¢’ and g, f are co-selections of v)’. Therefore, once again by
Proposition (33.4) f and g are homotopic. O

We shall define a function
deg: SA(m,n) — 7, (S™).

Let (p,U,y) € SA(m,n). By (62.1), there is an SA-map ¢': (S™,S™ \ U) —
(8™, 5™\ {y}) such that ¢'|y = ¢|y. Let f' € C(m,n) be an arbitrary co-selection
of ¢/. We define the generalized topological degree deg(yp, U, y) of ¢ on U over y by
the formula:

deg(, U, y) = [0 f'] € mn(S™),

where a: S™ — 8", a(z) = —x, is the antipodal map and [a o f’] is the homotopy
class of @o f': 8™ — S™. Tt follows from (62.1) that the above definition does
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not depend on the choice of ¢’ and f’. So, our definition is correct. If p = f is
a singlevalued map, then the above definition coincides with the generalized degree
defined for continuous mappings (see [Kr2-M]).

(62.2) PROPOSITION. Under the above assumptions:

(62.2.1) (Existence) If deg(p,U,y) # 0 € m,(S™), then L C ¢(U), where L is
a component of the set S™ \ (OU) that contains y.

(62.2.2) (Localization) If V.C U is open in S™ andy € S™\ ¢(z) forx e U\V,
then (¢, V,y) € SA(m,n) and deg(p, U, y) = deg(p, V,y).

PROOF. Ify & p(U), then as a choice of f* we can take a constant map f': S™ —
S™, f'(x) =y, in that case [ao f'] = 0. Tt is clear that deg(p, U, y) does not depend
on a small perturbation of y. It follows that the assertion (62.2.1) holds. The proof
of (62.2.2) is self-evident. O

The localization property (62.2.2) can be generalized, however, under stronger

assumptions concerning the dimensions m, n.

(62.3) PROPOSITION. Letn < m < 2n—1. If Uy, Uy are open disjoint subsets
of U and ¢: (clU,clU \ (U UUz)) — (8™, 8™\ {y}) is strongly acyclic, then:

deg((p, U? y) = deg(<p, U17 y) + deg(<p, U27 y)

The proof of (62.3) relies on the following lemma which is well known in alge-
braic topology (see [Sp-M]).

(62.4) LEMMA. Let X and F: (X, {p}) — (S™ x 5™, {(y,y)}) be a continuous
map. Then there is a map G:(X,{p}) — (S™ V S",{(y,y)}) homotopic to F
relative to the set F~1(S™ U S™), where S™ v S™ = S" x {y} U {y} x S".

PROOF. By Proposition (62.3) deg(p,U,y) = deg(p,Ur U Us,y). Let A; =
S™A\ U;, i = 1,2. Obviously, 41 U Ap = S™. Let fix p € 43 N A;. Without
any loss of generality we may assume that p = (1,0,...,0). For ¢; = ¢|av,, we
construct an SA-map ¢j: (S™, A;) — (8™, 5™\ {y}) such that ¢}|y, = ¢
a co-selection f/: S™ — S™ of ¢} (i = 1,2). It is clear that we may assume that
fl(x)=yforze A;, i=1,2.

Consider amap f": (S™, {p}) — (S"xS™, {(y,y)}) given by f'(z)=(f1 (), f4(z))
for z € S™. Observe that, actually, f/: S™ — S™V S™. Hence, if Q: 5™V S™ — S»
is defined via Q(z,y) = z or (y, z) = z, then the map Qo f': S™ — 5" is a well
defined co-selection of an arbitrary SA-map ¢': (S™, A1 N A2) —o (S™, 5™\ {y})
such that ¢'|y,uv, = ¢|lvyuu,. Hence, deg(p, Uy U Us,y) = [ao Qo f'] and it is
sufficient to show that [f1] 4+ [f5] = [Q o f’]. To this end let us recall the definition
of the sum [f1] + [f4].

v, and
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Let 0%: (S™, {p}) x I — (5™, {p}) be a deformation such that 6*(z,1) = p for
any z € ST, and let g& = f] 0 0*(-,1), i = 1,2. Obviously, g©(ST) = {y}. If
g=1(g7,95): 8™ — S™ V S™ then, by the definition,

il + [fa] =20 g].

Therefore, we have to show that maps Q2 o g and Q o f' are homotopic. Since
fi and gi are homotopic {relp}, f5 and g, are homotopic {relp}, then f’ and
g are homotopic {relp}, as well. Let F:(S™,{p}) x I — (S™ x S, {(y,y)}) be
a homotopy joining f’ with g, i.e. F(-,0) = f’, F(-,1) = g. We see that S™ X
{0}uS™x {1} ¢ F~1(S" Vv S™). In view of Lemma (62.4), since m+1 < 2n, there
is a map G: S™ x I — S™V 8" such that G|gmyxioyusmxi1y = Flsmxioyusmx{1}s
ie. G(+,0)=f'", G(-,1) = g. Hence Qo f' and Qo g are joined by the homotopy
Q o 7; the proof is completed. O

In order to prove the next property we shall need the following lemma.

(62.5) LEMMA. Let X be a metric space with diam(X) < M, A be a closed
subset of X and f: A — Y be a continuous map. If Y is a topological n-disc,
h: D™ — Y is a homeomorphism and Z = h(S"~1), then there is a continuous
map F*: X =Y such that f*|a=f and f*( X\ A) CY \ Z.

PROOF. Let r: X — I be given by r(z) = 1 — M~!dist(z, A), z € X. By the
Tietze theorem, there is f': X — D™ such that ho f'|4 = f. Consider a map
f": X — D™ given by f"(x) = r(x)f'(z), z € X. Tt is easy to verify that a map
f* = ho f satisfies the assertion. O

Assume now that (p,U,y) € SA(m+1,n+1), where y belongs to the equatorial
sphere of S”*! identified with S™, and let Uy = U N S_TH NS =unsm,

(62.6) PROPOSITION. Suppose that p(clU N ST € ST and let B = cl Uy,
where the closure is taken with respect to S™. Then B C clU and, for x € B\ Uy,
y & o(x). If o: B —o S™ is given by po(z) = ¢(x), x € B, then

deg (0, U,y) = > _(deg(o, Uo, 9)),

where > : 7wy (S™) — Tmy1(S™TL) is the suspension homomorphism.

PROOF. Let Z = S"*1\ B(y, (6/2), Zo = S™ N Z, where § > 0 is such that
o(z)NB(y,8) = 0 for z € bdU. Define SA-maps ¢: S™! — S+l 0. 5m —o G7
by the formula

¢ (z) = wo(x) =

p(x) forxel,

VA for z ¢ U, Zy for x & Uy,
wo(z) for z € Uy.
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Let fi: S™ — S™ be a co-selection of ¢ such that f}(z) =y for all x € S™ \ Uyp.
By the definition, deg(po, Un,y) = [a o f}] € 7 (S™). Define Cy = ST\ U and
continuous maps f1:Ci U S™ — S" by the formula

y for z € Cy,
fe(@) =4 ",
fi(z) for x e S™.

In view of Lemma (62.5), we construct maps f: ST — S such that f).|c,ugm

= fr and fL(STT UCL) C ST Next, we define f: S™+1 — Sn+l by the

formula
@) fi(z) forxe ST'H,
xTr) =
f(z) forxze S,
Evidently, f’ is a co-selection of ¢’, hence deg(p,U,y) = [ o f'] € Tmy1(S™TH).
On the other hand, observe that oo f’ is homotopic to the suspension S(« o f)).

This completes the proof since [ao f'] = [S(ao f})] = D (o f]). O

In particular, let (¢, U,y) € SA(m,n) and put W = SU. We may treat W as
a subset of S™T1. In view of Proposition (62.6) and (62.2.2), we have the following
corollary.

(62.7) COROLLARY (Suspension). For any open subset V. C S™V such that
VW, ifyé&e(x) forxecU\ (VNS™), then

deg(Sp, V,y) =Y _(deg(, U, y)).
The next proposition is self-evident.

(62.8) PRrROPOSITION (Homotopy). If SA-maps ¢o,p1: (clU,bdU) — (S™,
S™\ {y}) are SA-homotopic, the deg(wo,U,y) = deg(p1,U,y).

Now we shall prove a result concerning the uniqueness of the degree deg intro-
duced above.

(62.9) THEOREM. If D:SA(m,n) — m,(S™) is a function satisfying the ho-
motopy property and the restriction of D to triples (¢, U,y) € SA(m,n), with ¢
being singlevalued, is equal to the degree d, then D = deg.

PROOF. Let (p,U,y) € SA(m,n) and let ¢': (S™,S™ \ U) — (S™, 5™\ {y})
be an SA-map such that ¢'|y = ¢|y. If f' is a co-selection of ¢’ such that
f'(x) = y for x € S™ \ U, then we see that f”’ = f’|qu is a co-selection of ¢
and (ao ", U,y) € SA(m,n). By Lemma (62.1), ¢ and aco f” are SA-homotopic,
hence

D(p,U,y) = D(aco f',U,y) = d(ao f',U,y) = [0 f'] = deg(e, U, y).
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On the other hand, if (f,U,y) € C(m,n), then it is well known that by the
uniqueness of the topological degree one has deg(f,U,y) = degg(f,U,y), where
deg 5 stands for the ordinary Brouwer degree. So the generalized degree deg intro-
duced above is the unique extension of the Brouwer degree for maps in SA(m,n)
with values in 7, (S™). O

We would like to extend now the generalized degree theory to the class of acyclic
maps. As above, let A(m,n), m > n be the class of all triples (¢, U, y), where U
is open in S™, y € S™ and ¢: (clU,9U) —o (8™, 5™\ {y}) is an acyclic map.

A deformation retract of S™ \ {z}, has the form

H'(S"Y=Zex—c-xeZ=H"(S"),

where ¢ € Z. This number c is called the degree of ¢ on U over y and denoted
by deg, (¢, U). It is not difficult to show that deg, has the suspension property
and is consistent with the Brouwer degree for singlevalued maps. Precisely, if
(f,U,y) € C(n,n) C A(n,n), then deg, (f,U) = degp(f,U,y).

Now, let (¢, U,y) € A(m,n) and K = ¢ '(y). We identify S™ with the equa-
torial sphere of S™*! and let V be an open subset of S™*! such that K C C C
clV C SU. The map v = S¢|aqv:clV —o S"T! s in view of Proposition (34.4),
strongly acyclic and y € ¥(x) for € bd V. Therefore (¢, V,y) € SA(m+1,n+1)
and we are in a position to define

Deg(p, U, y) = deg(v, U, y) € mmp1 (S™TH).

One can easily see this definition is correct since, by (62.22.2), it does not depend
on the choice of V.

(62.10) REMARK. Assume that (¢,U,y) € SA(m,n) C A(m,n). By Corolla-

ry (62.7), Deg(p, U, y) = >-(deg(p, U, y)).
The degree Degdefined above has similar properties to those of degree deg.

(62.11) THEOREM. Suppose that U, V, ¢, K, y are as above.

(62.11.1) If Deg(p, U, y) # 0 € mpm1(S™ ) and L is a component of S™ \ p(0U)
that contains y, then L C o(U).

(62.11.2) Ifm < 2n, U =Uy U...UUy and the sets K; = KNU;, i =1,2,...,k
are pairwise disjoint, then

k
Deg(, U, y) = Y _ Deg(p, Uy, y).

i=1

(62.11.3) Deg(Se, V,y) = > (Deg(p,U,y)).
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(62.11.4) If ¢: (clU,0U) x I —o (8™, 5™\ {y}) is acyclic, then Deg(vo,U,y) =
Deg(¢1, U, y), where p; = ¢(-,4), 1 =0,1.

We end this section with the following observation concerning the uniqueness
of the degree Deg.
(62.12) PROPOSITION.

(62.12.1) If D: A(m,n) — mpnt1(S™TY) is a function satisfying the suspension
property (62.11.3) and D|SA(m,n) =Y odeg, then > oD = > o Deg.
(62.12.2) For any (¢,U,y) € A(n,n), Deg(p, U, y) = deg, (¢, U).

PROOF. Let (p,U,y) € A(m,n) and let V have the same meaning as above.
Then D(S¢,V,y) = > (D(¢,U,y)). On the other hand,

D(Sp,V,y) =Y (deg(S,V,y)) = > _(Deglep, U, y)).

Since deg, satisfies the suspension property, in view of Theorem (62.9), we have
deg, (v, U) = deg, (S, V,y) = deg(Sp, V,y) = Deg(p, U, y). O

63. The bifurcation index

When dealing with the phenomenon of a bifurcation on solutions of inclusions
(e.g. multivalued equations) with parameters some different homotopy invariants
are needed. In this section we will introduce an invariant available for acyclic maps
and inclusions involving this type of maps.

Let ¢: U — R™, where U is an open subset of R™ = RF x R", i.e. m =n +k,
n,k > 1, be an acyclic map. Define:

T={NeR"|(\0)eU},

Up=UnN (R* x {0}), ie Uy=T x{0},

S={(\z)eU\Uy |0€ gz}
We assume that 0 € (A, 0) for all A € T. Then the set B(¢) = {A € T | (A,0) €
cl S} is called the set of bifurcation points for . We will assume that B(y) is
compact.

In order to define the bifurcation index BI(¢) of ¢ we shall need some auxiliary

objects. Let us consider a continuous function a: T — (0, +00) such that:
0 < a(N) < dist((A, 0),0U UclS).
Next let

X={(Az) eR"[AT, [z]| = a(M)},
Xt ={(\z) eR™|NET, |z < a(N)}.
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Observe that clXt = XTUX C U and put X~ = U\ cl X . It is easy to see that
S C X~ and B(p) x {0} C X.
Let f:U — R be a continuous function such that:

fz) <0 for (A\z)e X,
fyz)=0 for (\x)e€ X,
fO,x) >0 for (\,z) e XT.

We consider a multivalued map ® = (p, f): U — R ie. ®(\,x) x {f(\, 1)},
(M, z) € U. Evidently, ® is an SA-map and it is easy to see that @;1(0) =
B(¢) x {0}. Hence, ®;'(0) is compact in U and we may define

BI(y) = deg(®, U, 0) € mn (™).

This definition is correct, since by Proposition (62.8) it does not depend on the
choice of @ and the complementing function f. The element BI(y) of the group
Tm(S™ L) is called the bifurcation index of .

We shall now collect some properties of the bifurcation index.

(63.1) THEOREM (Existence and structure of solutions). If BI(y) # 0, then
B(p) # 0 and, moreover, there exists a connected subset C of S such that c1C'N
Up =clC N (B(p) x {0}) # 0 and C is not contained in any compact subset of U.

PROOF. Let A = S™ \ 4, (U) (recall that i,,: R™ — S™ = R™ U {o0} is the
embedding). We shall prove that B = i,,(B(¢) x {0}) and A cannot be separated
in the compact space Z = BUi,, (S)UA. If so, then in virtue of [Al], Proposition 5,
there is a connected subset C' C i,,(S) such that c1C N B # @ and clC N A # 0,
and this is what we actually require.

Suppose, to the contrary, that A and B can be separated in Z. Hence, there is
an open set W C U such that

Blg) x {0y C W, cl(im(W)NA=0, im(S)Nbd(inm(W)) = 0.

Therefore, clW C U, cl W is compact and SNbd W = 0.
Let W/ = Xt UW and let X’ = bdW’. It is easy to see that X' = X~ NoWu
XNU\dW)UXnow. We define a continuous function f: U — R such that

>0 for (\x)e W,
f\z)¢ =0 for (\z) € X/,
<0 for (A\,x)eU\cdW,

and an SA-map ' = (¢, f): U — R,
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First, observe that ® ~(0) = {y € U | 0 € ®(y)} = 0. Indeed, if 0 € ®'(\, z),
then (A, z) € X’ and 0 € (A, z); if (A, 2) € X NOW, then x # 0, hence (A, x) € S;
if(\z)e XNWU\cdW)UXNOW, then z =0 and a(A) =0, i.e. X € B(p). In
both cases we obtain a contradiction.

Let an SA-map x: U x I — R™*! be given by the formula

XAz, 1) = (A, ) x {(1 =) f(A2) + ' (A, 2)}

for (\,z) € U and t € I. We see that xo = ® and x; = ®’. One can easily show
that the set
{(A\,z)eU|0€ x(\x,t) for some t € T}

is contained in cl X~ Ncl W, hence it is compact.

Evidently deg(®',U,0) = deg(®,U,0) = Bl(p) # 0, i.e. ®7'(0) # 0 - a con-
tradiction. In other words, we have proved that if BI(¢) # 0, then there exists
a connected branch C' of nontrivial solutions such that ¢l C' N B(p) x {0} # 0, and
either C' is unbounded or c1C'N AU # §. O

(63.2) COROLLARY (Compactness). If the set clS is compact in U, then

BI(p) = 0.

(63.3) PROPOSITION (Localization). If V C U is open and B(p) x {0} C V,
then BI(¢) =BI(¢|v). Thus BI(p) depends only on the behaviour of ¢ on a neigh-
bourhood of B(y) x {0}. In particular, if ¢ is defined on a larger open set U’ D U
such that (U’ \ U) NRF x {0} = 0 then BI(p) = Bl(p|y).

PRrOOF. Follows from the localization and homotopy properties of deg. O

We are now in a position to state one of the main results of this section.

Assume that there is an acyclic map ¢: W — R™, where W is open in R™,
U C W such that 9|y = ¢ and 0 € (), 0) for any (A\,0) € Wy = W NR¥ x {0},
(p satisfies all the assumptions from the beginning of this section). Let

P={(\z)eW\ Wy |0ewp\a)l

(63.4) COrROLLARY (Global Bifurcation). If BI(¢) = BI(¢)|y) # 0, then there
exists a connected branch C C P such that c1C N B(p) x {0} # 0 and at last one
of the following occurs:

(63.4.1) C is unbounded,
(63.4.2) clCNOW # 0,
(63.4.3) there is a point \g € R¥\T (i.e. (Ao, 0) € Wy\Up) such that (\,0) € cl C.
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Thus 1 has bifurcation points outside U connected to B(p) x {0} in cl P.

PROOF. Let A = S™ \ 4y, (W). If the sets A and B = i,,,(B(¢) x {0}) cannot
be separated in a compact space Z = B U1, (P)U A, then in view of [Al], (63.4.1)
or (63.4.2) holds.

If A and B can be separated in Z, then there is an open set V such that
B(p) x {0} cV CcdVCW, PNV =0 and clV is compact. Therefore

P =PncVcV

and P’ is compact.

If Vo = VNRF x {0} C Uy, then in view of Proposition (63.3) BI(¢|y) = Bl(¢p)
and, by Corollary (63.2) BI(¢|y) = 0, which is a contradiction.

Hence D = cl V) \ Uy is compact nonempty. Consider a compact space Z' = DU
P'UB(p)x{0}. If D and B(p) x {0} can not be separated, then conclusion (63.4.3)
holds. Suppose to the contrary that D and B(p) x {0} can be separated. Then
there are open disjoint sets U, U’ C W such that U" UU’' D> Z’, D C U” and
B(p) x {0} C U'. Hence {(\,z) €e U' | © # 0,0 € ¥(A\, )} is compact (in U’).
Thus, by Proposition (63.3) BI(¢) = BI(¢|y+). But, in view of Corollary (63.2),
BI(%|y/) = 0, which is a contradiction. O

Now we shall proceed with collecting some properties of the bifurcation index.
As before, by restricting dimensions we may generalize the property of localiza-

tion.

(63.5) PROPOSITION (Additivity). Assume that k <n+ 1.
(63.5.1) If Uy, Uy are open disjoint, U = Uy U Us, then

(63.5.2) If Uy, Uy are open subsets of U, B(p) x {0} C Uy UUz and B(p) x {0} N
a(Ul N U2) = Q)} then BI(<)0|U1I’TU2)} BI(<)0|U1) and BI(<)0|U2) are deﬁned;
and

BI(QD) = BI(<)0|U1) + BI(<)0|U2) - BI(<)0|U1I’TU2)'

PROOF. Part (63.5.1) follows easily from the additivity property of deg (observe
for this reason we needed n +k < 2(n+1) —1, i.e. k < n+1). (63.5.2) is just
a restatement of (63.5.1). O

An important property of the bifurcation index is the homotopy invariance. We
will give two versions of this fact.
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(63.6) PROPOSITION (Homotopy Invariance I). Let : UxI —o R™ be an acyclic
map such that 0 € p(X,0,t) for all X\ €T, t € I. If the set J,c; B(pt) is compact
in T, then Bl(ypg) = Bl(¢1).

PROOF. Is obvious. O

However, the above homotopy invariance is not sufficient since in general, one
cannot avoid the bifurcation points of ¢, escaping through the boundary of T" dur-
ing the homotopy (i.e. when ¢ runs through I). For instance, this is the case when
maps g, @1 are singlevalued close together and one considers a linear homotopy
joining them.

Hence we have to formulate another homotopy invariance property.

(63.7) THEOREM (Homotopy Invariance IT). Let @:U x I — R™ be an acyclic
map such that Bl(y;) is defined for i = 0,1. Suppose that there are open sets
V,W C T such that B(pg) UB(p1) CV C clV C W and clV is compact. Let
G = WA\ V. If there is ¢ > 0 such that G x D2 C U and, for any t € I,
(\z) € Gx St 0 ¢ o\ x) and, for any A € G, 0 < |z] < &, i = 0,1,
0¢ o\ x,i), then Bl(pg) = Bl(p1).

Observe that Proposition (63.6) follows as a consequence from Theorem (63.5).
In fact, under the hypotheses of Proposition (63.6), B = (J,c; B(w¢) is compact
in T'; hence taking any open sets V, W such that BCV CclVCW CclW CT
and as clW is compact, we can put ¢ = (1/2)dist(cl W \ V,cl.S U dU), where
S={(A\z)eU\Uy |0 € p\z,t) for somet € I}.

PROOF OF (63.7). Put U' =UNW x R"™. Fori=0,1 let

Si ={(A\x)eU\Uy |0 € (A x,i)},
a;(A) = min {1, %dist(()\,O),clSi U 8U)}, for \eT,

Xi={(\z) eR™ | AR, |z| = a;(\)}

and f;: U — R continuous such that

>0 for|z| < a;(N),
filh, )¢ =0 for (A x) € X;,
<0 for AZT or|z| > a;(A).

According to the definition and Proposition (63.3) Bl(y;) = deg((v:, fi),U’,0),
i = 0,1. Because of our assumption we can modify «; in such a manner that
a;(A) =¢efor A € G.
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Let @ = min {ag, a1}, X = {(\,z) e R™ | A € W, |z| = a(\)}. We see that
X C U’. Define a continuous function f: U’ — R such that

>0 for|z| < a()),
fuz)d =0 for (A z) € X,
<0 for|z| > a(A).

Using the homotopy property it is easy to see that Bl(p;) = deg((w;, f),U’,0),
i=0,1.
Consider an SA-homotopy x: U’ x I —o R™*! given by the formula

X\ z,t) = o\, x,t) x {f(\,2)}, (\z)eU', tel.

We easily see that, for (A\,z) € U, t € I, if A € G, then 0 & p(\, z,t). Therefore,
the set {(A\,z) € U' | 0 € p(A, z,t) for some t € I} is contained in X NclV x R™
and is compact. Hence Bl(yg) = deg((wo, f), U’,0) = deg((¢1, f),U’,0) = Bl(p1)
and the proof is completed. O

One can easily formulate a version of the suspension property for BI. We confine
ourselves to the statement of the following so called stability property.

(63.8) PROPOSITION (Stability). Let id:R — R be the identity map. If ¢ x
id: U x R — R™"™! s given by the formula (¢ x id)(\, z,y) = p(\, z) x {y}, then

Bl(p x id) = ) (BI(¢)),

where (as before) S : (ST — 1 (S7F2).

We leave the easy proof to the reader.

64. Multivalued dynamical systems

In this section we assume that (X, d) is a metric locally compact space. We
will consider only discrete multivalued flows. We will use the following notations
taken from [KaM] and [Mr1]. For A C X we let bd A = 9A namely, the boundary
of Ain X, B:(A) = O.(4) = {z € X | dist(z, A) < €}, € > 0, diamA = §(4) to
be the diameter of A. Moreover, we denote the sets of all integers, nonnegative
integers, and nonpositive integers by Z, ZT, Z~, respectively. By an interval I in Z
we understand the intersection [a, b] N Z, for some [a, b] C R.

(64.1) DEFINITION. An u.s.c. mapping F: X x Z — X with compact values is
called a discrete multivalued dynamical system (dmds) if the following conditions

are satisfied:
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(64.1.1) Forall z € X, F(x,0) = {x},
(64.1.2) For all n,m € Z with n,m >0 and all x € X,

F(F(z,n),m) = F(z,n+m),

(64.1.3) Forallz,y € X,y € F(x,—1) if and only if x € F(y, 1).

We use the notation F"(x) := F(x,n) and F(z) := F!(x). Thus F" coincides
with a superposition of F: X — P(X) or its inverse F~1. In what follows, F is

a given dmds.

(64.2) DEFINITION. Let I be an interval in Z with 0 € I. A singlevalued
mapping o: I — X is a solution for F through x € X if o(n+1) € F(o(n)) for all
n,n+ 1€, and 0(0) = z.

Note that if o: I — X is a solution for F' then o(n) € F"(c(0)) for all n € I.
(The proof is straightforward by induction on m and k, where I = [—k, m], k,m €
Z*). The existence of a solution through z forces F™(x) to be nonempty forn € I.

Given a subset N C X, we introduce the following notation:

invt N := {z € N | there exists a solution ¢ : Z* — N for F through z},
inv™ N :={x € N | there exists a solution o : Z~ — N for F through xz},
inv N :={x € N | there exists a solution o : Z — N for F through z}.

By (64.1) we have: inv N = inv" N Ninv™ N.

Let diamyF' := sup{diamF(z) | x € N} and dist(A, B) := min {d(z,y) | z €
A, y€ B}, A,BC X. Wealso put F;'(A) :={z € X | F(z)N A # 0} (called
the weak inverse image of A), A C X.

(64.3) DEFINITION. A compact subset N C X is called

(a) an isolating neighbourhood for F if
(64.3.1) Buiamy #(inv N) C Int N,
(b) an isolating block for F if

64.3.2 Baiamvr(F H{N)NNNF(N)) C Int N.
N

A straightforward verification shows that (64.3.2) implies (64.3.1).
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(64.4) DEFINITION. Let N be an isolating neighbourhood for F. A pair P =
(Py, P3) of compact subsets P, C Py C N is called an index pair it the following
conditions are satisfied:

(64.4.1) F(P)NN C P, i=12,
(64.4.2) F(P,\ Py) C N,
(64.4.3) invN C Int(P; \ P).

Our first aim is to prove the following result:

(64.5) THEOREM. Let N be an isolating neighbourhood for F and W be a neigh-
bourhood of inv N. Then there exists an index pair P for N with Py \ P,CW.

The proof is based on several lemmas. First, given N C X,z € N,andn € Z™T,
the following notation will be used:

Fnn(x) :={y € N | there exists a solution o: [0,n] — N for F
such that 0(0) = z and o(n) = y};
Fn _n(x) :={y € N | there exists a solution o: [—n,0] — N for F
such that o(—n) =y and o(0) = z};

Fy(x) =) Fyn(z), Fy(@) =] Fy n(@).
neZ neZ

(64.6) PROPOSITION. If N C X is compact, then Fy,: N — 2V is w.s.c. for
any n € Z.

PROOF. It is enough to prove the assertion for n € Z% since the case for
a negative n is analogous. Suppose that Fi,, is not u.s.c. Then there exists an
open subset U of N, a point z € N with Fy ,(z) C U and a convergent sequence
xp — , {x} C N with Fy,(zx) N (N \U) # 0. Consequently for each k, there
exists a solution o: [0,n] — N for F' through zj, such that oy (my) € N\U for some
my, € [0,n]. By passing to a subsequence we may assume that my = m € [0, n] for
all k. Since N \ U is compact, we may assume that o4 (i) — y; € N for i € [0,n],
moreover, ¥, € N\ U. We define o(i) = y;, I € [0,n]. By the closed graph
property of F, o(i + 1) € F(o(i)), moreover, 0(0) = x and o(m) € N\ U. That
contradicts the hypothesis Fiy ,,(x) C U. The proof is completed. O

(64.7) LEMMA. Let N C X be compact and suppose that, for all m € Z7,
D(F(nyn)) # 0. Then invN # 0. Moreover, inv® N = N{D(Fy.,) | n € 7,
(respectivelyn € Z+, n € Z7)}.

PROOF. It is easy to see that {D(Fnn)}tn=01,. is a decreasing sequence of
compact sets, therefore its intersection K is nonempty.
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We prove that invt N = K. The proof for inv™ N is analogous and the conclu-
sion for inv N follows from (64.3.1).

The inclusion invt N € K is obvious. Suppose that z € K. Then, for each
n € Z* there exists a solution 0,:[0,n] — N for F through . We construct
a solution 0:Z* — N for F through x by recurrence. Evidently, o(0) := z.
Suppose that ol ) is constructed and there is a sequence {k;} with k; > n such
that o, — o(n) as i — oo. By the compactness of N and passing again to
a subsequence, we may assume that oy, (n + 1) — yp41 € N as i — oo. By the
closed graph property, yn,+1 € F(o(n)), so, it remains to put o(n + 1) := yp41. O

(64.8) LEMMA. Let N C X be compact. Then

(64.8.1) The sets invt N, inv- N and inv N are compact,
(64.8.2) If A is compact withinv™ N C A C N then Fy(A) is compact.

PROOF. (64.8.1) Since N is compact and Fu,, is u.s.c. the set D(Fn,,) is
compact for any given n. The intersection of a family of compact sets is compact,
hence the conclusion.

(64.8.2) Tt is sufficient to show that F3(A) is closed. Let {yx} be a sequence of
points in N, o4:[0,ng] — N a solution for F' with ¢(0) € A and oi(nk) =y + k,
for each k, and let yx, — y € N. We need to show that y € F(A).

Case 1. {ny} is bounded: Then, by passing to a subsequence if necessary, we
may assume that ny = n for all k. Since N and A are compact, we may assume
that ox(i) — y; € N, i = 0,...,n, yo € A, and y, = y. By the closed graph
property, yi+1 € F(yi), i,i + 1 € [0,n], one may therefore, define o(i) := y;,
i=0,1,...,n. It shows that y € Fn,(A).

Case 2. {ny} is unbounded: Then, by passing to a subsequence, we may assume
that {my} is increasing and, by restricting the interval [0, ny], that ny = k. Let
0},(i) = ox(i + k), i € [~k,0] — N is a solution for F' with o}, (—k) € N and
05.(0) = yx. Then yp € D(Fy,—1) and, by the same argument as in the proof of
Lemma (64.7), y € inv- N C A, the proof is completed. O

(64.9) LEMMA. Let K C N be compact subsets of X such that KNinv™ N = ()
respectively, K Ninv~ N = ()). Then

64.9.1) Fn,n(K) =0 for all but finitely many n > 0 (respectively, n < 0),
64.9.2) The mapping Fy (respectively, Fy) is u.s.c. on K,
64.9.3) FY(K)Ninvt N = 0 (respectively, Fy (K)Ninv™ N = ().

o~ o~ o~ o~

PROOF. (64.9.1) Assume that K Ninvt N = (. By Lemma (64.7), for each
x € K there exists n, such that Fn,, (z) = 0. Since Fy ,, is u.s.c. there exists
Vy such that Fn,,, (Vy) = 0. Let {V,,,..., Vs, } be a finite covering of K. Now, if
m > max{ng, |i=1,...,k}, then Fn,(K) = (. The proof for Fy is analogous.
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(64.9.2) Follows from (64.9.1) and Proposition (64.6) since the union of finitely
many u.s.c. maps is u.s.c.
(64.9.3) is straightforward. The proof is completed. O

(64.10) LEMMA. Let N C X be compact. Then for any neighbourhood V of
inv™ N there exists a compact neighbourhood A of inv™ N such that FJ'V"(A) cV.

PROOF. By Lemma (64.5), there exists m € ZT such that Fy,_,,(N \ V) = 0.
Since Fiv,m is u.s.c. one can find for every = € inv- N a compact neighbourhood
Vi of & such that Fn,,(Vz) C V. By the compactness of inv™ N, one can se-
lect a finite covering {Vy,,..., Vs, } of inv™ N. Let A = Ule Vz;. Then A is
a compact neighbourhood of inv™ N such that Fn,(A) C V. It remains to show
that F/(A) C V. Indeed, let y € F3(A). Then there exists n > 0 and y € A
such that y € Fn,(x). If n < m, we are already done. If n > m, we note that
x € Fn,—n(y) C Fn,—m(y) and (64.3) implies that y € V; the proof is completed.[]

PROOF OF (64.5). Since inv N C Int N, we may assume that W C Int N. We
may also assume that F(WW) C Int N. Indeed, let

0 < e < dist(inv N,bd N) — diam F’

and let v = ¢ + diamF. Then B,(invN) C Int N and we may intersect W with
the open neighbourhood F~!(B,(inv~ N)), respectively, such that U NV C W,
and let A be given for V by Lemma (64.10). We define

(64.10.1) Py =F5(A), Py=FH(P\U).

Then P, C V and P, \ U C P, which implies that P, \ P, C U. Therefore,
P\ P, CUNV C W. We verify that (P;, P) is the index pair. P; is compact
by Lemma (64.8) and P; is compact by Lemma (64.9.2), since P; \ U is compact.
Next, Py C F3(P1) C Py. To verify (64.9.1), let z € P; and y € F(z) N N. Then
there exists a solution o:[0,n] — N with o(n) = = and ¢(0) € A in the case
i =1,0(0) € P\ U in the case i = 2, so one may extend o to [0, n + 1] by putting
o(n+1) =y. Hence y € P;. Since P1\P, C W and W C Int N, (64.9.2) is verified.
In order to verify (64.9.3), observe that P is a neighbourhood of inv™ N and, by
(64.9.3) N \ P, is a neighbourhood of inv" N. Therefore, P, \ P, = P, N (N \ Py)
is a neighbourhood of inv™ N Ninv"™ N = inv N; the proof is completed. O

We shall now discuss several properties of index pairs which will be used in the

next section.

(64.11) PROPOSITION.
(64.11.1) If P is an index pair for N, then (PyUF(P))\ (PaUF(P2)) = P\ P.
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(64.11.2) If P and Q are index pairs for N, then so is PN Q.
(64.11.3) If P C @ are index pairs for N, then so are (Py, Py N Q2) and (P; U
Q2,Q2).

PROOF. (64.11.1) Tt is verified that (P, U F(Py))\ (P, U F(Py)) = (P \ P2) \
F(Py) C P\ P.. For proving the inverse inclusion, let € P; \ P,. Then
x € N and if x € F(P,), the property (64.9.1) of index pairs implies that z € Ps,
a contradiction.

(64.11.2) Verification of (64.9.1) and (64.9.2) is obvious. For (64.9.3), let us
note that

Int(P1 \PQ) ﬂInt(Ql \Qg) C Int((P1 le) \ (PQUQQ)) C Int((P1 le) \ (PQOQQ)).

(64.11.3) is a routine verification; the proof is completed. O

(64.12) LEMMA. Let P C Q be index pairs for N which differ by at most one
coordinate, i.e. Py = Q1 or P = Q2. Define a pair of sets G(P, Q) by

Gi(P,Q)=P,U(F(Q:)NN), i=1,2.

Then

(64.12.2) P c G(P,Q) C Q,

(64.12.3) G(P, Q) is an index pair,
(64.12.4) F(Q:) NN C G4(P,Q), i =1,2.

PROOF. (64.12.4) is obvious and (64.12.1) is immediate from the property
(64.9.1) of index pairs.

(64.12.2) The first inclusion is obvious and the second is an immediate conse-
quence of the first one and the property (64.9.1) satisfied by Q.

(64.12.3) For (64.9.1), let « € G;(P,Q) and y € F(x) N N. If z € P; then
obviously y € G;(P,Q). If z € F(Q;) N N then z € Q; hence, y € F(Q;) NN C
G;(P,Q). For (64.9.2) let us note that

G1(P,Q)\ G2(P,Q) C Q1 \ G2(P,Q) C Q1 \ P

and either Q1 \ P = @1\ Q2, or (F(Q1) \ P2) C N. For (64.9.3), let us note
that inv N C Int(P1 \ P2) NInt(Q1 \ Q2) so, (64.9.3) will follow if we verify that
(PL\ P2)N(Q1\ Q2) C G1(P, Q) \ G2(P, Q). Indeed, let y € (P1\ P2) N (Q1\ Q).
Then y € G1(P,Q) and it remains to show that y & F(Q2) N N. For, if y €
F(Q2) N N, then by (a) y € Q2, a contradiction and the proof is completed. [
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(64.13) LEMMA. Let P C Q be index pairs for N which differ by at most one
coordinate. Then there exists a sequence of pairs

P=Q"cQ"'c...c@Q'c@’=q

with the following properties:

(64.13.1) If P = Q; then Q¥ = P, =Q; for allk =1,2,... ,n—1,i=1,2.
(64.13.2) Q¥ is an index pair for allk=1,... ,n— 1.
(64.13.3) F(QHYNN c Q™ i=1,2,k=0,...,n— 1.

PROOF. Let Q¥ be given by the recurrence formula Q° = Q, Q**! = G(P, Q*),
k =0,1,.... By Lemma (64.12) and an induction on k, {Q*} is a decreasing
sequence of pairs containing P and satisfying (64.13.1)-(64.13.3) for all k € Z™.

It remains to show that A™ = P for some n. Indeed, suppose that the inclusion
P C QF is strict for all &, i.e. if i € {1, 2} issuch Q;\ P; # 0 then Q¥\ P; # (). Let us
choose (k) € QF\ P;. Then o(k) € F(Q¥ )N N, so there exists o(k—1) € QF
with o(k) € F(o(k —1)). If o(k — 1) € P; then, by property (a)? of index pair,
o(k) € P;, a contradiction. Therefore, o(k — 1) € Q¥ \ P,.

By the reverse recurrence, one may construct a solution o: [0, k] — @Q; \ Int P;
such that o(j) € Q:\ P, j = 0,...,k, k € Z*. By Lemma (64.7), invN C
Int(Py\ P2) CInt Py. If i = 2, we get ) # inv(Q2 \ Int P) C inv Q2. On the other
hand inv@2 C Q and inv @y C Int(Q; \ Q2) C Q1 \ Q2 implies that invQy = 0,
a contradiction. O

We shall consider now, a dmds F: X x Z —o X such that the map FF = F': X —o
X is determined by a morphism. If P is an index pair for an isolating neighbour-
hood N C X we let

S(P) = (P1UF(P2),P2UF(P2)),
T(P) :=Tn(P) := (P, U(X \ Int N), P, U (X \ Int N')).

(64.14) PROPOSITION. If P is an index pair for N then
(64.14.1) F(P) C S(P) C T(P),
(64.14.2) The inclusions ip s(py,is(p),rp) and, consequently, ipr(py induce iso-
morphisms in the Cech cohomology.

PROOF. (64.14.1) If y € F(P;) then either y € P, or y € N. In the second case
y € F(P2) which proves the first inclusion. Since F'(P;) C F(P;) and X \ N C
X \ Int N, the second inclusion follows by the same argument.

(64.14.2) By Proposition (64.12.1), S1(P) \ S2(P) = P1 \ P,. We also have
Ty (P)\T2(P) = (PL\ P2) NInt N = P, \ Py, hence (64.14.2) follows from the
strong excision property for cohomology (see [Sp-M]). O
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Now, let Fpp(py: P —o T(P) be the restriction of F' to (P,T(P)) and let ip =
ip,r(p)- The endomorphism Ip = (Fprp))*° (ip)*~! of H*(P) is called the index
map associated with the index pair P.

So, we have a pair (H*(P),Ip). Now, following Section 11 we can apply the

Leray construction to the above pair. Then we get H*(P) = H*(P)|n(1,) and

—_~—

the isomorphism Ip: H*(P) = ﬁ;\(_];) Let L(H*(P),Ip) = (H*(P),fp). Then
(LH*(P),Ip) is called the Leray reduction of the Cech cohomology for P.

(64.15) REMARK. In Section 11 we have presented the Leray construction for
graded vector spaces only. Here we deal with graded Abelian groups, but the
respective construction is strictly similar (cf. [Mr2]).

A compact subset K of X is called an isolated invariant set if K = inv N for
an isolating neighbourhood N containing K. In such a case we say that IV is an
1solating neighbourhood of K for F'. The main result of this section is the following;:

(64.16) THEOREM. Let K be an isolated invariant set. Then setting C(K, F)
:= (H*(P), Ip) is independent of the choice of an isolating neighbourhood N of K
for F' and of an index pair P for N.

The module C(K, F) given by the above theorem (denoted shortly by C(K) if
F is clear from the context) is called the cohomological Conley index of K.

PROOF OF THEOREM (64.16). We need to show that if M and N are two
isolating neighbourhoods of K, P an index pair for N and @ an index pair for M
then L(H*(P),Ip) = L(H*(Q),Ig). The proof will be given in several steps.

Step 1. We consider the following special case
(64.16.1) M = N,

(64.16.2) P C Q,
(64.16.3) F(Q) C T (P).

By (64.12.4) we may consider the map Fg r(p): Q@ — P(Tn(P)), Fo,r(p)(z) =
F(z), and the induced homomorphism Ig p := H*(ip)~*. Ig p := H*(For(p)) ©
H*(ip)~'. We obtain the commutative diagram

H*(P) 22— H*(P)

H*(]')T Tor TH*(]')

H*(Q)«—H"Q
Q

where j: P — @ is the inclusion. Then LH*(j): L(H*(Q), Ig) — L(H*(P),Ip) is
an isomorphism (cf. [Mr2]).
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Step 2. We lift the assumption (64.12.4). Let {Qk}k:07.,.7n_1 be such that the
pair of index pairs Q¥T! C QF satisfies the assumptions (64.12.2)-(64.12.4), so
their corresponding Leray reductions are isomorphic. Since Q° = Q and Q" = P,
the conclusion follows.

Step 8. We lift the assumption (64.12.3). Put R; := P; UQ2, Ry := P1 N Q2.
By Proposition (64.11.3), (P1, R2) and (R1,Q2) are index pairs. We have the

commutative diagram of inclusions

(Py, Ry) —2— (R1, Q1)

(P1, P») —]> (Q1,Q2)

It is clear that the pair of index pairs (P1, P2) C (@1, Q2) satisfies the assumption
(64.12.3) and so, does (R1,Q2) C (Q1,®2), so by Step 2, the inclusions i; and i3
induce isomorphisms of the Leray reductions of the corresponding cohomologies.
Since Py \ R2 = P1 \ Q2 = R; \ Q2, the inclusion jo induces an isomorphism
in cohomologies by the strong excision property for cohomology.

Step 4. Now, only (64.16.1) is assumed. By Proposition (64.12.1) PN Q is an
index pair, hence the conclusion of Step 3 can be applied for pairs PN C P and
PNQ CQ.

Step 5. If M # N, one may always assume that M C N since otherwise M NN
can be considered which is also an isolating neighbourhood of K. By Step 4, it is
sufficient to show the existence of one index pair P for N and one index pair )
for M such that L(H*(P), Ip) and L(H*(Q), Ig) are isomorphic.

By Theorem (64.5), there exists an index pair P for N such that P, \ P» C
Int M N F~Y(Int M). Tt is easily verified that Q := (M N Py, M N P,) is an index
pair for M. Since Q1 \ Q2 = M N (Py\ P2) = P; \ Pa, the inclusion Q C P
induces an isomorphism in cohomology, by the strong excision property; the proof
is completed. O

Let A € R be a closed interval and F: A x X x Z — X an u.s.c. map with
compact nonempty values such that, for each A € A, F)\: X x Z — X given by

Fy(z,n)=F(\ z,n)

is a discrete multivalued dynamical system. Given a compact subset N C X and
X € A, the sets inv®) N with respect to Fy are denoted by inv(i)(N, A). We will
discuss the following homotopy property (called also continuation property) of the
Conley index:



64. MULTIVALUED DYNAMICAL SYSTEMS 333

(64.17) THEOREM. Let \g € A and let N be an isolating neighbourhood for F,.
Then:

(64.17.1) N is an isolating neighbourhood for Fy for all \ sufficiently close to F,.
(64.17.2) C(inv(N, A)) does not depend on A (provided X is as in (64.17.1)).

We prove here the assertion (64.17.1) only as the proof of (64.17.2) is exactly
the same as in the singlevalued case.

(64.18) LEMMA. Let N C X be compact. Then the mappings A\ —o inv' (N, \),
A —o inv™ (N, A), and A — inv(N,\), A € A, are u.s.c.

PROOF. We prove the assertion for the first mapping as the other two proofs
can be done by extending the same argument to negative integers.

Suppose that A —o inv" (N, )) is not w.s.c. at A\g € A. Then there exists an
open U and a sequence )\, — Ao such that inv' (N, \g) € U but invt (N, \,) C
N\ U. Let x, € invt(N,)\,) since N \ U is compact, we may assume that
Zn, — x € N\ U. In order to achieve a contradiction, we have to show that
x € inv (N, A\y). Indeed, let 0,,: ZT — N be a solution for Fy, with on(0) = 2,,.
Then o, (k) C invt(N,\,) € N\ U forall k = 1,2,.... We construct a solution
0:Z* — N\ U for F\ by induction on k. Let o(0) = lim,, 5,,(0) = z. Let o(k)
be constructed for a given k, such that o(k) = lim; o, (k), where {o,,(k)}; is a
subsequence of {o,,(k)}, convergent in N\ U. By again passing to a subsequence,
we may assume that {0, (k+1)}; is convergent and define o(k 4 1) to be its limit.
Since o, (k + 1) € F(A,(k)) for all n, the closed graph property of f implies that
o(k+1) € F(\ o(k)), the proof is completed. O

PROOF OF THEOREM (64.17). By the compactness of N, the condition (64.3.1)
implies that
BdiamNFko—i-Sg (inV(N, )\0)) CInt N

for some € > 0. Since F is u.s.c. F(x) C B:(F»,(z)) for all X close to \g and all
x € N. Again by the compactness of N,

diampy F\ < diamyF), + 2¢

for all A close to A\g. By Lemma (64.18), inv(N, \) C B (inv(N, \g)) for all A close
to Ag, hence we obtain

Baiam y Fx (inv(N.\) C Bdiam y Fy, +2¢ (Be (inv(N, Ao))
= BdiamNFAO—i-Sg (inV(N, )\0) C Int N. [l

By the same arguments as for singlevalued mappings one proves the following
additivity property of the Conley index:
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(64.19) THEOREM. Let K C X be an isolated invariant set for a dmds F: X x
Z — P(x), which is a disjoint sum of two other isolated invariant sets Ky, K.

For details concerning singlevalued Conley index see [Co-M].

65. Minimax theorems for ANRs

There are several minimax theorems in the literature. In this section we shall
present a version related to ANRs and acyclic mappings. Note that minimax
theorems are useful in such areas as the game theory or the mathematical economy.

We first prove an intersection theorem. If S C X x Y then let S(z) ={y € Y |
(r,y) € S} and S~ (y) = {r € X | (z,y) € S}.

(65.1) THEOREM. Suppose that X € AR andY is a compact finite-dimensional
ANR. Suppose S, T C X xY satisfy:

(65.1.1) S is open in X X Y and S~1(y) is contractible and nonempty for all
yey,
(65.1.2) T is closed in X XY and T(x) is acyclic for all x € X.

Then SNT # 0.

PROOF. Define p:Y — X by ¢(y) = S~(y). Then ¢ is a multivalued map
with open graph I', and contractible values. Theorem (16.4) gives a continuous
selection ¢: Y — X, g C ¢. Define ¢: X — X by ¢(x) = g(T'(x)) for every z € X.
Then 1 as a composition of two acyclic maps is an admissible and compact map
(Y is compact!). Since X € AR we infer from the Lefschetz Fixed Point Theorem
for admissible maps that Fix(y)) # 0. Let = € ¢(z) = g(T(z)). Then z = g(y)
with y € T(z). So z € S~*(y), and thus (z,y) € SN T, proving the theorem. [

(65.2) THEOREM. Let

« = sup min f(x, and = min sup f(x,y).
a:e)g yey f( y) ﬁ yey a:e)g f( y)

Here X is an acyclic ANR, Y a compact finite dimensional ANR, and f: X XY —
R a function satisfying the following conditions:

(65.2.1) f(z, ) is lower semicontinuous, for all x in X,

(65.2.2) {(z,y) | f(z,y) > a} is open,
(65.2.3) {x € X | f(z,y) > a} is contractible or empty, for ally inY,
(65.2.4) {yeY | f(z,y) < a} is acyclic, for all z in X.

Then a = (3.

PROOF. Observe that o and ( both exist (possibly infinite) and a < 3, so we
need only to prove a > (.
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Define S(z) = {(z,v) | f(z,y) > a}. Then S is open (by (65.2.2)) and S~1(y)
is contractible or empty for all y (by (65.2.3)). Suppose, to the contrary, that
S~1(y) is not empty, for all y.

Define T'(z) = {(x,y) | f(z,y) < a}. Then T is closed by (65.2.2) and T'(z) is
acyclic for all z in X by (65.2.4). It follows easily from definition of « that T'(z)
is nonempty for all y in Y.

The hypotheses of the intersection theorem are satisfied so, S N1 must be
nonempty. But this is not true so, S~!(y) must be empty for some y, say 3. Then
f(x,9) < o, for all , so sup,cx f(,7) < a, and § < «, proving the theorem. [

Small modifications of the proof yield the following version.
(65.3) THEOREM. Let

= f d f
a= I;lea)}éylg flz,y) and p= ylély meaxf(x y).

Here X is a compact finite dimensional ANR, Y an acyclic ANR, and f: X XY —

R a function satisfying the following conditions:

(65.3.1) f(-,y) is upper semicontinuous, for ally in'Y,

(65.3.2) {(z,y) | f(z,y) < B} is open,
(65.3.3) {(yeY | f(x,y) < B} is contractible or empty, for all x in X,
(65.3.4) {(x € X | f(z,y) > B} is acyclic, for ally inY.

Then a = (3.
Now a result for a continuous f will be proved. First, recall that a function
h: X — R is quasiconcave if {z | h(z) > t} is convex for each ¢, and is quasiconvex

if {x | h(xz) < t} is convex for each t. The next definition describes larger classes
of functions.

(65.4) DEFINITION. h: X — R is
(65.4.1) t-upper acyclic if {x € X | h(z) > t} is acyclic or empty,
(65.4.2) t-lower acyclic if {x € X | h(z) < t} is acyclic or empty.
(65.5) THEOREM. Let

Q = Imax mln X and mln max X
max min f(z,y) 6= min max f(z,y).

Suppose X is a compact Hausdorff space, Y a compact acyclic ANR, and f: X X
Y — R a continuous function satisfying:

(65.5.1) f(-,y) is t-upper acyclic, for ally in'Y, all t near 3,
(65.5.2) f(x, ) is t-lower acyclic, for all x in X, all t near «.

Then a = (3.
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PROOF. Since a < 3, we need to prove only a > . Let € >0, S~1(y)={z €
X | flz,y) >PB—etand T(z) ={y € Y | f(z,y) < a+¢e}. From the definition
of o and 3, S~! and T have nonempty values. From (65.5.1) and (65.5.2) follows,
that T and S~! have acyclic values. Therefore, the map . = To S™1:Y — YV
is admissible and compact. Since Y is a compact acyclic ANR, we obtain a fixed
point zg € @.(z0). So, there is yo € S~'(xg) such that zo € T(yo). Hence,
f(zo,y0) = 0 —¢, f(xo,y0) > a— e and 8 < a+ 2¢ for all small € so, f < o and
the proof is completed. O

(65.6) REMARK. Note that in a natural way the intersection theorem (65.1)
can be generalized for n subsets Sy,...,S5, C Xj X ... x X,.

Below we will consider some similar problem which arises from the game theory.
Let X5,...,X,, € AR. We will use the following notations:

X=x{X;li=1,...,n}, x=(x1,...,2,) € X,
X/z.\: x{X; |i#j}, Ty = (T1ye ey Tim 1y i1y - -+ s T} EX/Z,\.

Given K C X, K;, K denote the images of K by the projections of X onto X, X,
respectively. For any y € K~ we define the cross-section of K at y as

Si(y) = {z € K; | there exists z € K, x; = 2 and 27 = y}.

We are concerned with the existence of a solution T € K of the following system

of maximization problems:

(Ps) max{ fi(T1,...,Ti-1,2,Tit1,---,%n) | 2 € S(x:)} = Vi(z),
where f1,..., f, are real-valued functions on K; then 7 is called the social equi-
librium.

It is clear that, when the functions f; are continuous and K is compact the
maximum in (P;) is attained for each 4, but not necessarily at Z; as in the example
presented below. In this example we will illustrate also that the quasi-concavity
of f; is necessary to get social equilibrium.

(65.7) ExaMPLE. Consider
K=[0,1]x[0,1]CR? fi(z,y)=(y—2)? and fo(z,y)=(z+y—1)".

Then
{1} if0<y<1/2, {0} ifo<z<1/2,
Mi(y) =4 {0,1} ify=1/2, and Ms(z) =< {0,1} ifx=1/2,
{0y if1/2<y<1, {1y if1/2<z<1.
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It is clear that neither fi(-,y) nor fo(x, -) is quasi-concave, and that there exists
no (Z,7) € K satisfying T € M, (y) and § € Mz ().

We will need the following additional assumptions on K and f;. A subset
K C X is said to have the continuous cross-section property, if for i = 1,... ,n
the multivalued map:

Sit Ko —o K;,  y —o Si(y)

is continuous. Our result is presented in the following:

(65.8) THEOREM. Let K be a compact retract of X with the continuous cross-

section property and f1,..., fn: K — R be continuous functions such that, for any
i=1,...,n and x in K, the map

(65.8.1) z— fiT1, . L1, 2, i1, e, Tn)

defined on S; (x/z\) is quasiconcave. Assume further that for everyi=1,...,n and

z; € K5 the set M;(w;) = {z € Si(z;) | Vi(z;) = fi(z1,- - 2im1, 2, Tig1, - 0) )
is acyclic. Then there exists a solution T € K to the system of problems (P;),
t=1,...,n.

ProOOF. Consider the so-called marginal functions V;: K&~ — R and marginal
set-valued maps M;: K/z.\ —o K; defined by

‘/;(.If/z\) = max{fi(xl, e 3 X152, Lg 1y e e - ,.Ifn) | z € SZ(JT/Z\)},
Mz(.f’z\) = {Z € Sl(x/z\) | ‘/Z('r/z\) = fi('rla s s =152, L1y - - - 7'1:71)}7

where i = 1,...,n. The maps M; are upper semicontinuous. The compactness of
K yields that M;(z;) is nonempty and compact for all z in K. Since the function
defined in (65.8.1) is quasiconcave, M;(w;) is also convex. The set C' = X{K; |
i=1,...,n}is a compact AR-space. Moreover, the map F:C —o C defined by

Fr)={yeCly, € Mi(z;) i=1,...,n}

is upper semicontinuous. Indeed, F' is the composition of the continuous map

x — (2, 25,

3, ..., T7) with the upper semicontinuous product map

M1><...><Mn:X{K/z.\|i:1,...,n}—oc;

hence, F is an acyclic map and consequently Fix(F) # . Let T € F(z). Then
by an easy observation we deduce that T is a social equilibrium and the proof is
completed. O

It seems that any compact convex set in R? has the continuous cross-section
property, but this is not true in R3, as it is shown in the following example.
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(65.9) EXAMPLE. Let K be the cone in R® with vertex (1,0,1) and base
{(x,9,0) | 2+y? < 1}. For any pair (z,y) # (1,0) with 22+y? = 1, S3(z, y) is the
singleton {(x,y,0)}, but Ss5(1,0) is the line segment [(1,0,0), (1,0, 1)]. Therefore,
Ss is discontinuous at (1,0).

For more applications of multivalued maps to mathematical economy we rec-
ommend [Bor-M]. Finally, note that in Section 66 there are also some applications
to mathematical economics.

Note that the notion of equilibrium is used also in a more general situation.
Namely, equilibrium theorems provide sufficient conditions for the existence of an
equilibrium (or a zero) for a given multifunction ® under certain constraints, that
is, a solution of the inclusion 0 € ®(z) is required to belong to a certain con-
straints set X. Many important problems in nonlinear analysis can be reduced to
equilibrium problems, for example the problem of existence of critical points for
smooth and non-smooth functions, the problem of existence of stationary solutions
to differential inclusions, etc.

The well known equilibrium result is the following theorem:

(65.10) THEOREM. Let K be a compact convex subset of a normed space E. Let
®: K — FE be an u.s.c. map with closed convex values. If ® satisfies the tangency
condition

(65.10.1) D(x)NTk(z) <D foralzeK,

then ® has an equilibrium.

The proof of (65.10) is omitted here as below we will prove a generalization of
this theorem. We will present new results on the existence of equilibrium (or zero)
of multivalued maps on compact ANR-s which are locally convex. First result of
this type was proved in [P11].

Recall that a multivalued map ®: X — FE, where F is a Banach space, is
called upper hemi-continuous if for every linear continuous functional u: £ — R,
the extended real function, x — sup{u(y) | y € ®(z)} is upper semicontinu-
ous. Any u.s.c. map ®: X — FE, where F is supplied in weak topology is upper
hemi-continuous. Consequently, if dim F < 400 then the notion of upper hemi-
continuity and upper semicontinuity coincide provided values of the considered
map are compact and convex.

In what follows we will always assume that K is a compact neighbourhood
retract of a Banach space E. So, we can assume without loss of generality that:

(Al) K is a compact locally convex subset of a Banach space with a given
retraction r: Os(K) — K for a fixed § > 0.
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Note that the class of sets satisfying (A1) is quite large. For instance, if K is
compact and convex, or if K is a locally convex proximate neighbourhood retract
(see Chapter 1), then K satisfies (65.10.1).

Let Tj(z) be the polar cone to Tk (z). For a given ®: K — E we impose the
following condition:

(65.10.2) inf (p,y) <0 forallz € K and all p € T (x).
yED(x)

Observe that the condition (65.10.1) is sufficient for (65.10.2) and is equivalent too,
whenever ® has compact values. Assume K satisfies (A1), D is the unit closed
ball in £ and D* its dual in E*. For any € > 0 we let:

G.:K x D* - K,

Gg(x,p):{yeK| lly — z|| < e and sup  (p,y— 2) SO}.
z€KNB(z,e)

Note that G is an u.s.c. map with compact values. We prove:

(65.11) THEOREM. Assume K satisfies (A1) and the Euler characteristic x(K)
= Midg) of the set K is different from zero. If ®: K — E is upper hemi-
continuous with closed convexr values and satisfies (65.10.2), then ® has an equi-
librium.

PROOF. Suppose that 0 ¢ ®(z) for each z € K. By the separation theorem,
for each z € K there is p, € E* such that inf{(p;,y) | v € ®(x)} > 0, ie.
SUDyeq(z){ Pz, ¥) < 0. Since @ is upper hemi-continuous, the set

U(z) = {z € K| sup (—pg,y) < 0}
yED(2)
is an open neighbourhood of z, and the collection U := {U(z)},cx constitutes an
open covering of K. Let {\;},ecx be alocally finite partition of unity subordinated
to U. Let us define a continuous map f: K — E* by the formula

f(z) == Z Ae(2)pe, for z € K.
reK

Then, for any 2 € K, we have sup,cq(»)(—f(2),y) < 0; hence, f(2) # 0. Indeed, let
{z1,...,zx} ={z € K | z € U(z)}. Then f(z) = Zle Ai(2)p;i, where A; = Ay,
Pi = Pa;y i =1,... k. Since z € U(w;), it follows that sup,cq(.)(—pi,y) < 0, and
we are done.

We are going to prove the existence of an element T € K such that f(Z) €
T (x). This together with the condition (65.10.2) will lead to a contradiction.

Since K C FE satisfies (A1) we obtain

(A2) there exists n > 0, n < §/2 such that ||z — r(x)| < 7n for all z € O,(K).
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Let n € N be such that 0 < 1/n < 1), where 7 is given by (A2). Consider the
map V,,: K —o 2K defined by

o) = e {Gun (o 7 ) )1 dor e x

Evidently, ¥, is admissible for every n. Moreover, for any x € K, ¥,(x) €
B(x,2n). Indeed, if y € U, (x) then y € r(2), 2 € conv{Gy/n(z, f(x))} C
B(z,1/n) C B(x,n). Therefore, in view of (A2), [ly —r| < ||r(z) — 2|+ ||z — 2| <
2n < 4. Observe that Fix(¥,) # () for every n. Let x, € ¥,,(z,,). The compact-
ness of K allows us to assume lim, z, = T € K. Hence, lim,, f(x,) = f(Z) and
f(Z) € TiE(Z), a contradiction. The proof of (65.11) is completed. O

Since (65.10.1) implies (65.10.2) we have:

(65.12) COROLLARY. Suppose that K and ® are as in (65.11) and the condition
(65.10.1) is satisfied, then ® has an equilibrium.

(65.13) REMARK. Note that if K is convex then Corollary (65.12) is equivalent
to (65.1).

The following example shows that the assumption in (A1) on K to be locally
convex is essential.

(65.14) EXAMPLE. Let K = S; U .S2, where
S1={(z,y) R | (z - 1)* +3* =1},
S2 = {(x,y) eR* | (z+ 1)* +4* = 1}.
Let f: K — R? be given by the formula
W, 1—x) if (z,y) €5,
flz,y) = { :
(—y,1+=x) if (z,y) € Ss.
Then for every (z,y) € K we have f(z,y) € Tk(z,y), but f has no zeros.
For admissible mappings one can prove the following:

(65.15) THEOREM. Let K C R™ satisfies (Al) and let &: K — R™ be an
admissible map such that the following condition is satisfied:

(65.15.1) for allx € K, ally € Ti(z) and all z € ®(x)
if (y,z) # 0 then (y, z) < |lyll |[=]-
Then ® has an equilibrium provided x(K) # 0.
PRrOOF. Consider the duality map J: R™ — R"™ defined by:

J(x) ={y € Ko | (y,z) = ||=[]},
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where Ky denotes the unit closed ball in R™. Of course .J is an u.s.c. convex valued
mapping.
Consequently the map ¥ = J o ® is admissible and hence the map:
U, (z) = r(conv{G.(z) x ¥U(x)})

is admissible.

By homotopy argument, we obtain that Fix(W.) # @ for every ¢ > 0. Let
e € Ue(x:). Then z, € r(conv{Ge(ze,ye)}, 1€ ye € Tk (x:). We can assume
that for &, = 1/n we have

lim(a.,,, y.,.) = (7,7).
usy = W (x). Consequently ||y|| = 1 and there exists z € ®(x) with (y,z) = ||Z||.
Th v C 1 1 and th i P ith

On the other hand since y. € Tk (.), it follows that i € T;=(Z). This contradicts
(65.15.1) and the proof is completed. O

66. KKM-mappings

We begin with some notations and terminology as presented in [GrL1] and
[GrL2]. Given multivalued map ¢: X —o Y, its inverse ¢~ ':Y —o X is given by
o Hy) = {z € X,| y € p(x)} and its dual p*:Y — X is given by p*(y) =
X\l (y)

(66.1) DEFINITION. Let E be a normed space and X C E be an arbitrary
subset. A map ¢: X — FE is called a Knaster—Kuratowski-Mazurkiewicz map (or

simply KKM-map) provided for each finite set {z1,...,2,} C X we have

n

conv{zy,...,z,} C U o(x;).

i=1
(66.2) PROPOSITION. If X C F is convexr and ¢: X — E satisfies the following

two conditions:

(66.2.1) x € p(x) for every x € X,
(66.2.2) ¢*(y) is conver for everyy € E,

then ¢ is a KKM-map.

PrOOF. Let {z1,...,2,} C X and 7 € conv{z,...,z,}. We have to show
n
e o).
i=1

Since ¥ € ¢(7), we see that ¥ & ¢*(y) and therefore, conv{z1,...,z,} ¢ ¢*(7).
Since ¢*(7) is convex, at least one point x; does not belong to ¢* (), which implies
that § € ¢(z;) and hence the proof is completed. O

There are natural examples of KKM-maps.
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(66.3) EXAMPLE. Let C be a convex subset of E and let f: C' — R be a convex
function, i.e. (> t;x;) <>t f(x;) for any convex combination Y A\;x; in C. For
each = € C we let:

px)={y e C| f(y) < f(x)}.

We show that ¢: C' — C'is a KKM-map. For a contradiction let y = 1", t;z;,
z; € C and assume that y € |J_, ¢(z;). Then f(z;) < f(y) fori=1,...,n and
this means that each z; lies in {z | f(z) < f(y)}. Since this set is convex we have

F) = f(ztixi) < f(w).

(66.4) EXAMPLE. Let E = (E,| ||) be a normed linear space, C' C E be
convex and f:C — FE be a map. For each x € C let

a contradiction

pe) ={y e C|IIf () =yl <If(y) — =[]}

We show that ¢: C' — C is a KKM-map. Indeed, let yo = > Ajz; be a convex
combination in C. If yo & |J!'_; ¢(x;) we would have || f(yo) — voll > [|f(v0) — il
for each i =1,...,n, i.e. that each x; lies in the open ball {z € E | || f(yo) — z| <
Il f(y0) — yol|}. Since this ball is convex it contains yo € conv{zy,...,z,} and we
have a contradiction ||f(vo) — yoll < || f (o) — yol|-

(66.5) EXAMPLE. Let E = (H,(-)) be a Hilbert space and C' a convex subset
of H. Assume that f:C — H is a singlevalued map. We define ¢: C — C by
putting:

plx) ={y e C|(f(y),y —x) <0}
It is easy to verify that ¢ is a KKM-map.

Before proving the general principle for KKM-maps we need two more notions.

A subset X C FE is called finitely closed provided for any finite dimensional
subspace Ey of E the intersection X N Ej is closed in Ej.

Let {4;}ics be a family of subsets of E. We will say that {A;};cs has the finite
intersection property provided for every finite subset Jy € J we have

(A | i€ Jo} #0.

The following result represents a version of the well known Knaster—-Kuratowski—
Mazurkiewicz theorem proved in 1929, which was used in their elementary proof
of the Brouwer’s fixed point theorem.
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(66.6) THEOREM. Let X be an arbitrary subset of E and p: X —o E be a KKM-
map such that each p(x) is finitely closed (and nonempty). Then the family {p(z) |
x € X} has the finite intersection property.

PROOF. We argue by contradiction, so assume that (", ¢(z;) = 0. Work-
ing in the finite-dimensional subspace L spanned by {z1,...,2n}, let d be the
Euclidean metric in L and C = conv{zy,...,z,} C L. Note that because each
LN(z;) is closed in L, and since ()/_; LN ¢(z;) = 0 by hypothesis, the function
g:C — R given by x — Y7, dist(z, L N ¢(x;)) does not vanish. We now define
a continuous map f: C' — C' by setting

1 n
flx) = —=") dist(x, LNy(x;)) - ;.

By Brouwer’s Fixed Point Theorem f would have a fixed point zy € C. Letting

I = {i | dist(zo, L N (x;) # 0}, the fixed point xy cannot belong to J{p(z;) |

i € I}; however,

xo = f(zo) € conv{wz; |i € I} C U{go(xz) |iel}

and, with this contradiction, the proof is completed. O

There are many consequences and applications of (66.6). We restrict our con-
siderations only to the most important.
As an immediate corollary we obtain:

(66.7) THEOREM. Let X C E be an arbitrary subset of E and ¢: X — FE
a KKM-map. If all sets o(x) are closed in E and if one is compact, then ({p(x) |
zeX}#0D.

Theorem (66.7) was proved in 1961 by Ky Fan.
Now, by using (66.6) we prove the Mazur—Schauder theorem proved in 1936.

(66.8) THEOREM. Let E be a reflexive Banach space, i.e. E* is isomorphic
to E, and C' a closed convex subset of E. Let f:C — R be a conver and lower
semicontinuous map, (i.e. {x € C'| f(x) > A} is open for each A € R) and coercive
(i.e. || f(@)]| = oo as ||z|]| — o0). Then the function f attains its minimum.

PROOF. Let d = inf f(z); because f is coercive, we can find a number p > 0
such that K = B(0,p) NC # 0 and f(z) > d+ 1 for all x € C \ K. Since
d = inf f(x) it is enough now to show that there is a point ¢ € K such that
f(zo) < f(z) for all x € K. For each z € K, let p(x) ={y € K| f(y) < f(z)};
since d = inf f(z), the theorem will be proved by showing ((¢(z) # (. Since
p: K — F is a KKM-map, the conclusion is obtained by observing that in the
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weak topology of E each ¢(x) (being closed and convex) is compact. The proof is
completed. 0O

Now we prove the following:

(66.9) THEOREM (Ky Fan, 1968). Let C' be a compact conver subset of a nor-
med space E and let f:C — E be a continuous map such that for each x with
x # f(x), the line segment [z, f(x)] contains at least two points of C. Then

Fix(f) # 0.

PROOF. Assume f(z) # z for all z € C. Then we would have inf,cc || f(y) —
yl > 0. Define p: C' — C by p(z) ={y € C | [f(y) —yll < [ f(y) —z|}. Since ¢
is a compact valued KKM-map, we obtain a point yo € C such that

0 < f(yo) —yoll < I1f(yo) — |-

Now, the same simple argument as in (66.6) gives a contradiction || f(yo) — ol <
Il f(yo) — yol|. The proof is completed. O

As an immediate application of (66.9) we derive a fixed point theorem for inward
and outward maps in the sense of B. Halpern. Let C be a convex subset of a normed
space F; for each x € C, let

Ic ={y € C'| there exists yp € C and A > 0 such that y = z 4+ A(yo — 2)},
Oc = {y € C'| there exists yp € C and A > 0 such that y = x — A(yo — x)}.

A map f:C — E is said to be inward (resp. outward) if f(x) € Ic(z) (resp.
f(z) € Oc(x)).
(66.10) THEOREM. Let C be a convexr compact subset of a normed E. Then

every continuous inward (resp. every continuous outward) map f:C — E has
a fized point.

PROOF. The case of an inward map follows directly from (66.9); if f is outward
then g: C — E given by © — 2x — f(x) is inward with the same set of fixed points
as f and the conclusion follows. O

We would like to point out that the minimax theorem in the case of X =Y =C
being convex, can be obtained from (66.6). In Section 65 we have proved a little
more general theorem (see (65.6)).

Now we will show applications of (66.6) to variational inequalities. Let (H, (-))
be a Hilbert space and C' C H. We recall that a map f: C' — H is called monotone
on Cif (f(x) — f(y),x —y) > 0 for all z,y € C. We will say that f:C — H is
a one finitely continuous if f|p,nc is continuous for each one-dimensional subspace
HyC H.
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(66.11) THEOREM. Let H be a Hilbert space, C a closed bounded convex subset
of H, and f: C' — H monotone and hemi-continuous. Then there exists a yy € C
such that (f(yo),yo — ) <0 for all x € C.

PROOF. For each z € C, let p(x) = {y € C | (f(y),y — z) < 0}; the theorem
will be proved showing ({¢(z) |z € C} # 0.
We know that ¢: C' — H is a KKM-map. Consider now the map ¥:C — H
given by
U(z) ={zeC|(f(z),y—z) <0}

we show that

Step 1. p(x) C ¥(x) for each z € C.

For, let y € ¢(z), so that 0 > (f(y),y — z). By the monotonicity of f: C' — H,
we have (f(y) — f(z),y—x) =2 0,50 0 = (f(y),y —2) = (f(2),y—x) and y € ¥(x).

Step 2. Because of Step 1, it is enough to show ({¢(z) | x € C} C ({¥(z) |
x € C}.

Assume yo € (P(x). Choose any z € C and let z; = tx + (1 — t)yo =
yo — t(yo — x). Because C is convex, we have z; € C for each 0 < ¢t < 1. Since
yo € ¥(z) for each ¢ € [0,1], we find that (f(z),y0 — 2:) < 0 for all ¢ € [0, 1].
This means that ¢(f(z¢),y0 — ) < 0 for all ¢ € [0,1] and, in particular, that
(f(z),y0 —x) <0 for 0 <t < 1. Now let t — 0; the continuity of f on the ray
joining yo and z gives f(z:) — f(yo) and therefore, that (f(yo),yo—z) < 0. Thus,
Yo € p(x) for each z € C and (¥ (z) =) ¢(z).

Step 3. Now, we can equip H with the weak topology. Then each ¥(z), being
the intersection of the closed half-space {y € H | (f(z),y) < (f(x),z)} with C is
closed convex and bounded and therefore, weakly compact.

Thus, all the requirements in (66.8) are satisfied; therefore, ({p(x) | x € C'} #
(0 and, as we have observed, the proof is completed. O

(66.12) COROLLARY. Let C be a closed bounded convex subset of H and F':
C — C a non-expansive map i.e. |Fx — Fy| < ||z —yl|| for all z,y € C. Then F
has a fized point.

PROOF. Putting f(z) = z — F(x) for € C, we verify by simple calculation
that f:C — H is a continuous monotone map; so, by Theorem (66.11), there
exists yo € C such that (yo — Fyo,yo — ) = (fyo,yo — x) < 0 for all z € C. By
taking in the above inequality x = F(yg) we obtain yo = Fyo, and the proof is
completed. O

(66.13) COROLLARY. Let C C H be a closed convex set. Then for each xo € H
there is a unique yo € C with ||xo — yo|| = inf{||xo — z|| | z € C}.
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PROOF. Uniqueness being evident, let f: C' — H be given by y — y—x¢; clearly
f is continuous and monotone. By (66.11), there is yy € C with (yo—xo,yo—z) <0
for all x € C; this being equivalent to ||xg — yo| = infe ||xg — z||, the assertion of
the theorem follows. O

67. Topological dimension of the set of fixed points

In Section 21 we have proved the Banach contraction principle and a topological
characterization of the set of fixed points. In this section, we would like to prove
some additional properties of the set of fixed points for multivalued contractions.

Again let E be a Banach space and X its closed convex nonempty subset. Let
F: X — B(X) be a contraction map. We are interested in the following problem:
when does dim F'(z) > n for every x € X imply dimFix(F) > n?

Before giving some particular answers we shall collected some important prop-

erties.

(67.1) PROPOSITION. If F: X — C(X) is a contraction map, then the set
Fix(F) is compact.

PROOF. Assume Fix(F) is not compact. Since it is complete, it cannot be
precompact. Thus, there exists some 6 > 0 and some sequence {z;} in Fix(F')
such that d(x;,z;) > d for any two different ¢ and j. Put

p = inf{r | there exists a € X such that B(a,r) contains infinitely many z;’s}.

Since, for every a € X, B(a,d/2) contains at most one x;, one has p > §/2 > 0.
Let fix € such that )
—q
O<e<p—,
T4y

where ¢ < 1 is a contraction constant and choose ¢ € X such that J = {i | z; €
B(a, p+¢)} is infinite. For each i € J

d(xi, F(a)) < du(F(z:), F(a)) < qd(xi,a) < q(p + ),
and we can choose some y; € F(a) such that d(z;,y;) < q(p + €). By the com-
pactness of F'(a), there is a b € F(a) such that J' = {i € J | d(y;,b) < £} is finite.
Then for each i € J:

d(z;,b) <qlp+e)+e=qp+e(l+q)=r<qgp+p(l—q) =p,

and this contradicts the definition of p since B(b, ) contains infinitely many x;’s.0]
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(67.2) PROPOSITION. If F: X — B(X) is a contraction, then there exists
a bounded convex and closed subset B C X such that Fix(F) C B and B is
F-invariant, i.e. F(B) C B.

PRrROOF. It follows from (21.1) that Fix(F) # 0. Let zo € Fix(F). Consider
a closed ball B(zo,r) = {y € X | ||[y — xo|| < r}, where r is closed in such a way
that B(zo,r) is F-invariant. For every y € B(zg,r) we have:

du(F(zo), F(y)) <k-|lzo—yl| < k-7,

where F' is a contraction with the constant k, 0 < k < 1. Thus, if r > §(F(z0))
and z € F(y) we have:

2 = 2oll < du(F(y), F(xo)) + 3(F(0)) < kr +1.

So, B(xg,r) is F-invariant provided r > (1 — k)~! - 6(F(z0)), where §(F(xo))
denotes the diameter of F. Therefore, we have to check only that Fix(F) C
B(xo,r). Let o1 € Fix(F). Then

l|x1 — 2ol < dist(z1, F(x0)) + 0(F(z0))
< du(F (1), F(x0)) + 6(F(x0)) < k|21 — ol + 0(F (20))
and hence
lz1 = oll < (1 — k) ~1O(F (x0)),
so the proof is completed. O
The proof of the following proposition is a simple exercise:

(67.3) PROPOSITION. Any contraction F: X — C(X) is a condensing map with
respect to the Hausdorff measure of noncompactness v (see Section 4).

(67.4) PROPOSITION. Let F: X — C(X) be a contraction. If f:X — X,
f CF, is a continuous selection of F, then Fix(f) # 0.

PROOF. Since, in view of (67.3), F is condensing so, f C F' is also condensing.
On the other hand, from (67.2) it follows that we can assume, without loss of
generality, that X is also bounded. Hence our claim follows from (59.12). O

We shall make use of the following;:

(67.5) LEMMA. Let T be a compact space and o: T — E be a l.s.c. map with
closed convex values. Assume further that dimT < n, 0 € p(z) and dimp(z) > n
for everyx € T. Then there exists a continuous selection f C F such that f(x) # 0
for each z €T.

Our main result of this section is the following:
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(67.6) THEOREM. Let F: X — C(X) be a contraction. If dim F(z) > n for
each x € X, then dimFix(F) > n.

PRrROOF. It follows from (67.1) that Fix(F') is compact and from (21.1) that
Fix(F) # 0. Consider a map (i—F): Fix(F) — E, (i— F)(z) = {z—y |y € F(z)}.
Then (i — F') satisfies the assumptions of (67.5) instead of dimFix(F) < n. So,
let us assume that dimFix(F) < n. By (67.5), there exists a continuous selection
fo of Flpix(r) without fixed points. Using Michael’s selection theorem we can
extend fy to a map f: X — X without fixed points such that f C F' and we have
a contradiction with (67.4). O

By a similar consideration we can obtain the following:

(67.7) THEOREM. Let F': X — B(X) be a contraction with the constant k such
that 0 < k < 1/2. Assume that Fix(F) is compact and dim F(x) > n for every
x € X. Then dimFix(F) > n.

68. On the basis problem in normed spaces

Let E be a normed space. A sequence {z,} of vectors of F is said to be a basis
(or Schauder basis) for E, provided that every x € E has a unique representation
as the sum of the series

o0
= tytn, b, €R, n=12 ..
n=1

It is well known that not every separable Banach space has a basis. Therefore,
following Day ([Day]) we introduce the notion of biorthogonal system in E. Let
B be the unit closed ball in E, E* be the conjugate space and B* the conjugate
unit ball.

A pair {{b,},{Bn}} of sequences {b,} C B and {5,} C B* is called a biorthog-
onal system for E provided:

(i) the sequence {b;} is a Schauder basis for the subspace
L = span{by,bs,...} C E,

(ii) ||bnll = ||8n]l = 1 for all n,
(iii) setting P, = ", ., Bi(x)bi(x), for each m, the linear operator P,: L — L
is a projection, i.e. P2 =idy and || P, <1+ (1/m).
By using the Borsuk theorem on antipodes for multivalued mappings one can prove
the following:
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(68.1) THEOREM. Any normed space possesses a biorthogonal system.

PRrROOF. Take b; of norm 1 in B and choose 31, by the Hahn—Banach theorem,
such that ||51]] = ||b1]] = B1(b1) = 1. If by,... by and By, ..., Bm, and, if nec-
essary, certain auxiliary ~y1,...,7 in B* have bee chosen, the choice of b, 11 is
made to depend on the Borsuk—Ulam theorem in the following way.

Let L,, be the linear ball spanned on b;, ¢ < m, and let S,, = SN L, and
7t
in Ly,. It may happen that W,, contains only points of norm < 1+ (1/m); if

(K) N Ly, contains Sy, and the intersection of these sets is a polyhedron W,

this is not case take enough elements of norm 1 in L}, say aq, ..., ay, that Wy,
intersected with all the sets a; ' (K) is a polyhedron in L, which all lies within the
sphere of radius 1+ (1/m). Let vx14 be an element of B* of the norm 1 which is
an extension of ag, ¢ = 1,...,n. Let A,, be the (infinite-dimensional) intersection
of the hype planes 3; (0), i < m and 7]71(0), j<k+n.

In A,, any (m+1)-dimensional subspace A/, and in A, consider the unit sphere
Sl,=SNAL.

Define a mapping ¢: S, —o Ly, by putting:

p@) ={y € Lin | Iz + yll = lz + L},

where ||« + L,|| = inf{||z + z||, 2 € L,}. Then ¢ is an u.s.c. map with compact
convex values and ¢(z) = —p(—x). Thus Deg(yp) # 0 and hence there is x € A},
such that 0 € p(z). Let by,41 be any point of S/, such that 0 € @(by41). Let
Bma+1 in B* be chosen so that it is of norm 1 vanishes on the b;, ¢ < m and is 1 at
bm+1. This induction process defines sequences {b;} and {5;}. If L’ is the union
of all the Ly,, then for each m the function P,, is defined in B and has in L, the
norm 1+ (1/m). The set of those z in L, for which lim,, Pp,(z) = x includes all
of the b; and is closed in L, so it is all of L; the proof is completed. O






CHAPTER VI

FIXED POINT THEORY APPROACH
TO DIFFERENTIAL INCLUSIONS

The aim of this chapter is to give a systematic and unified account of topics in
fixed point theory methods of differential inclusions which lie on the border line
between topology and ordinary differential equations.

It is well known that the topological degree is a fundamental tool for proving the
existence of various kinds of solutions of nonlinear equations and for investigating
the structure of sets of such solutions. Since the original classical work of Leray
and Schauder many authors have made contributions to the problem of extending
the Leray—Schauder degree and applying it to problems in analysis. These gen-
eralizations include extensions of the Lefschetz fixed point theory and the fixed
point index theory on ANRs for singlevalued mappings to multivalued case. In
this chapter we shall concentrate our considerations on the topological degree the-
ory for multivalued mappings which are compositions of Rs-valued mappings with
singlevalued mappings. This degree theory gives us a tool for investigating the
following types of questions about differential inclusions:

e existence problems;
e topological characterization of the set of solutions for Cauchy problems;
e periodic problems.

We shall study the above problems in the case when our multivalued right hand

side of the differential inclusion considered is defined on the whole space R™ or on
a certain compact subset A of R™, the so called proximate retracts.

69. Aronszajn type of results

In this section we shall present results about the topological structure of the
set of solutions of the Cauchy problem for some nonlinear ordinary differential
equations as owed to N. Aronszajn in 1942.

First, we prove a result concerning the topological structure of the set of solu-

tions for some nonlinear equations.

(69.1) THEOREM. Let X be a space, (E,| - ||) e Banach space and f: X — FE
a proper map, i.e. f is continuous and for every compact K C E the set f~1(K)
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is compact. Assume further that for each € > 0 a proper map f-: X — E is given
and the following two conditions are satisfied:

(69.1.1) |[[fe(x) — f(x)|| <€, for every x € X;
(69.1.2) for any e > 0 and u € E such that ||u|| < e, the equation f.(x) = u has
ezactly one solution.

Then the set S = f~1(0) is Rs.

PROOF. Let {&,} be a sequence of positive real numbers such that lim, €, = 0.
Since S = f~1(0) and f is proper we infer that S is compact. To see that S # 0,
in view of (69.1.2) we choose z,, € X such that f,(x,) = 0 for every n, where f,
is short for f., . Then we have:

1f @)l = [[f(@n) = fu(za)]l < en-

Thus lim, f(z,) = 0 and hence the set {f(x,)} U {0} is compact. Therefore,
{zn} C fFL{(f(zn))} U {0}), and we may assume without loss of generality
that lim, z,, = x. Then from the continuity of f we conclude that x € S, and
consequently we have that S is a compact nonempty set.

Now, it follows from (69.1.1) that f,,(S) C B(0,e,). Let Q,, denote the convex
closure of the compact set f,(S) C E. Then @,, as a compact convex set, is an
AR-space and hence contractible. Moreover, we have

Qn C B(0,£,)  B(0, p).

Let A, = f,1(Qn). The mapping f,, restricted to the pair (A4,, Q) is a homeo-
morphism (this follows easily from our assumptions), so A,, is a compact AR-space
and in particular contractible. To conclude that S is a compact Rs we shall show
that the sequence {A,} satisfies the conditions (2.15.1)—(2.15.3).

Clearly, S is contained in A, for every n, so S is contained in the inferior
set-theoretic limit of the sequence {A,,}. Now, let  be a point in the superior set-
theoretic limit of the sequence {4, }, so that x € A,,,, for some subsequence {4,,}
of {A,}. This implies that ||f,,(z)|| < en,, for every n;. Hence, f(x) = 0, which
implies that € S. Thus the superior set-theoretic limit of {4,} is contained
in S. Hence, S is the set-theoretic limit of {4, }.

Now, to verify the condition (2.15.3) it suffices to show that each open neigh-
bourhood V of S in X contains at least one member of the sequence {4,}, as
the set-theoretic limit remains unchanged if finitely many members of {A,} are
omitted. Suppose now that V' is an open neighbourhood of S in X such that A,
is not contained in V' for any n. So, there exists a sequence {z,} in X such that
T, € A, for every n, and x, € V for any n. Then we have

[fa(@a)ll <ens [ fn(zn) = f(@n)ll < €n,
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and hence,
| f(zn)] < 2ep, for every n.

This implies that lim f(z,) = 0. Since f is proper we deduce that {z,} contains
a convergent subsequence {x,}. Let x = lima,,,. Then f(z) = 0. Thus z € S and
Zn, € V for every i, which is a contradiction. This proves that each neighbourhood
V of S contains at least one member of the sequence {A,}. Hence the conditions
of Proposition (2.15) are verified. Thus S is an Rs-set; the proof is completed. [

The following result is a slight reformulation of Lemma 1 in [Sz].

(69.2) THEOREM. Let E = C([0,a],R™) be the Banach space of continuous
maps with the usual maz-norm. If F: E — E is a compact map and f: E — E
is a compact vector field associated with F, i.e. f(u) = u — F(u), such that the
following conditions are satisfied:

(69.2.1) there exists an xg € R™ such that F(u)(0) = xq, for every u € K(0,r);

(69.2.2) for every e € [0,a] and for every u,v € E if u(t) = v(t) for each t € [0, ],
then F(u)(t) = F(v)(t) for each t € [0,¢];

then there exists a sequence fn: E — E of continuous proper mappings satisfying

the conditions (69.1.1) and (69.1.2) with respect to f.

SKETCH OF PROOF. For the proof it is sufficient to define a sequence F,,: F —
E of compact maps such that:

(69.2.3) F(z)= lim F,(z), uniformlyinz € E,
n—oo
and
(69.2.4) fuE— E, fu(z) =z — F,(x), isa one-to-one map.

To do this we additionally define the mappings r,,: [0, a] — [0, a] by putting:

0 for t € [0, a/n],
ro(t) =
t—a/n forte (a/n,al.
Now, we are able to define the sequence {F),} as follows:

(69.2.5) F,(z)(t) = F(x)(rn(t)), forzxe E, n=1,2,....

It is easily seen that Fj, is a continuous and compact mapping, n =1,2,.... Since
[rn(t) — t] < a/n we deduce from the compactness of F' and (69.2.5) that

lim F,(z) = F(z), uniformlyinz € E.

n—00
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Now, we shall prove that f, is a one-to-one map. Assume that for some x,y € E
we have f,(x) = f,(y). This implies that x —y = F,,(z) — F,,(y). If t € [0,a/n],
then we have

z(t) —y(t) = Fz)(ra(t)) — F(y)(ra(t)) = F(2)(0) = F(y)(0).
Thus, in view of (69.2.1), we obtain x(t) = y(t), for every t € [0, a/n].
Finally, by successively repeating the above procedure n times we infer that
x(t) =y(t), forevery te[0,a].
Therefore, f, is a one-to-one map and the proof is completed. O
Now, from Theorems (69.1) and (69.2) we obtain:

(69.3) COROLLARY. Assume that f and F are as in Theorem (69.2). Then
f710) = Fix(F) is an Rs-set.

For a given map g: [0, a] x R™ — R™ and 9 € R™ we shall consider the following
Cauchy problem:

(69.4)

{ a'(t) = g(t, x(t)),
x(0) = xo.

In our considerations g is a Carathéodory mapping. By a solution of (69.4) we shall
understand an absolutely continuous map «: [0, a] — R™ such that 2'(t) = g(¢, z(t))
for almost all ¢t € [0, a] and 2(0) = x. If the right hand side g is continuous, then
every solution z( - ) is C! regular and satisfies 2’'(t) = g(t, z(t)) for every t € [0, al.

We denote by S(g,0,x0) the set of all solutions of the Cauchy problem (69.4).

(69.5) THEOREM. Let g:[0,a] x R™ — R™ be an integrably bounded Carathéo-
dory mapping. Then S(g,0,x0) is Rs.

PRrROOF. We define the integral operator F:C([0,a],R") — C([0,a],R™) by
putting

(69.5.1) F(u)(t) = zo —|—/O g(r,u(r))dr for every w and t.

Then Fix(F') = S(g,0,x0). It is easy to see that F' satisfies all the assumptions of
Theorem (69.2). Consequently we deduce Theorem (69.5) from Corollary (69.3)
and the proof is completed. O

Now, let g be a Carathéodory map with linear growth. Assume further that
u € 5(g,0,20). Then we have (cf. (69.5.1))

u(t) = F(u)(t) = 0 + / o u(r)) dr,
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and consequently
¢ ¢
) < ol + | utr)dr+ [ tr)luto)
Therefore, from the well known Gronwall inequality we obtain

[ < (lzoll + ) exp(y)  for every ¢,

where v = [ pu(r) dr.
We define go: [0, a] x R™ — R™ by putting

(t.2) g(t,x) if ||z|| < M and ¢t € [0, al,
ot )= g(t, Mx/||z||) if||z]| > M and ¢t € [0,al,

where M = ([|zol| + ) exp(7).
(69.6) PROPOSITION. If g is a Carathéodory map with linear growth, then:

(69.6.1) go is Carathéodory and integrably bounded; and
(69.6.2) S(go,0,x0) = S(g,0, ).

The proof of Proposition (69.6) is straightforward.
Now, from Theorem (69.5) and Proposition (69.6) we obtain immediately:

(69.7) COROLLARY. If g:[0,a] x R® — R" is a Carathéodory map and has
linear growth then S(g,0,x0) is a Rs-set.

Finally, let us recall the following classical result from the theory of ordinary
differential equations.

(69.8) THEOREM. If f:]0,a] x R® — R™ is an integrably bounded, locally-
measurable Lipschitz map, then the set S(f,0,x0) is a singleton for every xy € R™.

Later we shall make use of the following:

(69.9) THEOREM. Let E be a normed space, X a metric space and F: Ex X —
E a continuous (singlevalued) map such that for any compact subset A C X the
closure F(E x A) of F(E x A) is a compact subset of E. Then the (multivalued)
map p: X — E defined as follows:

p(x) = Fix(F(-,z))

18 an u.s.c. mapping.

PRrROOF. It follows from the Schauder Fixed Point Theorem that the set ¢(x)
is compact and nonempty for every x € X.
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Let g € X and let U be an open neighbourhood of ¢(z¢) in E. It is enough to
prove that there exists r > 0 such that for every « € B(xo,r) we have p(z) C U.
Assume to the contrary that for every n = 1,2,... there exists =, € B(xo,1/n)
and y, € Fix(F(-,xzy)) such that y, ¢ U.

We let A= {z,}. So, A= {x,} U{zo}. Consequently, in view of our assertion,
we can assume that lim, ..o yn = yo. Then y, € U and yo € Fix(F(-,xzg)) =
w(xg) C U, so we obtain a contradiction. O

We shall conclude this section by introducing the following notion:

(69.10) DEFINITION. A space X is called Rs-contractible provided there exists
a multivalued homotopy x: [0, 1] x X — X such that:

(69.10.1) z € x(1,z), for every x € X;

(69.10.2) x(0,z) = A, for every x € X;
(69.10.3) x(t,z) is an Rs-set, for every t € [0,1] and = € X;
(69.10.4) x is a u.s.c. map,

where A is an Rs-subset of X.

Let us remark that any Rs-contractible space has the same homology as one-
point space {p} so, that it is acyclic and in particular connected.

70. Solution sets for differential inclusions
Let ¢: [0, a] xR™ — R™ be a multivalued map. In the present section we consider

the differential inclusion

(70.1) { a'(t) € o(t, (1)),

x(0) = xo.

An absolutely continuous map z:[0,a] — R™ is called a solution of (70.1), if
Z'(t) € ¢(t, z(t)) almost everywhere in [0, a] (a.e. t € [0, a]) and x(0) = xo.
Consider the differential inclusion

Z'(t) € p(t, z(t)).

The connection between differential inclusions and control systems is well known.
If f:]0,a] x R™ x R™ — R™ is a continuous function and A a compact subset of
R™. then the set of trajectories for the system:

a'(t) = f(t,2(t), u(t), wult) € A,
coincides with the set of solutions to the above differential inclusion, where

o(t,z) ={f(t,z,u) | ue A}
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Differential inclusions can thus provide a convenient abstract framework for the
study of certain control problems. Solutions of the above inclusion, or more pre-
cisely of (70.1), have been studied mainly under two separate kind of assumptions:

(B1) ¢ is u.s.c. with convex values;
(B2) ¢ is l.s.c. possibly with nonconvex values.

In this section we shall look at the case (B1). Then in Section 71 we shall deal
with the case (B2).

Let S(p,0,20) denote the set of all solutions of (70.1). We are now going to
characterize the topological structure of S(yp, 0, zg). First, we prove the following:

(70.2) THEOREM. If ¢:[0,a] x R™ —o R"™ is integrably bounded and mLL-se-
lectionable, then S(p,0,x0) is contractible for every xo € R™.

PROOF. Let f C ¢ be measurable, locally Lipschitz. By Theorem (69.8), the
following Cauchy problem:

(70.2.1) { '(t) = f(t x(1),

.If(to) = Uo,

has exactly one solution for every to € [0,a] and up € R"™. For the proof it is
sufficient to define a homotopy h: S(p, 0, z¢) x [0,1] — S(¢, 0, x0) such that

z for s=1and z € S(y,0, ),
h(z,s) =14 _
r for s =0,

where = S(f, 0, z¢) is exactly one solution given for the Cauchy problem (70.2.1).

We put
x(t) if 0 <t < sa,

S(f, sa,z(sa))(t) ifsa<t<a.
Then h is a continuous homotopy contracting S(¢, 0, o) to the point S(f,0,z¢).00
(70.3) THEOREM. If ¢:]0,a] x R® — R™ is an integrably bounded, Ca-se-

lectionable or in particular C-selectionable map, then the set S(p,0,x0) is Rs-
contractible.

PROOF. The proof is strictly analogous to that of Theorem (70.2). We replace
the singlevalued homotopy h: S(p,0,z) x [0,1] — S(p,0,20) by a multivalued
homotopy x: [0, 1] x S(¢,0,z) — S(p,0,x0) as follows:

x(t) if 0 <t < sa,
S(f, sa,z(sa))(t) ifsa<t<a,

x(s, 2)(t) = {

where f C ¢ and S(f, sa, x(sa)) is an Rs-set according to Corollary (69.7). O
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Observe that if ¢: [0, a] x R™ — R"™ is an intersection of the decreasing sequence
i [0,a] x R" — R™, ie. ¢(t,z) = Npey r(t, ) and prpi1(t,z) C pi(t, x) for
almost all ¢ € [0, a] and for all z € R™, then

(704) S(QD,O,JTO) = m S(Q%,O,xo)-
k=1

From theorems (70.2) and (70.3) we obtain:
(70.5) THEOREM. Let ¢:[0,a] x R™ — R™ be a multivalued map.

(70.5.1) If ¢ is o-mLL-selectionable, then the set S(p,0,x0) is an intersection of
a decreasing sequence of contractible sets;

(70.5.2) If ¢ is o-Ca-selectionable, then the set S(p,0,x0) is an intersection of
a decreasing sequence of Rs-contractible spaces.

We can now formulate the main result of this section.

(70.6) THEOREM. If:[0,a]xR"™ — R™ is an u-Carathéodory map with convex
compact values and having linear growth, then the set S(p,0,x0) is an Rs-set for
every xo € R™.

PROOF. Using similar arguments as for (69.7) we can find » > 0 such that if
x(+) is a solution of (70.1), then ||z(¢)|| < r for every ¢ € [0, a]. We put
or(t,2) = { o(t, ) if ||z|| < r and ¢ € [0, a],
o(t,rz/||z|) if ||z]| > r and t € [0, a).
It is obvious that ¢, is an integrably bounded wu-Carathéodory map and also

S(pr,0,20) = S(¢,0,20). Now, the proof is analogous to the proof of (70.3)
(comp. [Go2-M]). O

Finally, as a simple corollary from Theorem (70.6) we obtain:

(70.7) COROLLARY. If ¢:]0,a] x R™ — R™ is a u.s.c. bounded mapping with
convex compact values, then S(p,0,xq) is an Rs-set for every xo € R™.

In the following we describe the dependence of the set of solutions on the initial
values and parameters. Let A be a compact space and ¢:[0,a] x A — R™ be
a nonempty convex compact valued map such that:

(70.8.1) t — @(t,x, A) is w.s.c. measurable for every (x,\) € R™ x A;
(70.8.2) (x,\) — @(t,x, \) is u.s.c. for almost all ¢ € [0, a;
(70.8.3) ¢ is integrably bounded.

For a given A € A we let:

ox:[0,a] X R® = R™,  oa(t,z) =p(t,z,\) for every t,x.
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(70.9) PROPOSITION. Suppose that ¢: [0,a] X R™ x A — R™ satisfies the condi-
tions (70.8.1)—(70.8.3). Let P:R™ x A —o C([0, a], R™) be a map defined as follows

P(z,A) = S(px,0,2).
Then P is u.s.c. map with Rs-values.

PROOF. It follows from Theorem (70.6) that P has Rs-values. To prove the
upper semicontinuity of P we shall consider the integral operator:

3:C([0,a],R™) x R" x A — C([0,a], R")

defined by the formula:

D(u,x, A) = {U v(t) =x + /Otw(T) dr,

where w(7) € (1, u(r), A) for every 7 € [0, a]}.

Note that w is a measurable selection of ¢(t, u(t), A)) which exists by the Kura-
towski-Ryll-Nardzewski Selection Theorem. Now, it follows from (70.8.3) that w
is integrable.

It is easy to see that S(px,0,z) = Fix®(-,z, ).

On the other hand, it is easy to verify that ® satisfies all the assumptions of
Theorem (69.9), and consequently our result follows from that theorem. O

Some other characterization results are possible to obtain by applying Theo-
rem (21.15). Namely, we shall give a topological characterization of the set of
solutions of some boundary value problems for differential inclusions of order k.

Let E be a separable Banach space and let ¢: [0, a] x E¥ — E be a multivalued
mapping, where E¥ = E x ... x E (k-times). We shall consider the following

problem:
z®)(t) € (t, z(t), 2’ (t), ..., zF=(1)),
z(0) = o,
(70.10) 2'(0) = 1,

x(k_l)(O) =Tp_1,

where the solution z: [0, a] — E is understood in the sense of ¢ almost everywhere

(a.e. t € [0,a]) and zo, ... ,x5—1 € E.
Observe that for k = 1 problem (70.10) reduces to the well-known Cauchy prob-
lem for differential inclusions. In what follows we shall denote by S(¢, zo, . .., Zx—1)

the set of all solutions of (70.10).
Our first application of Theorem (21.15) is the following:
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(70.11) THEOREM. Assume that ¢ is a mapping with compact values. Assume
further that the following conditions hold:

(70.11.1) ¢ is bounded, i.e. there is an M > 0 such that |ly|| < M for every
t€10,a],z € E* and y € p(t,z);

(70.11.2) the map (-, x) is measurable for each x € E¥;

(70.11.3) ¢ is a Lipschitz map with respect to the second variable, i.e. there exists
an L > 0 such that for everyt € [0,a] and for every z = (z1,... ,2k), y =
(Y1, .- yk) € B we have:

k
du(o(t, ), (t,y)) < LZ 12 — vil|-

Then the set S(p, o, ..., Tk—1) of all solutions of the problem (70.10) is an AR-
space.

PRrROOF. For the proof we define (singlevalued) mappings h;: M ([0, al], E) —
ACI j=0,...,k—1, by putting

t] t 51 Sj
(hj(z))(t):$O+t$1+---+ﬁxj+/0 /0 /0 z(s)dsds;j ... ds,

where ACY = {u € C9([0,a], E) | u\9) is absolutely continuous} and for u € ACY
we put:
lull = f[ullcs + sup ess{|lu "D (B)[|}.
tel0,a
Now, consider a multivalued mapping v¢: M([0,a], E) — M([0,a], E) defined as
follows:

Y(x) ={z € M([0,a], E)| 2(t) € o(t, hi—1(x)(t),. .., ho(x)(t)), for t € [0,a]}.

It follows from the Kuratowski-Ryll-Nardzewski Selection Theorem and (70.11.1)
that v is well defined (with closed decomposable values in M ([0, a], E')). Moreover,
it is easy to see that hx_1(Fix(¢)) = S(¢, zo, . .. ,xx—1). Consequently, since hj_1
is a homeomorphism onto its image in view of Theorem (21.15), it is sufficient to
show that ¢ is a contractive mapping. We shall do this by using the M ([0, a], E)-
version of Bielecki’s method and the Kuratowski-Ryll-Nardzewski Theorem. In
fact it is enough to see that for every w,z € M([0,a], F) and for every y € ¥ (u)
there is a v € 9(z) such that

(70.11.4) Iy = vl < aflu— =z,

where o € [0,1) and [|w|l1 = supess;efo,q{e“**|w(t)||} is the Bielecki norm
in M([0,a], E). Observe that using Theorem (19.7) for ¢ and z, we get a mapping
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v € ¥(z) and now (70.2.1) follows directly from (70.11.3). The proof of Theorem
(70.11) is complete. O

If we impose more conditions on ¢, then we obtain even better information
about the set S(p, o, ..., Zk—1); namely we prove the following:

(70.12) THEOREM. Let E be a separable Banach space and let ¢:[0,a] x E¥ —o
E be a map with convexr compact values satisfying (70.11.2) and the following
additional conditions:

(70.12.1) the mapping (t, -) is completely continuous for every t € [0,a], i.e.
u.s.c. and maps bounded sets into compact sets;

(70.12.2) the set @(A) is compact, for every compact A C [0,a] x E¥*;

(70.12.3) for everyt € [0,a], x € E* and y € ¢(t,z), we have

[yl < u(t) +o(®)l|],

where u,v: [0,a] — R are integrable functions.
Then S(p,xg, ... ,xx—1) is an Rs-set.
For the proof of Theorem (70.12) we need the following lemma.

(70.13) LEMMA. Let ¢ satisfies all the assumptions of Theorem (70.12). Then
there exists a multivalued mapping 1:[0,a] x E¥ — E such that the following
conditions are satisfied:

(70.13.1) 9 is compact, i.e. ([0, a] x E¥) is contained in a compact subset of E;

(70.13.2) 9(-,x) is measurable for every x € E*, and ¥(t, -) is u.s.c. for every
te€0,a];

(70.13.3) S(¢,zg, ... ,xx—1) = S(p, oy .., Tk—1).

Since the proof of Lemma (70.13) contains many technical details we shall only
sketch it.

SKETCH OF PROOF OF LEMMA (70.13). First observe that, in view of (70.12.3),
and by using the Gronwall inequality, there exists a constant D > 0 such that

|z|| < D, for every z € S(p,z0,...,zk_1). Then we define: ~:[0,a] x E*¥ — E as
follows:
(t,2) o(t, z) for every |z|| < D,
Y(t,z) =
o(t,Dz/|z||) for every |z|| > D.

From (70.12.3) we deduce that 7 is bounded from above by an integrable function
w: [0,a] — R, i.e. |ly|| < w(t) provided y € (¢, x).
Next, for every 7 =0,...,k — 1 we define a map

v;: C([0,a], E) x ... x C(]0,a], E) — C(]0,a], E)
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by putting:

’Yj(ul’ s ’uk) = {y € C([O’a]’E) | y(t) = hk—l—j(z)(t)
and z(t) € p(t,u1(t),...,ur(t)), a.e. t €[0,a]},

where each h; is the singlevalued mappings defined in the proof of (70.11) and
z € M([0,al], E). In the next step we deduce that all mappings v; are bounded
by a common constant M. Let us denote by B the open ball in C([0, a], ) with
center at zero and radius M. Using separability of C([0, a], E) we infer that for
every j =0,...,k— 1, the set

A; = cl(conv(v;(B x ... x B)(]0,qa])))

is a compact and convex subset of E. This allows us to consider the following
retractions:
TjZE—>Aj, jZO,,kﬁ—l

Finally, we are ready to define the needed map 1 as follows:

Y(t,z) =yt ro(z1), .-+, re—1(21)),

for every t € [0,a] and z = (z1,...,2r) € E¥. We leave it to the reader to verify
that v satisfies (70.13.1)—(70.13.3). O

PROOF OF THEOREM (70.12). For a given ¢, we consider the map 1 given by
Lemma (70.13). In view of (70.13.3) it is sufficient to prove that S(¢, zo, ... , Zx—1)
is an Rs-set. We obtain it using the (modified) version of Theorem (70.11) and an
approximation method as presented in Chapter III. It is well known that ¢ can
be approximated by a decreasing sequence 1,: [0, a] x E¥ — E of compact locally
Lipschitz mappings satisfying the assumption of Theorem (70.11) and such that
S(Wn,xo, ..., xp—1) is a compact AR-space (from Theorem (70.11) and Corollary
(2.14)), and

(70.14) S, z0,. .., Tp_1) = ﬂ S, 0y s Th_1)

n>1
Consequently (70.14) implies that S(i, zg, ... ,xx—1) is an Rs-set and the proof is
completed. 0O

71. The lower semicontinuous case
In this section we shall consider the Cauchy problem:

{ z'(t) € p(t, z(1)),

(71.1) 2(0) = zo,

for v to be l.s.c. or [-Carathéodory map.
Our first observation is evident:
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(71.2) PROPOSITION. If:[0,a] x R™ — R"™ is l.s.c. with closed convex values
and with the linear growth, then S(v,zo) # 0.

PROOF. In view of the Michael selection theorem, there is a continuous map
f:[0,a] x R™ — R™ such that f C 4. Since f has linear growth we obtain that
S(f,x0) C S(¥, o). But from the Peano theorem S(f,zo) # () and hence we get
S(1h, mo) # 0; the proof is completed. O

(71.3) REMARK. In fact we have proved (cf. (70.3)) that S(¢, o) is an Rs-
contractible set (not necessarily compact!).

Now, we prove the following:

(71.4) THEOREM. Let: [0, a] xR™ —o R™ be a bounded I.s.c. map with compact

values. Then there exists an u.s.c. map @: [0, a] x R™ — R™ with compact convex
values such that for every xo € R™ we have S(p,xq) C S(, x0).

For the proof of (71.4) we need some propositions. First, let us consider the
cone 'y in R™t! defined as follows:

Ty ={(t.z) € Rx R" | ||z]| < t- M},

where M is an upper bound of .
By applying Theorem (18.5) to ¢ and I we get a I'-continuous map f: [0, a] X
R™ — R™ such that f C U. Evidently, we have:

(71.5) S(f,z0) C S(¥, o).

Now, we shall consider the multivalued regularization of f called also the Kra-
ssovskii regularization of f. Namely, we define the multivalued map ¢(f): [0, ] x
R™ — R™ by putting:

(716) o(f)(t,) = () Tmv{ f(s.9) | (s.) € [0,a] x R",

e>0
ls—tl <e, lly—=z| <e}

then ¢(f) is called the Krassovskii regularization.
The following result is crucial in what follows:

(71.7) THEOREM. Assume f is as above. Then we have:

(71.7.1) @(f) is u.s.c. bounded with compact convex values;

(T1.7.2) S(e(f), w0) = S(f, o).
For the proof of (71.7) we need:
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(71.8) LEMMA. Let () be a solution of (70.1). Let J be the set of all times
t € [0, a] such that:
(71.8.1) 2'(t) € (¢, z(t)),
(71.8.2) there exists a decreasing to t sequence {t;} C [0, a], with {z'(tx)} — 2'(¢),
x'(ty) € V(tx, z(tr)) for all k.
Then the Lebesque measure u(J) of J is equal to a.

PROOF. Let J; be the set of all times ¢ € [0,a] where (i) holds. From the
definition of solution of (70.1) we obtain that u(J;) = a . Fix any € > 0. Since z
is an absolutely continuous map there exists a measurable u such that u(t) = /()
for every t € Ja, where Jo C K; and u(J2) > a — e. Clearly, (71.8.2) holds for all
points in Jo which are density points of Jo hence pu(J) > p(Jz2) > a —e. Since €
was arbitrary, the Lemma (71.8) is proved. O

PROOF OF (71.7). The proof of (71.7.1) is self-evident because ¢(t) is an in-
tersection of u.s.c. bounded and compact convex valued maps. So we are going
to prove (71.7.2). Of course f C ¢(f) so S(f,z0) C S(¢(f),x0). Therefore it
is sufficient to show that S(¢(f),xz0) C S(f;x0). In what follows we will denote
by ¢ the map ¢(f) for simplicity. Let us assume that for every y € (¢, z) and
(t,z) € [0,a] x R™ we have

lyll < L < M,

where M is chosen according to ¥. Let x(-) be a solution of (70.1) for ¢ = ¢(f).
Define J C [a, b] to be the set of times ¢ such that

(i) 2/(t) € F(t,z(t)), and

(ii) there exists a sequence of times t, strictly decreasing to ¢, such that

' (tr) € p(te, x(ty)) and 2/(¢).

By Lemma (71.8), J has full measure in [a, b]. We claim that z'(t) = f(¢, z(t)) for
every t € J. Assume, to the contrary, that ¢t € J but

(71.8.1) 2'(t) — f(t,z(t))]| = > 0.
Using the T'ps-continuity of f at the point (¢, z(t)), choose § > 0 such that

(71.8.2) 1f(s,y) — ft2@)] <e/2,

whenever t < s <t+9, ||ly—=x(t)]| < M(s—t). Let ty — ¢ be a sequence with the
properties stated in (ii). Then there exists k large enough so that

(71.8.3) 0<ty—t<d,
(71.8.4) 2’ (tk) — 2’ (1) < e/2,



71. THE LOWER SEMICONTINUOUS CASE 365

for all k > k. The boundedness assumption || f(¢, z)|| < L implies that F(¢,z) C
B(0, L) for all t,z. Our solution x(-) is therefore Lipschitz continuous with con-
stant L. In particular,

|z (ts) — 2(t)]| < Lty —t) < M(t, — t).

Using (71.8.2) and (71.8.3) we conclude that

(71.8.5) F(ty, 2(tr)) C F(f(t,x(t)), %)
for all k£ > k, hence
(71.8.6) o’ (te) = (& 2(®)] < 5.

Comparing (71.8.1) with (71.8.4) and (71.8.6) we obtain a contradiction, proving
(71.7.2) O

PROOF OF (71.4). Let M > 0 be an upper bound of ¥. We choose I'j-
continuous selection f of ¥ and consider its Krassovskil regularization ¢(f). In
view of (71.5) and (71.7) we have

S(¥;20) D S(f,20) = S(o(f), z0) # 0

so our claim holds; the proof is completed. O
The method of proof of (71.4) suggests the following notion.

(71.9) DEFINITION. A bounded multivalued map ¥:[0,a] x R® — R™ with
nonempty values is said to be regular if there is a map ¢: [0, a] x R™ — R™, called
regular quasi selection of W, satisfying the properties:

(71.9.1) ¢ is u-Carathéodory bounded with compact convex values,

(71.9.2) @(t,z) N V(t,x) # O, for every (t,z) € [0,a] x R™,

(71.9.3) each solution z: [0, a] — R™ of the differential inclusion 2’(¢t) € ¢(¢, z(t))
is also a solution of z/(t) € W(t, x(t)).

The following result shows the significance of the class of regular maps.
(71.10) PROPOSITION. Let U: [0, a] x R™ — R™ be a bounded multivalued map
with compact values. Then ¥ is regular if:

(71.10.1) ¥ is u-Carathéodory,
(71.10.2) ¥ is I-Scorza Dragoni,
(71.10.3) ¥ is I-Carathéodory.
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For the proof of (71.10) a generalized version of the directionally continuous
selection is needed (cf. Section 18). Note that the mentioned proof of this general-
ized version is strictly analogous to the one presented in Section 18 and therefore
it is omitted here.

For any regular map ¥: [0, a] x R™ — R™, we set:

(71.11)  U(¥) = {¢:]0,a] x R™ — R™ | ¢ is a regular quasi-selection of U}.

We state below some immediate properties of regular maps, we shall use later.

(71.12) PROPOSITION. Let ¥:[0,a] x R™ — R™ be a regular map. Then, for
each ¢ € U(V), the solution set map Py:R™ — C([0,a],R"), P,(z) = S(p,x) is
u.s.c. with Rs-values and

Pu(w) € Pul),
where Pg:R™ — C([0,a], R™), Py(z) = S(¥,x).
Proposition (71.12) easily follows from (70.7) and (70.9).

(71.13) PROPOSITION. Let U:[0,a] x R™ — R™ be regular, and let @1, 02 €
U(T). Then, for every ty € [0, a], the map xt,; [0, a] x R™ — R™ given by:

<p1(t,x) if0§t<t0,
Xto (t, ) = conv{pi(to, x) Upalto, )} if t =to,
pa(t, 7) ifto<t<a

is also in U(P).

(71.14) PROPOSITION. Let U:[0,a] x R™ — R™ be regular, and let @1, 02 €
U(V). Then the map x:[0,a] x R™ x [0,1] — R™ given by:

v1(t,x) if 0 <t < Aa,
x(t,x,\) = ¢ conv{pi(Aa,z) Upe(Aa,x)} ift = Aq,
wa(t, x) if a<t<a
satisfies the properties:
(71.14.1) x(-, -, AN) eU)  for every A € [0,1],
(71.14.2) x(t,x,0) = @ao(t,z)  for every (t,z) € (0,a] x R",
(71.14.3) x(t,z,1) = @i(t,x)  for every (t,z) € [0,a) x R".

Finally note the following:

(71.15) REMARK. All the existence results presented in this section can be
also obtained by using the Fryszkowski selection theorem and the Schauder fixed
point theorem for singlevalued mappings.
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72. Periodic solutions for differential inclusions in R"”

In this section we consider the problem of existence of a solution z(-) to the
following periodic problem:

(72.1)

where ¢: [0, a] x R" — R™ is a multivalued map. This problem plays a central role
in a qualitive theory of differential equations. Among the topological methods an
important role is played by the topological degree method applied to the Poincaré
(also called Poincaré—Andronov) translation operator. This method was developed
by M. A. Krasnosiel’skil (cf. [KZ-M]) in the singlevalued case, i.e. when we have a
unique solution for the Cauchy problem considered. In the case of nonuniqueness
(or, in particular, for differential inclusions) we need the multivalued Poincaré
operator (see [DyG]J, [Go2-M], [GP1]). Then we are able to find periodic solutions
using the topological degree theory for multivalued maps. Similarly as in [KZ-M]
we use the guiding function method adopted to differential inclusions to obtain
a sufficient condition.

In this section we shall assume that ¢:[0,a] x R" — R™ is u-Carathéodory
map and has nonempty compact convex values and linear growth. By Proposi-
tion (70.9), the map P:R™ — ([0, a], R"™) defined by P(z) = S(¢,0,z) is u.s.c.
with Rs-values. Consider also the evaluation maps:

e:: C([0,a], R") — R", ei(x) = z(t) — z(0),
e:C([0,a],R™) x [0,a] — R™, e(x,t) = x(t) — x(0).

So, we have the diagram:
P (&
R" — C([0, a],R") == R™;

the composition P, = e, o P is called the Poincaré translation operator.

Now, it is evident that problem (72.1) is equivalent to the problem of existence
of a point z € R™ such that 0 € P,(x). Therefore, in terms of the topological
degree theory we can state the following theorem:

(72.2) THEOREM. Assume that the topological degree deg(P,, K*) with respect
to K is defined; i.e. © & P,(x) for every x such that ||z|| = r. If deg(P,, K*) # 0,
then problem (72.1) has a solution.

In fact, our theorem follows immediately from the existence property of the
topological degree.
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In view of Theorem (72.2) a sufficient condition for deg(P,, K*) to be different
from zero is needed. We shall obtain such a condition by using the guiding function
method (also called potential function method). We will start by defining the
notion of a potential (guiding) mapping.

(72.3) DEFINITION. A C'-function V:R" — R is said to be a direct potential
if it satisfies the following condition:

(72.3.1) there exists an ro > 0 such that grad V(z) # 0 for any x € R™ with
l|z]| > 7o, where gradV = (0V/0x1,...,0V/0x,) denotes the gradient
of the function V.

It follows from the additivity property of the Brouwer degree and (72.3.1) that
for any r > rg we have

deg(gradV, K') = deg(grad V, K. ).
The above formula enables us to define the index, Ind V', of the direct potential V'
by letting
(72.3.2) IndV = deg(gradV, K'),  where 7 > 1.

It is important to have an example of a direct potential whose index is different
from zero. First of all it is well known that if a direct potential satisfies the
coercitivity condition:

(72.3.3) lim V(z) = oo,

llzll—o0

then Ind V' # 0.
By an easy homotopy argument we obtain:

(72.4) PropoOSITION. If U, V:R™ — R are direct potentials for which there
exists an rq > 0 such that

(grad V(z), grad U (z)) > —|| grad V(z)|| || grad U (=),
for any x € R™ with ||z|| > ro, then IndV = Ind U.
(72.5) EXAMPLE. Let V,U:RR? — R be two direct potentials defined as follows:
Uz, y) =1—exp(—2?) + 92, V(z,y)=2> + 1>

Then U does not satisfy the coercitivity condition but from Proposition (72.4) we
obtain that IndU = IndV # 0. In fact, IndU =IndV = 1.

A relationship between the notion of potential and differential inclusions is
stated in the following definition:
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(72.6) DEFINITION. Let ¢:[0,a] x R — R™ be a set-valued map and let
V:R™ — R be a direct potential; V is called a guiding function for ¢ if the
following condition is satisfied:

(72.6.1) exists ro > 0 for all ||z|| > ro for all ¢ € [0, a]
there exists y € ¢(t, ) such that (y,grad V(z)) > 0;

where (-, -) denotes the inner product in R™.
Now we are able to formulate the main result of this section.

(72.7) THEOREM. If ¢:[0,a] x R™ — R™ is a u-Carathéodory map with convex
compact values and linear growth, and if there exists a guiding function V:R™ — R
for the map ¢ such that IndV # 0, then the periodic problem

has a solution.

For the proof of Theorem (72.7) we need some additional notation and two
lemmas.

For a given direct potential V' we define the induced vector field Wy : R™ — R"
by the following formula:

grad V() if || gradV(a)] <1,
Wy (z) = grad V(x)

—————  if ||gradV (z)|| > 1.
Teradv ey 18V

(72.8) LEMMA. Let rg > 0 be a constant chosen for the direct potential V' (cf.
(72.3.2)). Then for every r > ro + a there exists a t, € [0,a] such that for any
solution x:[0,a] — R™ of the differential equation

(72.8.1) ' (t) = Wy (z(t))
which satisfies ||z(0)|| = r the following conditions hold:

(72.8.2) (x(t) — z(0),grad V(z(0))) >0 forte (0,t];
(72.8.3) z(t) —z(0) #0 fort e (0,qa).

PROOF. Since the field Wy, is continuous, there exists an ¢, > 0 such that
product (Wy (z0), Wy (z)) > 0 for every z,29 € R™, |lz0| = 7, ||z — 20|| < &r.
Moreover, since Wy is bounded there exists ¢, € (0, a) such that ||z(s)—z(0)|| < &,



370 CHAPTER VI. DIFFERENTIAL INCLUSIONS

for every solution z of (72.8.1) and every s € (0,t,]. Now let = be a solution of
(72.8.1) such that ||2(0)|| = . Then we have

(x(s) — 2(0),grad V(x(0))) = /OS<WV(x(T)),gradV(x(O))) dr >0

for every s € (0, t,], which completes the proof of (1). Further, we obtain
t
V(alt) = V() = [ (erad Via(r).o'(7) dr
0

:/O (erad V(2(r)), Wy (2(r))) dr > 0

and this completes the proof of the lemma. O

(72.9) LEMMA. Suppose 1o > 0. If a solution x(-) of the differential inclusion
x'(t) € p(t, z(t)) satisfies the condition

o> (s0+ [ utryar)exp ([ utryar) =r)

then ||z(t)|| > ro for every t € [0, al.

PROOF. Suppose that there exists a solution z and ¢y € [0, a] such that ||z(0)| >
7 and [|zo(to)|| < ro. For every ¢ € [0, to] we let: y(t) = z(to —t), £(t) = p(to —1),
Y(t,x) = —p(to — t,x). Obviously ¥/ (t) € ¥(t,y(t)). As for every z € ¢(¢,x)

I2[F < €)1 + ),

then using the Gronwall inequality we obtain

ol < (1w + [ i )ew ([ ewrar) <r

for every ¢ € [0, to]. Thus ||z(0)| = ||y(to)|| < r,, and we obtain a contradiction.(]
Now we are able to prove Theorem (72.7).
PROOF OF THEOREM (72.7). Choose rg > 0 according to (72.3.1) and (72.6.1),
and define a map B:R™ — R" by putting
B(x) = {y € R": (y,a(z) grad V(z)) = 0},

where a(x) = 0 for ||z|| < rp and a(z) = 1 for ||z| > ro.
It is easy to check that the graph I'p of the map B is closed. Next we define
a map @y:[0,a] x R" — R™ by

ov(t,z) = p(t,z) N B(x).
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It is easy to see that @y is a u-Carathéodory map. Now, by using Lemma (72.9),
we choose r > 19 + a such that for every k € [0,1], ||zo| > r, and for every
solution z: [0, a] — R™ of the Cauchy problem

{ 2'(t) € kWy (x(t)) + (1 — kv (t, z(t)),
z(0) = wo,

the following estimate holds:
lx(@®)|| > ro for every t € [0, al.

We choose t,. according to Lemma (72.8) and define a decomposable homotopy
Hi: K x [0,1] — R™ by putting

Hy(zo,A) = (1 — A) grad V(xo) + Aet, (Swy (z0))

Now, in view of the second version of the homotopy property (see (26.5)) and
Lemma (72.8), we obtain

(72.10) Deg(et, o Sy, K') = {Ind V'}.
We define:
1 for A €10,1/2),
o 0.1/2)
2-2)\ for A € [1/2,1],

2(a—t)A+1t, for Ae[0,1/2),
a for A € [1/2,1].

The map G:[0,a] x R™ x [0,1] — R™ given by:

satisfies all the assumptions of Proposition (8.9). So, the map x: K x [0,1] —
C([0,a],R™) x [0, a] given by:

X(zo, A) = Sa(.,. (@) X {h(N)},

is upper semicontinuous, and x(zg, A) is an Rs-set for every (zg,\) € R™ x [0, 1].
Hence, the homotopy H: K* x [0,1] — R™ given by H = e o x is decomposable.
Now, we show that 0 € H(xg, ), for ||zo]| = r and X € [0, 1].
If A € [0,1/2], then there exists a solution z: [0, a] — R™ of the Cauchy problem
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such that z = z(h()\)) — 2o, and by Lemma (72.8.2) we have z # 0.
If A € [1/2,1) and z € H(xo, \), then there exists a solution z: [0, a] — R™ of
the Cauchy problem

such that z = z(a) — zo. Consequently we have
(EAWy (2(t)) + (1 = k(X))y, grad V(z(t))) > 0

for every y € ¢y (¢, x(t)). This implies that (2'(t), grad V(z(¢))) > 0 for almost all
t € [0, a]. Therefore, we obtain

V(@) - V) = [ (), grad V(w(0) di > 0,

and hence 0 ¢ H(z, \), for every ||z|| = r and A € [0,1). If there is an z € S"~!
such that 0 € H(x, 1), then the conclusion of the theorem holds true. If not, then
H is a homotopy in Dsﬁ_l(Kf},]R").

Finally, from (26.2.5) and (72.10) we deduce IndV € deg(H(-,1), K). Since
V is a guiding function for ¢, we infer in view of (26.2.2) that 0 € H(x, 1) for some
x € K]' and this completes the proof. O

(72.11) REMARK. If we change condition (72.6.1) in the definition of a guiding
function to the following one:

exists 1o > 0, for all ||z|| > 7o, for all t € [0, a],
there exists y € ¢(¢, x) such that (y,grad V(z)) <0,

then Theorem (72.7) holds true.
Indeed, by the substitution ¢t — (a —t), we reduce this case to the previous one.
Now, let ¢: [0, a] x R™ —o R™ be a regular map. We shall consider the periodic
problem (72.1) for 1. It follows from (71.12) that the Poincaré operator PY for v
has a selection P¥ for every ¢ € U(¢) and, in addition, P¥ € CJ(B™(r),R™).

(72.12) DEFINITION. A Cl-function V:R" — R is said to be a strong guiding
function for v if it is a direct potential and the following condition is satisfied:

there exists ro > 0 for all ||z|| > ro, for all t € [0, a],
for all y € 1(t, x) such that (y,grad V(z)) > 0.

We prove:
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(72.13) THEOREM. Let ¢:[0,a] x R™ — R™ be a regular map having a strong
guiding function V. with Ind(V') # 0. Then the periodic problem (72.1) for ¢ has
a solution.

PROOF. Let ¢ € U(¢)). From the definition of U(v)), we have:

(72.13.1) ¢ is u-Carathéodory, with nonempty compact convex values,
(73.13.2) (t,z) NY(t, x) # O for every (t,x) € [0,a] x R™,
(73.13.3) P¥(xo) C P¥(xp), for every zg € R™.

In view of (73.13.3), it suffices to show that (70.1) for ¢ has a solution. Observe
that, in general, V is not a guiding function for ¢, because ¢ is not necessarily
a selection of ¥. To overcome this difficulty we introduce an auxiliary map.

In fact, Fixrg > 0 as in (72.8.1). Define ¢: [0, a] x R™ — R" by

B(t.x) = { o(t, ) if (¢,2) € [0, a] x B™(rg),
’ o(t,z) N H(z) if (t,z) € [0,a] x (R™\ B"(ro)),

where H(z) = {y € R" | (y,grad V(z)) > 0}. It is simple to check that ¢ is
u-Carathéodory, with nonempty compact convex values. Moreover, let (t,z) €
[0,a] x R™, ||z|| > ro be arbitrary. Take y € ¢(t,x) N (¢, z) (a nonempty set
by (73.13.2)!). Since V is a C! strong guiding function for ¢, we have that V is
a guiding function for ¢ and hence from (72.7) the periodic problem for ¢ has
a solution. Clearly, it gives a periodic solution for ¢ and consequently for i; the
proof is completed. U

73. Differential inclusions on proximate retracts

In the present section we survey the current results concerning the existence
problem, topological characterization of the set of solutions, and periodic solutions
of differential inclusions on subsets of Euclidean spaces. Specifically, we shall deal
with these problems on the compact subsets of Euclidean spaces called proximate
retracts (see Chapter II).

Let us remark that, in particular, convex sets and smooth manifolds with bound-
ary or without boundary are proximate retracts.

In what follows we shall assume that A C R™ is a compact proximate retract
and ¢: [0, a] x A — R™ is an integrably bounded Carathéodory map with compact
convex values and the following Nagumo-type condition:

(73.1) o(t,x)NTa(x)#0 forallt €]0,a] and all z € A

where T4 (x) is the Bouligand cone to A at z as defined in Chapter I.
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First we shall study the Cauchy problem for ¢, i.e.

(73.2) { 2(t) € p(t, z(t) ae. for t € [0,dl,

z(0) = g for zg € A.

Let B C A. By a B-wiable solution of (73.2) we understand an absolutely contin-
uous map x: [0, a] — B such that 2'(t) € ¢(t, z(t)), a.e. t € [0,a] and z(0) = zo.
By Sg(p,0,x0) we denote the set of all B-viable solutions of (73.2).

We are going to prove that under the above assumptions S4(p,0,z¢) in an
Rs-set.

The following example shows us that if we remove that assumption the A is
a proximate retract, then the set Sa (¢, 0, ) may even be disconnected.

(73.3) EXAMPLE. Let

S1={(z,y) eR?*| (z = 1) +¢* =1},
Sy ={(z,y) ER?*| (x+ 1) +y* =1},
A=S US,,

and define f:[0,1] x A — R? by

(y,l—JZ‘) for (x?y)esla

[t (z,y) = { (—y,1+2z) for (z,y) € Ss.

It is easy to see that the set S(f,0,(0,0)) is disconnected and hence is not Rj.

Note that if A C R™ is an arbitrary compact set, then S4(p,0,z9) # 0. We
shall prove the following:

(73.4) THEOREM. If A € PANR (see Definition (3.8)) and ¢: [0, a] x A — R™ is
an integrably bounded Carathéodory map with compact conver values and satisfies

(73.1), then for every xog € A the set Sa(p,0,x0) is Rs.

To prove Theorem (73.4) we need some additional information. Since A €
PANR there exists an open neighbourhood U of A in R™ and a metric retraction
r:U — A (cf. Proposition (3.10)). We define @: [0, a] xR™ —o R™ to be an extension
of ¢ as follows:

~ a(x) - o(t,r(x)) foraxe U andte|0,al,
ot x) =
{0} for x ¢ U and t € [0, al,

where a: R" — [0,1] is a Urysohn function such that a(xz) = 1 for € A, and
alz)=0for z ¢ U.
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(73.5) LEMMA. Assume now that ¢ satisfies
(73.1) o(t,x) C Ta(x) forallt € 0,a] and for all z € A.

If :[0,a] — R™ is an absolutely continuous function such that x(0) € A and
x'(t) € g(t, z(t)) a.e. t €]0,a], then z(t) € A for every t € [0, al.

PRrROOF. For the proof we define a map d: [0, a] — R by letting
d(t) = dist(z(t), A), for te€[0,al.
We would like to prove that d(t) = 0 for every ¢ € [0, a]. We have:
|d(t) = d(s)| = [ dist(x(t), A) = dist(x(s), A < [|2(t) = z(s)]],

so d is an absolutely continuous function. Let ¢y € [0, a] and 2/(t9) € @(to, xo(to))-
If o (to) € U, then 2'(ty) € Ta(r(x(to))) and hence

=0.

(73.5.1) lim inf dist(r(z(to)) + ha'(to), A)
o h—0t h

We have:

dist(z(to + h), A) — dist(z(to), A) < dist(r(z(to)) + ha'(to), A)
+ ||lz(to + k) — x(to) — ha'(to)]|
and from (73.5.1) we obtain

(73.5.2) Jim jnf G0 1) — d(to)

<0.
h—0t h -

If 2(to) ¢ U, then 2/(t9) = 0 and
d(to + h) —d(to) < ||z(to + h) — z(to) — ha'(to)])-

Therefore, in this case (73.5.2) holds, too. Since, d is differentiable almost ev-
erywhere and its derivative d'(t) < 0, a.e. t € [0,a] so it is non-increasing, but
d(0) = 0 and hence d(t) = 0 for every ¢t € [0, a]. O

From the above lemma it follows that:
Salp,0,20) = Sgn ($,0,209) provided g € A

and ¢ satisfies (73.1').
Thus, from this and Theorem (70.4) we obtain:



376 CHAPTER VI. DIFFERENTIAL INCLUSIONS

(73.6) COROLLARY. If ¢ satisfies (73.1") and xo € A, then Sa(p,0,x0) is an
Rs-set.

Now we are able to prove Theorem (73.4).

PROOF OF THEOREM (73.4). Let r: U — A be the metric retraction. According
to (3.10) we choose € > 0 such that O3.(A) C U and cl (O.(A)) € PANR.
Define a map T:cl(O:(A)) — R™ by

T(x) = {y € R™: (y,x —r(z)) <0}

It is easy to see that the graph I'r of T' is a closed subset in ¢l (O:(A)) x R™ and
moreover, in view of Proposition (3.10), the multivalued mapping

Ye:[0,a] x cl (O (A)) — R"”
defined by

Pe(t, x) = @(t,r(t)) N T(x)
is Carathéodory integrably bounded and satisfies (73.1) (cf. (3.1) and (3.11)).
Therefore from Corollary (73.6) we obtain that S (o, (a))(¢e,0, o) is Rs provided

o € A.
Finally, let us observe that for zy € A we have

o0
Sa(e,0,20) = () Set (01 (4)) (¥1/n, 0, ).

n=1
So, our theorem follows from Corollary (73.6) and (2.14). O

Now, keeping the above assumptions on A and ¢ we shall consider the following
periodic problem:

(73.7) { 2'(t) € plt,x(t) ae t€[0,al,

z(0) = z(a) € A.

To solve problem (73.7) we consider the following diagram:
P w
A — C(]0,a],R") — R",

where P(z) = Sa(p,0,2) and ws(z) = z(s) for z € C([0, a],R™) and s € [0, a].
Observe that for every u € Sa(p,0,z) and for every ¢ € [0, a] we have u(t) € A,
so the composition P, = w, o P is a map from A to A.
Consider the multivalued homotopy x: A x [0,1] — A defined by

xX(x, A) = wxa(Salp,0,)).

Then x(z,0) =z and x(z,1) = P,(x) and our theorem follows from (69.10).
Therefore we have proved the following theorem
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(73.8) THEOREM. Assume that A € PANR is compact, and that ¢: [0, a] x A —o
R™ is an integrably bounded Carathéodory map with compact convex values and
satisfying (70.1). If x(A) # 0, then problem (73.7) has a solution.

Indeed, under our assumptions the Lefschetz number A(P,) # 0, so P, has
a fixed point which is a solution of (73.7).

Finally, for regular mappings Theorem (73.8) can be formulated as follows:

(73.9) COROLLARY. Assume that A € PANR is compact, and that v: [0, a] x
A —o R™ is a regular map satisfying (73.1°). If x(A) # 0, then (73.7) has a solution.

PROOF. We take ¢ € U(v)). Then condition (73.1) for ¢ is satisfied and (73.9)
follows from (73.8). O

74. Implicit differential inclusions

The aim of this section is to show that, using the topological degree method
as a tool, many types of differential equations (inclusions) whose right hand sides
depend on the derivative can be reduced very easily to differential inclusions with
right hand sides not depending on the derivative. We apply this method only to
the following types of differential equations, but some other applications are also
feasible:

e ordinary differential equations of first or higher order (e.g. the satelite
equations);

e hyperbolic differential equations;

e elliptic differential equations.

We shall formulate all results in the simplest possible form. For more general
formulations see [BiG]| or [BiGP].

In this section we will assume X to be the closed ball K, C R™ or R™. By the
dimension, dim A of a compact subset of X we shall mean the topological covering
dimension.

Following [BiG] we recall:

(74.1) PROPOSITION. Let A be a compact subset of X such that dim A = 0.
Then for every x € A and for every open neighbourhood U of x in X there exists
an open neighbourhood V. C U of © in X such that the boundary OV of V in X
has empty intersection with A, i.e. OV N A = ().

The proof of (74.1) is quite easy by a contradiction argument.
In the Euclidean space R™ we can identify a notion of the Brouwer degree with
the fixed point index (cf. [Do-M]).
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Namely, let U be an open bounded subset of R™ and let g:U — R™ be a con-
tinuous singlevalued map such that Fix(g) NOU = (). We let §: U — R";

gx)=x—g(x), xcU,
(74.2) i(g,U) = deg(g,U),

where deg(g,U) denotes the Brouwer degree of g with respect to U; then i(g, U)
is called a fized point index of g with respect to U.

Now all the properties of the Brouwer degree can be reformulated in terms of
the fixed point index (cf. [Do-M]). So, in the case we are considering, it is exactly
the same to use the topological degree or the fixed point index.

We shall start with the following:

(74.3) PROPOSITION. Let g: X — X be a compact map. Assume further that
the following two conditions are satisfied:
(74.3.1) dimFix(g) = 0;
(74.3.2) there exists an open subset U C X such that

OUNFix(g) =0 and i(g,U) #0.

Then there exists a point z € Fix(g) for which we have:

(74.3.3) for every open neighbourhood U, of z in X there exists an open neigh-
bourhood V., of z in X such that

V,cU,, 9dV.NFix(g)=0 and i(g,V.)#0.

PROOF. Let I" be the family of all subsets A of Fix(g) N U which are compact,
nonempty, and such that for every open neighbourhood W of A in X there is an
open neighbourhood V of A in X which satisfies the following three conditions:

Vcw, dVNFix(g)=0 and i(g,V) #0.

It follows from (74.3.2) that T" is a nonempty family. Let I' be partially ordered
by an inclusion. We are going to apply the famous Kuratowski—Zorn Lemma. Let
{A;} be a chain in I' and put Ag = [);c;{Ai}. To prove that Ay € I' assume
that W is an open neighbourhood of Ay in X. We claim that there is an i €
such that A, C W. Indeed, if we assume the contrary then we get a family
B; = (X\W)NA;, i € I, of compact nonempty sets which has nonempty compact
intersection By. Then By C X \ W and By C Ay, so we obtain a contradiction
and hence Ay € I". Consequently, in view of the Kuratowski-Zorn Lemma, I" has

a minimal element A..
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We claim that A, is a singleton. Let z € A,. It is sufficient to prove that
{z} €T. Since A, € T we obtain an open neighbourhood U, of A, in X with the
following properties: U, C U, dU, NFix(g) = @ and i(g,U.) # 0. Let W be an
arbitrary open neighbourhood of z in X. Using Proposition (74.1) we can choose
an open neighbourhood U, of z in U, N W such that Fix(g) NoU, = (). Since A, is
a minimal element of " the compact set A, \ U, is not in I', and hence there exists
an open set V C U, such that (A, \U,) CV C U, Fix(g)NoV =0, VNU, =0,
i(g,V) =0 and i(g,Us) = i(g,V UU,). Now, from the additivity property of the
fixed point index we have

i(g,Us) =i(9,U,) +i(g,V) #0

and consequently i(g,U,) # 0. This implies that {z} € T and the proof of (74.3)
is completed. O

Now, we are going to consider a more general situation. Let Y be a locally
arcwise connected space and let f:Y x X — X be a compact map. In what
follows we shall assume that f satisfies the following condition:

(74.4)  for all y € Y exists U, such that U, is open in X and i(f,,U,) # 0,

where f,: X — X is given by the formula f,(z) = f(y, z) for every x € X. Observe
that in particular, if X is an absolute retract, then (74.4) holds automatically. We
associate with a map f:Y x X — X satisfying the above conditions the following
multivalued map:

erY — X, op(y) = Fix(fy).
Then from (74.4) it follows that ¢ is well defined. Moreover, we obtain:

(74.5) PROPOSITION. Under all of the above assumptions the map py:Y —o X

1S Uu.S.cC.

Let us remark that, in general, ¢ is not an l.s.c. map. Below we would like to
formulate a sufficient condition which guarantees that ¢; has an l.s.c. selection.
To this end we shall add one more assumption. Namely, we assume that f satisfies
the following condition:

(74.6) dimFix(f,) =0 forallyeY.

Now, in view of (74.4) and (74.6), we are able to define the map ¢y:Y — X by
putting ¥ ¢ (y) = cl{z € Fix(f,) | z satisfies condition (74.3.3)}, for every y € Y.
We prove the following:
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(74.7) THEOREM. Under all of the above assumptions we have:

(74.7.1) <y is a selection of py;
(74.7.2) <y is an l.s.c. map.

PRrOOF. Since (74.7.1) follows immediately from the definition we shall prove
(74.7.2). To do this we let ny: Y — X:

ny(y) = {z € Fix(f,) | = satisfies (74.3.3)}.

For the proof it is sufficient to show that 7y is l.s.c. Let U be an open subset
of X and let yop € Y be a point such that ny(yo) N U # 0. Assume further that
xo € ny(yo) NU. Then there exists an open neighbourhood V of z¢ in X such
that V' C U and i(fy,,V) # 0. Since ¢y is a u.s.c. map and Y is locally arcwise
connected we can find an open arcwise connected W in Y such that yo € W and
for every y € W we have:

(74.7.3) Fix(f,) N oV = 0.

Let y € W and let 6:[0,1] — W be an arc joining yo with y, i.e. §(0) = yo and
4(1) = y. We define a homotopy h:[0,1] x V' — X by putting h(t,z) = (6(t), x).
Then it follows from (74.7.3) that h is a well defined homotopy joining f,, with f,
and hence we obtain i(fy,, V) = i(fy, V) # 0; so Fix(f,) NV # 0 and our assertion
follows from (74.2). O

Observe that the condition (74.6) is quite restrictive. Therefore, it is interesting
to characterize the topological structure of all mappings satisfying (74.6). We shall
do this in the case when Y = A is a closed subset of R™ and X = R".

By C(AxR™, R™) we shall denote the Banach space of all compact (singlevalued)
maps from A x R™ into R™ with the usual supremum norm. Let

Q={fe€C(AxR" R")| f satisfies (74.6)}.
Let us formulate the following well known result from functional analysis (see
[BiG]):
(74.8) THEOREM. The set Q is dense in C(A x R™,R™).

Let us remark that all of the above results remain true for X being an arbitrary
ANR-space (see [BiG]).
Now, we shall apply the above results.
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(74.9) Ordinary differential equations of first order. According to the
above considerations we let Y = [0,1] x R", X = R"”, and let f:Y x X — X
be a compact map. Then f satisfies condition (74.4) automatically so we shall
assume only (74.6). Let us consider the following equation:

(74.9.1) ' (t) = f(t,x(t), 2'(t)),
where the solution is understood in the sense of almost everywhere, ¢ € [0, 1] (a.e.
t €10,1]).

We shall associate with (74.9.1) the following two differential inclusions:
(74.9.2) Z'(t) € pr(t, z(t)),
(74.9.3) Z'(t) € ¢¥y(t, x(t)),
where ¢y and ¢y are defined as before, and by a solution of (74.9.2) or (74.9.3)
we mean an absolutely continuous function which satisfies (74.9.2) (resp. (74.9.3))

in the sense of a.e. t € [0, 1].

Denote by S(f), S(ps) and S(¢f) the set of all solutions of (74.9.1)—(74.9.3),
respectively. Then we obtain S(1p7) C S(f) = S(¢s). But the map ¢y is Ls.c. so
we obtain S(¢s) # 0. Thus we have proved: 0 # S(¢y) C S(¢yr) = S(f). Observe
that in (74.9.2) and (74.9.3) the right hand side does not depend on the derivative.

(74.10) Ordinary differential equations of higher order. Let Y = [0, 1] x
RE? X =R", and let f:Y x X — X be a compact map. To study the existence
problem for the following equation:

M () = f(t,2(t),...,2P(1)
we consider the following two differential inclusions
2 ®(t) € pp(t,a(t),&/(t), ... ,a* 1),
2B () €y, 2(t), 2/ (t), ..., aF7D(@).

(74.11) Hyperbolic equations. Now let Y = [0,1] x [0,1] x R3", X = R",
and let f:Y x X — X be a compact map. Consider the following hyperbolic
equation:

(74.11.1) uts(t, 8) = f(t, s,ult, s), us(t, s), us(t, ), uss(t, s)),
where the solution w: [0, 1] x [0, 1] — R™ is understood in the sense of a.e. (¢, s) €
[0,1] x [0, 1].

As above, we associate with (74.11.1) the following two differential inclusions:

(74.11.2) ws(t, 8) € pr(t, s, ult,s), u(t, s), us(t, s)),
(74.11.3) ws(t, 8) € Yr(t, s, ult, s), ut, s), us(t, s)).
Then it is evident that the set of all solutions of (74.11.1) is equal to the set of all

solutions of (74.11.2) and every solution of (74.11.3) is a solution of (74.11.2). So,
the inclusions (74.11.2) and (74.11.3) give us a full information about (74.11.1).
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(74.12) Elliptic differential equations. Let K denote the closed ball in R™
with center at 0 and radius 7. Now we put ¥ = K" x R?", X = R", and let
f:Y x X — X be a compact map. Since (74.4) is satisfied we assume only (74.6).
We consider the following elliptic equation:

A(u)(z) = f(z,u(2), D(u)(2), A(u)(2)), a.e. z€ K],

where A denotes the Laplace operator and D(u)(z) = uz, (2) + ... +uz, (2), 2 =

(21,. .., 2n). Then we consider the following two differential inclusions:
(74.12.1) Au)(z) € or(z,u(z), D(u)(2)),
(74.12.2) Au)(z) € Yy(z,u(z), D(u)(2)),

and we have exactly the same situation as in (74.11) or (74.10).
We shall end our applications with the following remarks.

(74.13) REMARK. Observe that all results of this section, except (74.12), re-
main true if we replace the Euclidean space R™ by an arbitrary Banach space.

(74.14) REMARK. Let us observe that if we replace (74.9)—(74.12) by the re-
spective differential inclusions, then we obtain all results of this section without

any change.

(74.15) REMARK. Finally, let us remark that some another method for implicit
differential equations was considered by B. Ricceri in [Ri3].

75. Concluding remarks and comments

Chapter I. For further studies connected with the material of this chapter see:
[BPe-M], [Bo-M], [Brl-M], [De4-M], [Do-M], [ES-M], [Gol-M], [Gr1-M], [Gr2-M],
[Gr3-M], [HW-M], [Sp-M].

Chapter II. This chapter contains some new results presented in Section 21.
The main result is Theorem (21.15) where a topological characterization of the set
of fixed points for some contraction mappings is presented. The mentioned result
was proved in [GMS] (see also [GM]) as a generalization of an earlier results proved
by B. Ricceri ([Ril]) for mappings with convex values and, later, by A. Bressan,
A. Cellina and A. Fryszkowski ([BCF]) for mappings with decomposable values.

For more details concerning the material of this chapter we recommend: [APNZ-
M], [Au-C], [AuE-M], [Be-M], [BrGMO1-M], [CV-M], [Ki-M], [LR-M].

Chapter III. The approximation (on the graph) method for multivalued maps
were initiated by J. Von Neumann in 1933. Then this method was developed
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by many authors (see: [ACZ1], [ACZ2], [ACZ3], [ACZ4], [Beel], [Beed], [CL1],
[GGK1], [GGK2], [GGK3], [GL], [HC]).

Note, that recently W. Kryszewski obtained some important new results in this
direction. For details we recommend [Krl-M] and [Kr2-M].

Chapter IV. Homological methods in the fixed point theory of multivalued
maps was initiated in 1946 by S. Eilenberg and D. Montgomery (cf. [EM]) where
the Lefschetz Fixed Point Theorem for acyclic mappings was proved. Later, the
Lefschetz Fixed Point Theorem, the Fixed Point Index, and the Topological Degree
Theory for several classes of multivalued mappings were studied by many authors.
Below we recommend more essential works in this area: [BgGMO-M], [Cu-M], [Da-
M], [Dz1-M], [Gol-M], [Go4-M], [LR-M], [Ma-M], [We-M], [Bi2], [Boul], [Bou2],
[Bry], [BG-2], [Bg-3], [Call], [FG1], [Go2]-[Gol2], [GGrl], [GGr2], [GR], [Jal]-
[Jad], [JP], [Krl], [Kr2], [Nel], [Pa], [Pol]-[Po3], [SS1].

There are some other classes of multivalued mappings for which the fixed point
theory was studied. Let us mention the so called multivalued mappings with
multiplicity, defined by S. Darbo in 1958 ([Da]).

Let ¢: X — Y be a multivalued map with compact (nonempty) values. Two
points (x1,y1), (z2,92) € I'y are equivalent ((z1,%1) ~ (z2,%2)) if and only if
21 = x2 and y1, Yo are in the same connected component of p(z1) = @(x2). This
defines a new set 1:59 = TI'y|~ with elements denoted by (z,C(x)); C(x) denotes
also a connected component of ¢(x) as a subset of Y.

In what follows, a map m:fsp — @ is called the multiplicity function for .
Note that in the above definition () can be replaced by an arbitrary ring without
zero divisors.

Let ¢: X — Y be a multivalued map with multiplicity-function m: 1~“sp —Q; @
is an m-map (map with multiplicity) if the following two conditions are satisfied:

(i) @(x) consists of finitely many connected components for each x € X;

(i) for all g € X with p(xg) = Ci(zo)U...UCs(xo), s = s(zo), and disjoint
open neighbourhoods U; of C;(xg) in Y there exists a neighbourhood U of
To such that:

o(U) C U U,

and, forallz e U,i=1,...,s,

m(zo, Ci(o)) = > m(z,C(x)).

C(a:)CUq',

In [HaS] it is showed that using the chain approximation technique the fixed
point index theory for mappings with multiplicity is possible to develop. Note that
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mappings with multiplicity are defined using algebraic or combinatorial approach
instead of geometrical approach presented by us in Chapter IV. This is the reason
why we did not consider the class of mappings with multiplicity in Chapter IV.
We shall present details concerning the above notion in Chapter VII.

Finally, note that the class of small multivalued mappings was considered by
H. Schirmer (cf. [Sch1]-[Sch3]).

The last two chapters of our monograph are devoted to applications of the
material in the main two Chapters (III and IV).

Chapter V. In Chapter V we concentrate mainly on consequences of the Lef-
schetz Fixed Point Theorem and the fixed point index (Sections 55-60).

Some results concerning minimax theorem and consequently applications to
mathematical economy are presented in Sections 65-66 (for further results see:
[AuE-M], [BK1], [BK2], [Bor-M], [CV-M], [DG-M], [Wie-M], [GrL1], [GrL2], [GF],
[Mccl], [Las]).

In Chapter V we discuss also the bifurcation problem for multivalued mappings
(see Section 63). A nontypical application of the Borsuk theorem on antipodes
for convex valued mappings is presented in Section 68, where the so called Day’s
result is presented.

Chapter VI. The last chapter is devoted to the topological approach to differ-
ential inclusions. We discuss the Cauchy problem both for differential inclusions
with u.s.c. and l.s.c. right hand sides. Then the Aronszajn type of results are
presented. We study also the periodic problem and implicit differential inclu-
sions. Chapter VI is based on [Go2-M] but we recommend also a very rich liter-
ature on this subject, namely: [Au-M], [AuC-M], [Del-M], [Fil-M], [Fi2-M], [Fr-

M], [Go3-M], [Go4-M], [GGL-M], [Ki-M], [LR-M], [Pr-M], [To-M], [And1]-[And5],
[AGG], [AGJ], [AGL], [AZ1], [AZ2], [Au2], [BaP], [BaF]|, [BiGP], [Bl1], [Bl2],
[BM1]-[BM7], [BP1]-[BP7], [Bogl]-[Bog3], [Brel]-[Bre7], [BCF], [BC1], [BC2],
[Ce2], [Cel], [CC1], [CC2], [CCF], [COZ], [Dar], [Del], [DyG], [Fil]-[Fid], [Fry4]
[GaP2], [GN], [GNZ1], [Hadl]-[Had3], [HP], [Hu], [KNOZ], [Ko|, [KaPa], [La]
[
[

)

)

LO2], [MNZ1]-[MNZ3], [Mal]-[Ma3], [Ni], [NoZ1], [NoZ2], [Ob1]-[Ob3], [Papl]-
Pap7], [P11], [P12], [Tol], [Za).



CHAPTER VII

RECENT RESULTS

During last five years several new important results in the topological fixed
point theory of multivalued mappings were obtained. The aim of this chapter is
to survey the above mentioned results together with their historical development

and motivation.

76. Periodic invariants; the Euler—Poincaré characteristic
Let L: E — FE be a Leray endomorphism. Using notations of the Section 11, we
define the Euler—Poincaré characteristic x(L) of L by putting:

(76.1) X(L) = (-1)" dim(E,).

n
We start with the following lemma:

(76.2) LEMMA. Let L: E — E be an endomorphism and let

L™ =Lo...oL

m-times

be its mth iterate, i.e. L™ = {L"},en, for every n € N. Then L is a Leray
endomorphism if and only if L™ is a Leray endomorphism, form =1,2,... and

X(L) = x(L™), m=>1.

PRrROOF. It is sufficient to observe that for every m = 1,2,... and for every
n € N we have N(L,,) = N(L"). O

Starting from now until the end of this section we shall assume that K is the
field of complex numbers.

(76.3) LEMMA. Let L: E — E be an endomorphism of a finite dimensional

space and let A\j, 1 < j < dimE be roots of the characteristic polynomial of L.
Then

tr(L™) =Y (=\)", m=12,...

J
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PROOF. We can represent L as a triangular matrix with roots A1,... , As, s =
dim E, on the main diagonal. Then for the mth iteration L™ of L the matrix is
also triangular (keeping the same basis) and on the main diagonal, we get mth
powers (A1)™, ..., (As)™ of A1,..., s, respectively. It proves our lemma. O

Now, let L = {L,,}: E — E be a Leray endomorphism in GV. For such a L, we
are able to assign the power series S(L) in K by letting:

(76.4) S(L)(z) = A(L) + i A(L™) - 2™ = i A(L™) - 2™,  where L’ = idg .

(76.5) THEOREM. Let L = {L,}: E — E be a Leray endomorphism. Let W, be
the characteristic polynomial of Zn: En — En with roots A, j 0,1 < j < dim En,
let W) = [, (=1)"W,, and T(X) = (logW (X)) = W' (X)/W(X). Then, for
0 < |z| <min|\, ;|7 =r, we get

st = 245 = r(2)

n,j n,j

PROOF. By using (76.3), for |z| < r, we get

S(L)(z) = ZA(Zm)- ZZ )itr (L)
m=0 1
—1)¢
D B S S e

So taking the logarithmic derivative for A > r — 1, we get

(1) 1 (=1) 1 1
— 7 = -~ .7z
Z 1—X\jz Zzz—l —-Xij % z)’

i, 2

for 0 < |z| < r. The proof is completed. O

It implies that S(L) can be represented in a unique form as a factor of two
polynomials Wy, W, i.e. S(L) = Wy /W3 such that:

(Wl,Wg) =1, deg Wi < deg Ws.
This allows us to define the natural number P(L) of L by putting
degWy if S 0,
p(ry = | e (f) #
0 if S(f) =

Below we shall summarize the properties of the above considered invariants A,
X? P? S'

(76.6)
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(76.7) PROPERTIES.

(76.7.1) There exists a natural number m such that A(L™) # 0 if and only if
P(L) #0.

(76.7.2) if x(L) # 0 then P(L) # 0.

(76.7.3) If P(L) # 0, then for every natural numberl there is a natural number m
such that 1 <m <1+ P(L) and A(L™) # 0.

(76.7.4) Let L: E — E and L': E' — E' be two Leray endomorphisms. If there
exists a natural number | such that A(L™) = A((L")™), for every natural
number | < m < |+ P(L) + P(L'), then A(L*) = A((L')*), for all
natural k and x(L) = x(L').

The proof of (76.7) is straightforward. For details concerning Sections 1-3 we
recommend [Bowl]-[Bow3] and [Grl], [Gr2].

Now, we shall apply the above notions to multivalued mappings. It is possible
to do it in terms of admissible mappings or morphisms. It is more convenient to
consider the case of morphisms (see Sections 44-48).

Let p: X — X be a CAC morphism. In spite of the Lefschetz number A(p), we
can define:

A(p) = Alps), S(@) = S(px), P(9) = Plps).
Now, Lemma (76.2) can be formulated in the following form:

(76.8) PROPOSITION. A morphism p: X — X is a Lefschetz morphism if and
only if any iterate ™ of ¢ is a Lefschetz morphism and in such a case we have

Alp) = A(p™).

Recall that a morphism ¢: X — X is called a Lefschetz morphism provided
vs: H(X) — H(X) is a Leray endomorphism.
From (76.7) we infer:

(76.9) PROPOSITION. Let ¢: X — X be a morphism. We have:

(76.9.1) A(p) # 0 implies P(p) # 0,

(76.9.2) P(p) # 0 if and only if A(¢™) #0 for somen > 1,

(76.9.3) P(p) =k #0, then for any natural m > 0 at least one of the coefficients
A(™H) o A(™ R of the series S(p) must be different from zero,
m > 0.

Let ¢: X — X be a morphism. A point x € X is called periodic for ¢ with
period n provided x € ¢™(z), n > 1. Observe that any fixed point of ¢ is periodic
with period n, for arbitrary n > 1.
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(76.10) THEOREM (Periodic Point Theorem). Let X € ANR and p: X — X
be a CAC-morphism. If A(¢) # 0 or P(p) # 0, then ¢ has a periodic point with
period n, where m+1 <n < m+ P(p) and m > 0 is an arbitrary natural number.

PROOF. It follows from Theorem (48.12) that ¢ is a Lefschetz morphism. In
view of Proposition (76.9.1) it is sufficient to assume that P(y) # 0. Applying
(76.9.3), for any m > 0 we get n such that A(p™) # 0, where m+1 < n < m+P(p).
Since composition of CAC morphisms is CAC again, we deduce from Theorem
(48.12) that Fix(¢™) # 0.

Of course, if € Fix(¢™), then z is periodic point of ¢ with period n. Hence
the proof is complete. O

(76.11) REMARK. It can be easily checked that A(y) and P(p) are homotopic

invariants.

77. The coincidence Nielsen number

In Section 35 we discussed the Nielsen number theory for multivalued mappings
so called m-mappings. In 2000-2005 years the problem of developing Nielsen
theory for multivalued mappings was taken up by several authors see: [AnGo-M],
[AGJ-1]-[AGJ-4]. Note that in [AnGo-M] nonmetric case is considered. In this
section we shall study the Nielsen theory for morphisms of ANR-s. As we observed
in Section 44 a morphism ¢: X — X is an abstract class of a pair (p, ¢), where

X £ 1% x

In what follows by a multivalued map we shall understand a morphism represented
by a fixed pair (p, ¢) of the above form.

As first, we give an example which demonstrates that the multivalued setting
is not a direct extension of the singlevalued one.

As in the last two sections, by a multivalued map we shall understand an ad-
missible map represented by a fixed pair (p, ¢) of the form

X £ 1 Ly

For the clarity of our explanation, we shall present below some necessary well-
known notions.

At first, we give an example which demonstrates that the multivalued setting
is not a direct extension of the single-valued one.

(77.1) EXAMPLE. Let us consider the unit circle S' = R/Z with the corre-
spondence
R/Z > [t] « e*™ € S,
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define a family of maps p.: ST — S, 0 <& < 1/2,

[t/2€] for 0 <t <e,
pet] = < [1/2] fore<t<1-—g,
[(1—1t)/2e+1] forl—e<t<1,

and put ¢[t] = [kt], for a fixed k € Z.

Let us note that pZ![y] is one point, for [y] # [1/2], while pZ1[1/2] = {[t] |
e <t <1-—¢}isan arc. Thus, any counter image is contractible. Let us fix
a number £¢ satisfying 0 < g9 < 1/2k. Then {(p., q)}, where € runs through the
interval [eg, 1/2], is a homotopy between the multivalued maps (p1 /2, ) and (pe, q).
But since we can observe that p;,o = idg1, (p1/2,¢q) corresponds to the single-
valued map ¢[t] = [kt]. It is known (see e.g. [KTs-M]) that the Nielsen number
N(q) = |k — 1], by which we know that any single-valued map homotopic to ¢ has
at least |k — 1| fixed points. On the other hand, we will show that [2] € gp_![x]
only for [z] = [0] or [z] = [1/2]. (In fact, for 0 < x < 1/2, pZt[z] = [2e02], s0
qpz![x] = [2keoz], but the assumption 0 < 2keg < 1 implies 0 < 2keoz < z < 1/2
which gives [2kegz] # [z]). If 1/2 < z < 1, then

Pz, 2] = [1 = 2e0(1 — 2)],

qpz, @] = [k — 2keo(1 — x)] = [1 — 2keo(1 — 2)].

It follows from the assumption 0 < 2keg < 1 that 0 < 1 — 2keg(1 — z) < 1, and
subsequently [x] = [1 — 2keg(1 — )] if and only if © = 1 — 2keo(1 — ). The last
equality, however, yields 2keg(l — x) = 1 — z, i.e. 2kgg = 1, after dividing by
x — 1 # 0, which contradicts the assumption 0 < 2keg < 1.

Thus, a multivalued homotopy of a single-valued map with the Nielsen number
N(q) = |k — 1| gives the fixed point set

Fix(p,q) ={zr € X [z € gp™'(z)}

consisting of only two elements!

The above example seems to suggest that the Nielsen fixed point theory fails
to be extended to the multivalued case. On the other hand, we can observe
that, in this example, the restriction ¢:p_'[1/2] — S covers the point [1/2]k-
times. This observation encourages us to estimate the number of coincidences
C(p,q) = {z € T | p(2) = q(2)} of the pair (p,q) rather than the number of fized

points Fix(qgp~—') of the map gp~*.
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Let X & T2 ¥ and X & I 2% Y be two maps. We say that (po, qo) is
homotopic to (p1,q1) (written (po, qo) ~ (p1,¢1)) if there exists a multivalued map
X x I <& T -4 Y such that the following diagram is commutative:

X Pi T qi Yy

A
kq‘l fél //q
s

X><I<p:f

for ki(x) = (x,i), i = 0,1, and for some fi:T' — T, i = 0,1, i.e. kopo = pfo,
q0 = qfo, kip1 = pf1 and ¢1 = qf1.
If (po, q0) ~ (p1,q1) and h: Y — Z is a continuous map, then we write (pg, hgo) ~
(p, hq). We say that a multivalued map X LZr Ly represents a single-valued
map p: X — Y if ¢ = pp. Now, we assume that X = Y and we are going
to estimate the cardinality of the coincidence set C(p,q). We begin by defining
a Nielsen-type relation on C(p, ¢). This definition requires the following conditions
omX &1LV
(77.2) X and Y are metric connected and locally contractible spaces (observe that
then they admit universal coverings; moreover, connected ANRs satisfied
this assumption),

(77.3) p:T = X is a Vietoris map,

(77.4) for any x € X, the restriction g1 = g|p-1(,):p~ " (z) — Y admits a lift ¢1 to

the universal covering space (py:Y — Y):

~ 7(Y
!Z1// ﬂ/ﬁy
v

Y

Ve
p @) ——
Consider a single-valued map p: X — Y between two spaces admitting universal
coverings px: X = X and py: X = Y. Let 0x = {a: X — X | pxa = px} be
the group of natural transformations of the covering px. Then the map p admits
a lift p: X — Y. We can define a homomorphism py: 0x — 0y by the equality

flo-7) =q(a)§(®) (aebx, TeX).

It is well-known (see for example [Sp-M]) that there is an isomorphism between
the fundamental group m1(X) and fx which may be described as follows. We

fix points 9 € X, * € X and a loop w: I — X based at xy. Let w denote
the unique lift of w starting from Zy. We subordinate to [w] € 71 (X, zo) the
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unique transformation from fx sending w(0) to @(1). Then the homomorphism
p1:0x — By corresponds to the induced homomorphism between the fundamental
groups pu: m1(X, z9) — w1 (Y, p(a0)).

We will show that, under the assumptions (77.2)—(77.4), a multivalued map
(p, q) admits a lift to a multivalued map between the universal coverings. These
lifts will split the coincidence set C(p, q) into Nielsen classes. Besides that, we
will also show that the pair (p, ¢) induces a homomorphism fx — 0y giving the
Reidemeister set in this situation.

We start with the following lemma.

(77.5) LEMMA. Suppose we are given Y, a paracompact locally contractible
space, T' a topological space, Ty C T' a compact subspace, ¢:T' — Y, go:Tg — Y
continuous maps for which the diagram

%
Iy ——
i

Y
lpy
Y

commutes (here, py: Y — Y denotes the universal covering). In other words, qo is

r q

a partial lift of q. Then qo admits an extension to a lift onto an open neighbourhood
Of FO mn T,

PROOF. Let us fix a covering {W;} of the space Y consisting of open connected
sets satisfying: if clW;Ncl E; # (), then cl W; Ucl W is contained in a contractible
subset of Y.

Let {W;} denote the covering consisting of connected components of the cov-
ering {p;lwi}. We notice that the restriction of py to any of sets Wj is a home-
omorphism.

Let {U;} be a finite covering of Iy such that {clU;} is subcovering of {qj;lﬁi}.
For any U;, we fix an open subset V; C I satisfying V; N Ty = U;.

We can assume that clV; is disjoint with (J{clU; | clU;NclU; = 0} (notice that
the sets clU; and F; = [ J{clU; | clU; N clU; = 0} are disjoint and closed. Hence,
there exists an open subset S C T satisfying clU; C S C cl S C T\ Fj, and so we
can put V; :=V; N S).

Let V/ =V; — | {clU; | clU; N clU; = 0}. Then
(77.5.1) V/ =V;nTy=U,,

(77.5.2) if V/NV; # 0, then clU; NclU; # 0.
For any V/, we fix Wa(i) satisfying go(clU;) C Wa(i) and we put V” = V/nN

¢ '(Wa()). The covering {V/} also satisfies the above conditions (77.5.1) and
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(77.5.2). For any ¢, we denote by ¢;: Wa(i) — Wa the homomorphism inverse to
the projection Py .

Now, we can define an extension of the lift gy onto the nelghbourhood Uvy.
We define the map g;: V" — Y by the formula §; = wq(x) € Wa(z) cyY.

It remains to show that the maps g; and ¢; are consistent. Let V;' N Vj” # .
Then there is a point z € clU; N clU; which 1mphes go(z) € Wa(z) N Wa(]) Let
S C Y be a contractible set containing waa(z)UWa(]) and let S be the component
of py 1(S) containing QO( ). Then Wa(z) U Wa(]) C S and so the values of the
sections g;, g; are contained in S which implies that they must be consistent. [

(77.6) LEMMA. Suppose we are given a multivalued map X 15 Y sat-
isfying (77.2), where X is simply-connected. Then there exists a map ¢:T' — Y

Y

A
lpy
Y

r q

making the diagram

commautative.

PROOF. Case 1. Let X = [0,1]. Then I' is compact. Let us fix ¢t € [0,1].
By Lemma (77.5), there exists an open set U, I';, = p~1(tg) C U C T and a lift
U — V. Since T is compact, there exists ¢ > 0 satisfying p~1[to —¢,to +¢] C U.
Thus, for any to o € [0, 1], any lift §: Ty, — Y extends onto p~L[to —¢,to + €], for
an € > 0. Now, if we fix a sufficiently fine division 0 =t < t; < ... < t, =1,
then we can extend any lift from Ty onto p~1[to, 1], and subsequently onto the
whole T' = p~1[0, 1].

Case 2. X =[0,1]. The proof is similar.

Case 3. X is an arbitrary simply-connected space satisfying (77.2). Fix a point
zo € X and a lift g;,: ['yy — Y. Let r1 € X be another point. We choose a path
w: I — X satisfying w(i) = x;, for ¢ = 0,1. Now, we can apply Case 1 to the
induced fibering w* = {(z,¢) € T x I | p(z) = w(t)} and the obtained lift w: T — Y
defines, for t =1, a lift on I'y, = w} = {(z,t) € w* | t = 1}. If we take another
path &’ from z( to x1, then there is a homotopy H:I x I — Y joining these two
paths, because Y is simply-connected. Now, (b) shows that both obtained lifts
coincide. O

Consider again a multivalued map X <>~ I' -5 Y satisfying (77.2). Define

I={(#z2) e XxT|px(@ =pz)}
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(a pullback). This gives the diagram

P

~ ~ q ~

XTI —Y
le rr lpy

XTI ——Y

p q

where p(Z,z) = T and pr(Z, z) = z. Notice that the restrictions of p are homeo-
morphic on fibres.

Now, we can apply Lemma (77.5) to the multivalued map X <1 Y, and
so we get a lift ¢: I' — Y such that the diagram

P q

X<<I—Y
le rr lpy

is commutative. Let us note that the lift p is given by the above formula, but ¢ is
not precise. We fix such a q.

Observe that p:T' = X and the lift p induce a homomorphism p':0x — 6
by the formula p'(a)(Z, 2) = (a, z). It is easy to check that the homomorphism
7' is an isomorphism (any natural transformation of T is of the form a - (%, z) =
(a,z)) and that p' is inverse to pr. Recall that the lift § defines a homomorphism
qi: 0r — Oy by the equality g(\) = ¢(N\)q.

In the sequel, we will consider the composition gip': 0x — Oy

(77.7) LEMMA. Let a multivalued map (p, q) satisfying (77.2) represent a sin-
gle-valued map p, i.e. ¢ = pp. Let p be the lift of p which satisfies ¢ = pp. Then

pp'=p.
PROOF. pip' = (pp)ip' = ppip' = p1- O
Now, we are in a position to define the Nielsen classes. Consider a multivalued

self-map X <= I -4 X satisfying (77.2). By the above consideration, we have

a commutative diagram

~ P~

r—X
Prl Jpx

r p,q X

Following the single-valued case (see [BJ-M]), we can prove
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(77.8) LEMMA.

(77.8.1) C(p,q) = Upco, PrO D, q),
(77.8.2) if prC(p, aq) N prC(p, 39) is not empty, then there exists a v € Ox such
that 3 = yoao (@p'y) ",

(77.8.3) the sets prC(p, aq) are either disjoint or equal.

Proor. (77.8.1) Let p(2) = ¢(2) and Z € pp'(2). Then p(Z2), q~((z)) cpx (p(2)).
Thus, there exists a € fx such that p(Z) = aq(Z), which implies zZ € C(p, aq).

(77.8.2) Let z € prC(p, aq) NprC(p, 3g). Then there exist, Z, T’ € X such that
(Z,z) € C(Z,aq), (¥',2) € C(z,0q) and T = aq(z, z), T’ = §g(Z', z). On the other
hand, pxZ’ = pz implies ¥’ = 47, for a v € Ox. Thus,

VF =7 =BT, 2) = BI(1F, 2) = B@p")q(@. 2) = B(G@p'y)a (),

which implies v = B(g@ip'y)a~! and 8 = ya(gp!y)~*

(77.8.3) It remains to prove that prC(p,aq) = prC(p,ya(qp'y)~'q). Let
(Z,2) € C(p,y(@p'y)71q). Then T = yaqi(p'y) 1)d(Z, 2), T = yoq(y 1T, 2).
Hence, 7~'% = ag(y~'%, 2) and 5y, 2) = ag(y~', ). Thus, p(y™) - (7, ) =

(y™1Z, 2) € C(p, ag), which implies pr(Z, z) = pr(p'(7)(Z, 2)) € prC(Z, ag). O

Define an action of fx on itself by the formula yoa = ya(gip'y). The quotient
set will be called the set of Reidemeister classes and will be denoted by R(p, q).
The above lemma defines an injection

Set of Nielsen classes — R(p, q),

given by A — [a] € R(p, q), where « € 0x satisfies A = pr(C(p, aq)).

Now, we are going to prove that our definition does not depend on q.

Let us recall that the homomorphism ¢i: fr — 60y is defined by the relation
ga = qi(a)gq, for a € Op. If ¢ = ~q is another lift of ¢ (¥ € Or), then the induced

~

homomorphism g: fr — 6y is defined by the relation ¢'a = ¢j(«)q'-

(77.9) LEMMA. Ifq = -q is another lift of q, then v-q|(a) -7~ = q[(«), for
all € Or.

PROOF. The equalities ¢ = v - q and ¢'(au) = q|(a)d (w) imply v - ¢(au) =
@i(@) -v-q(w), by which - g(a)-q(u) = g(a) -v-¢'(@). Thus, v-gi(a) = g(a)-v
and finally ¢{(«) - ¢(u) = v - qi(«) - AL O

(77.10) THEOREM. Let us fix two lifts ¢ and ¢'. Let v € 0x denote the unique
transformation satisfying ¢ = v -q. Then o, € Ox are in the Reidemeister
relation with respect to § if and only if so are o -y~ 1, B -y~ with respect to § .
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PROOF. Suppose that 3 =6-a-@p'(6~1). Then B-v"' =6-a-qp' (6 )y =
oy y @p' (671 )y ™) =d(ay)@p (07 )y eyt oy @p!(671). Then

dra-y Tty q@p (67 =0y NP (07, O

The above consideration shows that the Reidemeister sets obtained by different
lifts of ¢ are canonically isomorphic. That is why we write R(p, ¢) omitting tildes.

(77.11) THEOREM. If X x T £-T -5 Y is a homotopy satisfying (77.2)-
(77.4), then the homomorphism Gup;':0x — Oy does not depend on t € [0,1],
where the lifts used in the definitions of these homomorphisms are restrictions
of some fixed lifts p, q of the given homotopy.

PROOF. The commutative diagram of maps

X )43 Ft qt %

XXI<p:F—q>Y

where ix(z) = (z,t), ir«(Z,2) = (,t,2), induces the commutative diagram

of homomorphisms

|
Py

0x — Or, Oy

(ix,t)!/[ (ir‘,t)!T Tid

Oxx1 —_— Or T> Oy
' !

qt!

and it remains to notice that (iz) “Oxy1 — Ox is an isomorphism. O

(77.12) REMARK. If (p,q) represents a single-valued map p: X — Y (¢ = pp),
then ¢ip' equals py (here the chosen lifts satisfy ¢ = pp).
Indeed. Let us fix a point (Z,z) € T', and a € 6x. Then

403, 2) = p(aF, =) = p(aF) = p(a)p(@) = ()PP, 2) = P(E, 2).

On the other hand, ¢(aZ, z) = ¢(p1(@) (T, 2)) = gpi(a) - ¢(T, z). Since the natural
transformations pi(«), gipi(a) € Oy coincide at the point ¢(Z, z) € Y, they are
equal.

Below we shall define the Nielsen relation modulo a subgroup.

Let us point out that the above theory can be modified onto the relative case.
Consider again a multivalued pair (p,q) satisfying (77.2)—(77.4). Let H C 0x,
H' C 0y be normal subgroups. Then the action of H on X gives the quotient
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space X g and the map pxpg: X g — X is also a covering Similarly, we get
Dy H' YH — Y. On the other hand, the action of H on I given by ho(z, z) (hZ, 2)
determines the quotient space T g with the natural map pgy: T H — X r induced
by p. Assume that qp'(H) C H’. Observe that this condition does not depend on
the choice of the lifts p, ¢, because the bubgroupb H, H' are the normal divisors.
Thus, ¢: I — Y induces a map qg: T " — YHI and the diagram

fod PH  ~ qH =~
Xg<—Tyg—Yy

PXHl erl lpym

X<p:F—q>Y

commutes. Now, we can get the homomorphisms q~H1]7H!: Oxg — Oy g, where
Oxp, Oy g denote the groups of natural transformations of X 7 and ffH', respec-
tively.

Assuming X =Y and H = H'. We can give

(77.13) LEMMA.

(77.13.1) C(p,q) = Uacoy,, PruC@u, oqu),
(77.13.2) if pruC(pu, aqu) NpruC (P, Bqu) is not empty, then there exists a v €
Oxp such that B =yoao (Gmpu'y)™?,

(77.13.3) the sets pruC(pu, aqu) are either disjoint or equal.

Hence, we get the splitting of C(p, q) into the H-Nielsen classes and the natural
injection from the set of H-Nielsen classes into the set of Reidemeister classes
modulo H, namely, Ry (p, q).

Now, we would like to exhibit the classes which do not disappear under any
(admissible) homotopy. For this, we need however (besides (77.2)—(77.4)) the
following two assumptions on the pair X <= T -5 Y.

(77.14) Let X be a connected retract of an open set in a paracompact locally
convex space, p is a Vietoris map and cl(¢(T")) C X is compact, i.e. g is
a compact map.

(77.15) There exists a normal subgroup H C 0x of a finite index satisfying

gp'(H) C H.

(77.16) DEFINITION. We call a pair (p,q) N-admissible if it satisfies (77.2)—
(77.4), (77.14) and (77.15).

(77.17) REMARK. The pairs satisfying (77.14) are called admissible.
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Let us recall that, under the assumption (77.14), the Lefschetz number A(p, q) €
Q is defined. This is a homotopy invariant (with respect to the homotopies satis-
fying (77.14)) and A(p, q) # 0 implies C(p, q) # 0 (comp. Section 6).

The assumption (77.15) gives rise to the commutative diagram

> PH  ~ qH = ~

PXHl PrHl lPYH'

X<p:F—q>Y

where the coverings pxpm, pra, pym are finite, because the subgroup H € Oxpg
has a finite index. Now, we can observe that the pair (pm, agpn), for any « € Ox g,
also satisfies (77.14) (5~ 4(Z) = p1(z), cl(agu(Ty)) C pxr(clq(T")) and the last
set is compact, because the covering px g is finite).

Let A = pruyC(p, aq) be a Nielsen class of an N-admissible pair (p, q). We say
that (the N-Nielsen class) A is essential if A(p,aq) # 0. The following lemma
explains that this definition it correct, i.e. does not depend on the choice of a.

(77.18) LEMMA. If pruC(p,aq) = pruC([D,a'q) # 0, for some a,a’ € Oxq,
then A(p, aq) = A(p, &'q).

PROOF. Since «, o represent the same element in Ry (p, q), there exists v €
Oxp such that o/ =yoaogp'(y~"). Thus,

AP, a'q) =Tr((7) (o' - @)") = Te((5") " (yoao (@p' (v 1) 0 D))
=Tr((p") (v aoq(@' (v1)")
=Te((7") (@' (v )" o (ad)* 0 7")
=T((F*P' (7)) " o (a@)" ov") = Te((F) ' (7*) " o (ad)" 0 7")
= Te((p*) ™" 0 (aq)") = AP, aq). O

(77.19) DEFINITION. Let (p, q) be an N-admissible multivalued map (for a sub-
group H C 0x). We define the Nielsen number modulo H as the number of essen-
tial classes in 0x,, . We denote this number by Ng(p, q).

(77.20) REMARK. Observe that the above method allows us to define only
essential classes (and the Nielsen number) modulo a subgroup of a finite index in
Ox = m1X. The problem how to get similar notions in an arbitrary case we leave
open.

The following theorem is an easy consequence of the homotopy invariance of
the Lefschetz number.
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(77.21) THEOREM. Npg(p,q) is a homotopy invariant (with respect to N -admis-
sible homotopies) X x [0,1] L1 L X. Moreover, (p,q) has at least Ny (p, q)
coincidences.

The following theorem shows that the above definition is consistent with the
classical Nielsen number for single-valued maps.

(77.22) THEOREM. If an N-admissible map (p,q) is N-admissibly homotopic
to a pair (p',q’), representing a single-valued map p (i.e. ¢ = pp’), then (p,q) has
at least Ny (p) coincidences (here H denotes also the subgroup of m1 X correspond-
ing to the given H C 0x in (77.4)).

PRroOOF. Consider a covering space p: Xy — X , corresponding to H. So, p
admits a lift p: Xy — Xy and in the diagram

we can put ¢ = pp’. Thus, a homotopy between (p’,¢’) and (p, q) lifts onto the
coverings and we get lifts (p, g). Since

gp' = (@)@ = (pp)p" =7,

there is a natural bijection between the Reidemeister sets R(p) and R(p,q). It
remains to show that the essential classes correspond to the essential classes in the
both Reidemeister sets. Consider a class [«] € Ry (p). This class is essential if and
only if the index of py (Fix(ap)) is non-zero. But ind (ap) = A(ap) is a non-zero
multiplicity of ind (px g (Fix(ap))), i.e. it is also non-zero. Thus,

0# Alep) = AP, ap'D') = AP, af') = A(p, aq),

and [a] € Ry (p, q) is also essential. O

Although in the general case the theory, presented in the previous sections,
requires special assumptions on the considered pair (p,q), we shall see that in
the case of multivalued self-maps on a torus it is enough to assume that this pair
satisfies only (77.9), i.e. it is admissible. We will do this by showing that in the case
of any pair satisfying (77.9), it is homotopic to a pair representing a single-valued

map.
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(77.23) LEMMA. For any compact space X, if }~I1(X; Q) =0, then

HY(X;Z) = 0.

PROOF. Recall that H*(X;Q) = lim H¥*(N(a);Q), where N(a) denotes the
nerve of a covering a. Since X is compact, we can consider only finite coverings.
So, by the Universal Coefficient Formula (see [Sp-M, Theorem 5.5.10]), the natural

homomorphism

Hk(Xa§Z) ®Q— Hk(Xan)
is an injection. Since }NI"’(X; Q) = h_)m H¥*(N(a); Q) and the direct limit functor
is exact, the homomorphism H 1UX;Z) 2 Q — H* (X;Q) is also mono. Thus,
HY(X;Z)®Q = 0, which implies that any element in H?(X;Z) is a torsion. By
another Universal Coefficient Formula (see [Sp-M, Theorem 5.5.3]),

H'(X,;7Z) = Hom(H,(X,;Z,7) @ Ext(Ho(Xa; Z), 7).

Since Ho(Xq; Z) is free, Ext = 0. Now, H'(X4;Z) = Hom(H;(H; Z), Z) is torsion
free and H'(X;Z), as the direct limit of torsion free groups, is also torsion free.
Therefore, H!(X;Z) must be zero. O

(77.24) THEOREM. Any multivalued self-map (p,q) on the torus satisfying
(77.9) is admissible homotopic to a pair representing a single-valued map.

PROOF. At first, we prove that (p,q) satisfies (77.4), i.e. that the restriction
q¢:p~1(x) — T™ admits a lift to the universal cover R — T" (for any z € T").
It is enough to show that any such restriction is contractible. On the other hand,
since any map into the n-torus T = S* x ... x S' splits into n-maps into the
circle, it is enough to show that any map from p~!(z) to S! is contractible. By
the well-known Hopf theorem (see e.g. [Sp-M]),

p'(z),S"] = H' (p~ ! (2); 2).

On the other hand, Lemma (77.23) implies that H'(p~'(z);Z) = 0. Thus, any
restriction ¢: p~!(x) — St is contractible. O

Now, we prove that X <= T' -4 T” is homotopic to a pair representing

a single-valued map. By the above consideration, there is a commutative diagram

5{; P f q R

pxl ppl lpT

X<=—=TI——T"
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which gives rise to the induced homomorphism ¢ip‘:6x — 6r». Since the torus
is a K(m, 1) space and there is an isomorphism between the groups x and 71X,
there exists a single-valued map p: X — T" such that the induced homomorphism
p:0x — Orn coincides with gip'. We will show that (p, q) is homotopic to (p, pp).
Define a homotopy g;: [ - R" by putting

(%, 2) = (1 = )q(7, 2) + tp(Z).

The equalities

@p' ()@, 2) = (1 -1)q(F, 2) + tp(T) = (1 - )g(p' (7)(3,
= (1=t)gp' (MA@, 2) + tp(B: (P (1)D(T, 2)
q(z, 2) +tp(v)p(T, 2)

)

Jap (

= (1-t)gp'(v

(VA =8)q(T, 2) + tp(@)] = p1 (V)@ (7, 2)

2) + (P (1)(T, 2))

\/\/

verify that 7' (7)(7. 2) = ()@, 2).
Since any natural transformation on T is of the form, p'(7) for some v € 0x,
Gt(7) induces a homotopy ¢;: I' — T" for which the diagram

l l PT
X:F—>T"

commutes and the obtained homotopy satisfies (77.2) (p does not vary). For t = 1,
we get ¢1(Z, z) = p(T) = pp(T, z) which implies g1 (z) = pp(2).

(77.25) THEOREM. Let T" <= T -5 T" be such that p is a Vietoris map.
Let p:T™ — T™ be a single-valued map representing a multivalued map homotopic
to (p,q) (according to Theorem (77.24), such a map always exists). Then (p,q)
has at least N(p) coincidences.

PROOF. Let us recall (cf. [BBPT]) that N(p) = |A(p)| = |det(I — A)|, where A
is an integer (n x n)-matrix representing the induced homotopy homomorphism
p#:mT" — mT". Moreover, if det(I — A) # 0, then card(mi(T™)/Im(py)) =
|det(I — A)|.

The case N(p) = 0 is obvious. Assume that N(p) # 0. By Theorem (77.24), it
is enough to find a subgroup (of a finite index) H C mT™ = Z™ satisfying
(77.24.1) px(H) C H, and
(77.24.2) Nu(p) = N(p).
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We define H = {z — pg(z) | * € mX}. Then (77.24.1) is clear.

Recall that, for any endomorphism of an abelian group p: G — G, the Reide-
meister set is the quotient group R(p) = G/(Im(id —p). In our case, H = Im(id —p)
and the natural map G — G/H induces the bijection between R(p) = G/H and
Ru(p) = (G/H)/(H/H). Thus, we get the bijection Ry (p) = R(p). Finally, we
notice that all the Nielsen classes of p have the same index (= sign(det(I — A)).
Thus, all involving classes in Ry (p) in R(p) are essential, which proves Ny(p) =
N(p). O

Now, we shall generalize the above construction from the compact case into the
case of CAC-morphism.

As in the single-valued case, the definition of a Nielsen number is done in two
stages: at first, C(p, q) is split into disjoint classes (Nielsen classes) and then we
define essential classes.

Fix a universal covering (1) px: X — X. We define I' = {(Z,2) € X x T |
px(T) D p(z)} (pullback) and the map p: [ — X by p(T,2) =17.

Since in our case X is a connected ANR the following property is satisfied
automatically.

PROPERTY A. For any z € X, the restriction ¢u = q|p_1(x):p_1(x) — X
admits a lift ¢1, making the diagram

commautative.

(77.26) REMARK. Note that a sufficient condition for guaranteeing Property A
is, for example, that p~!(z) is an oo-proximally connected set, for every » € X
(see [KM]). It is well-known (see (2.21)) that, on ANR-spaces, any oco-proximally
connected compact (nonempty) subset is an Rs-set and vice versa.

(77.27) LEMMA. If (p,q) satisfies (CAC + A), then there is a lift ¢:T — X
making commutative the diagram

q ~ p

X—TI——X
le lpr lpx

(%) In what follows, we shall assume that X is a retract of an open set in a locally convex
space. For metric ANRs, this assumption is satisfied automatically (see the proof of Lemma 2.5
in [AGJ2)).
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PROOF. Notice that the assumptions (10.2)—(10.4) in Section 10 are satisfied.
Let
Ox ={a: X - X | pxa=px}

denote the group of covering transformations of the covering X. Similarly, we
define 0.
The lifts p, ¢ define homomorphisms:

p'i0x — Or by the formula p!(a)(f, z) = (aZ, z),
gi:0r — Ox by the equality ¢- a = qi(«) - q.

Let us recall that fx is isomorphic with 71 (X) and if (p, ¢) represents a single-valu-
ed map (i.e. gp~*(z) = n(z), for a single-valued map 7: X — X), then gip‘: 0x —
Ox is equal to the homomorphism 71: 0x — 6x given by 77-a = m(«) - 77, where 7 is
given by the formula 7j(Z) = gp~!(x). However, the homomorphism 7j; corresponds
to the induced map ng: m1(X) — m1(X).

Thus, the composition @ip‘:0x — Ox can be considered as a generalization
of the induced homotopy homomorphism. O

PROPERTY B. There is a normal subgroup H C 0x of a finite index (0x /H-
finite), invariant under the homomorphism qp' (qp'(H) C H).

(77.28) REMARK. In particular, if X is a connected space such that the fun-
damental group 71(X) of X is abelian and finitely generated, then X satisfies
Property B (see [Sp-M]). Observe also that if (p,q) is admissibly homotopic to
a single-valued map f, then Property B holds true (see Section 10).

Let us note that (CAC 4+ A + B) makes the diagram

commutative, where pyx H:)~( g — X is a covering corresponding to the normal
subgroup HAOx ~ 71 X and I'y is a pullback. As above, we can define homomor-
phisms ]71'_1 9XH — 91"H, q~H1: 91"H — 9XH, where 9XH = {a:XH — XH |pXHa =
DXH}-
(77.29) LEMMA. We have:
(77.29.1) C(p,q) = Upepypy PruaC(pu, aqu),
(77.29.2) if pruC(pu, aqu)NpruC(Du, Bqm) is not empty, then there exists a v €
Oxu such that 3 =~oao (Gupu'y) ™",
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(77.29.3) the sets pruC(pu, aqu) are either disjoint or equal.

Thus, C(p,q) splits into disjoint subsets pryC(Pm, o i) called Nielsen classes
modulo a subgroup H .

Now, we shall define essential classes. We consider the diagram

o aqH ~ PH ~
XH <—FH —>XH

px Hl ler lpx H

X T—/—X

(77.30) LEMMA. The multivalued map (pm,qu) is a CAC.

PROOF. Since pry is a homeomorphism between py'(x) and p~'(pz), pm is
Vietoris. If U C X satisfies the definition of the CAC for (p, q), then U = py5; (U)
satisfies the same for (pp, aqm). To see the last relation, we note that

A@(U) € dpx(p(U)) C cllpxy (CeU))):
Since cl(p(U)) is compact and covering px g is finite, px 5 (cl(o(U))) is also com-
pact. Thus, so is clp(U). O

(77.31) DEFINITION. A Nielsen class mod H of the form pryC(py, aqm) is

called essential if A(pm, aqn) # 0.

By Lemma (77.18) this definition is correct, i.e.

it pruC(Pu,aqu) =pruC®u,Bqu), then APw,aqu) = Apu,Bqn).

(77.32) DEFINITION. The number of essential classes of (p,q) mod a sub-
group H is called the H-Nielsen number and is denoted by Ng(p, q).

Now, we can give two main theorems of this section.

(77.33) THEOREM. A multivalued map (p, q) satisfying (CAC + A + B) has at
least Ny (p, q) coincidence points.

PRrROOF. We show that each essential H-Nielsen class is nonempty. Consider
an essential class pryC Py, aqy). Then A(pm,aqy) # 0 implies a point Z €
C(pu,aqm), by which pryC(pu, agy) is nonempty as required. O

(77.34) THEOREM. Ny (p,q) is a homotopy invariant (with respect to homo-
topies satisfying (CAC + A + B).

PROOF. Let the map (pt, ¢:) be such a homotopy. It is enough to show that
the class prugC(Dom, aqor) is essential if and only if the same is true for the class
pruC (D1, agip). However, this is implied by the eguality of Lefschetz numbers

Apon, agor) = AMpia, aqiH). O



404 CHAPTER VII. RECENT RESULTS

78. Fixed points of symmetric product mappings

In 1957 C. N. Maxwell [Max] proved the Lefschetz fixed point theorem for sym-
metric product mappings on compact polyhedra. Later this theorem was studied
by many authors, namely by: H. Schirmer, S. Masih, N. Rallis, D. Miklaszewski
and others. For the present state of this theory see for example: [Mik1-M], [Mik1],
[Mik2], [Masl], [Mas2] and [Ral].

Note that any mapping into symmetric product can be treat as a finite valued
multivalued map.

In this section all considered spaces are compact metric. Let M = {1,...,m}
be a finite set and let G be the subgroup of the group of all permutations of M.
For a compact metric space X by X™ we shall denote its m-th cartesian product.
Then G acts on X™ by the formula:

(718.1) x-0=(Ze(1)s---+To(m)), foranyz=(r1,...,2,)€X™ andocG.
(78.2) DEFINITION. The orbit space SPZX of the action (78.1) is called m-th

symmetric product of X with respect to G.

The orbit Gz of a point € X™ is defined by Gz = {z -0 | 0 € G}. Of course
Gz is an element of SPZF'X. We let,

¢ X" — SPZX, q(z)=Guz.
If (X, d) is a metric space, then we define a metric d; in SPZ'X by putting

d1(q(2), q(y)) = min{d(z,y-0) | 0 € G}.

In what follows we shall use the same symbol d for the metric in X and in SPZ'X.
Any continuous function f:Y — SPZX will be called a mapping into the sym-
metric product of X.

A point ¢ € X is called a coordinate of the point @ € SPZX if and only if
there exists a point x € X™ and j € {1,...,m} such that p;(z) = c and ¢(z) = q,
where p;: X™ — X is defined by

pi(T1,. o Xy ) =25, j=1,...,m.

(78.3) DEFINITION. Let /1Y — SPZX beamapandY C X. Apointz €Y
is called a fixed point of f if and only if y is a coordinate of f(y).

We let Fix(f) = {y € Y | y is a fixed point of f}.
We recall the following well-known result (see [Mik1-M]).
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(78.4) THEOREM. If A is one from the following classes of spaces:

(78.4.1) finite polyhedra,
(78.4.2) ANRs,
(78.4.3) contractible spaces,

then so is (SPEX) € A provided X € A.

In what follows H is the Cech homology functor with coefficients in Q or Z
(comp. Chapter I).

(78.5) THEOREM. Let A be a closed subset of X. We have:

(78.5.1) the homomorphism q.: H(X™, A™; Q) — H(SP&"X,SP&"A;Q) s an
epimorphism,

(78.5.2) there exists exactly one homomorphism
p: H(SPE'X, SPEX;Q) — H(X, 4;Q)

such that

m
HOgx = Zpi*-
=1

PROOF. It is well known that there exists a homomorphism
m H(SPRX,SPEX;Q) — H(X™, A™ Q)

so called transfer homomorphism, with the following two properties:
(78.5.3) g.oT=#G-1id,
(78.5.4) Toqu =73 cc0x,
where #G is the number of elements in G.
Now, from (78.5.3) we deduce that g, is an epimorphism. To prove (78.5.2) it

is sufficient to show that ker ¢, C ker(3>"1", p;,). It follows from (78.5.4). Indeed,
we have:

m m m m
OIBEITYES 3) SRTAED ) WAL 9
i=1 i=1 6€G ceG i=1 j=1
and the proof is completed. O

(78.6) REMARK. In what follows homomorphism p defined in (78.5.2) is called
the trace homomorphism.
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(78.7) PROPOSITION. If G acts transitively on {0,...,m}, then the trace ho-
momorphism p: H,(SPES*) — Hy(S*) is an isomorphism.

PROOF. Let us denote M = {1,...,m}, sop € S*¥ and i: S* — SPCJ\fS’“ be the
map defined as follows i(z) = q(z, so, ..., 50). Let ¥5: (SF)M — (SF)M be defined
by the formula:

Y5 (x) = y provided p;(y) = so for j # i and p;(y) = p;(x), for 7,5 € M.
then we have iop; = go§. Consequently by a natural calculations one can show

that i, is an inverse to . In fact

1oi, = pog(id) X sp X o X 8p)x = ij*o(id)xsoxoxso):id
JEM

i*ouoq*zi*Oij*=qoz¢i = Gx

jeM jeM

and

and the proof is completed. O
Now, we prove:

(78.8) PROPOSITION. Let O(QG) be the set of all orbits of the G-action on M.
Then

(Bs.)seo(c): Hi(SPASY) — @ Hy(SPg,,S")
JEO(G)

18 an isomorphism.
PROOF. Since the symmetric products of S* are (k — 1)-connected, one can use

the Hurewicz isomorphisms and behavior of homotopy groups with respect to the
cartesian products to write the assertion in the equivalent form:

((Byy)sc0(G))« Hi(SPASY) — Hk( 11 SPé(J)Sk>
JEO(G)
is an isomorphism. Let X =S, 5o € X, ¢ = (s0,...,50) € XM = HIeO(G) X1
From (78.2) take v%: [[; X! — [, X! with ¢; = pr(c) and
5 T1SPsn X — [ SPEnX
1 1

with by = qr o pr(c) for I,J € O(G). Let r;:[]; SPé(I)X — SPC{ X be the

projection and i;: X/ — X be the unique map such that

. pI(c) lfl#‘],
o1 =
PISW =5 1=,

()
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for I,J € O(G). There is an induced map i;: S G(J)X — SPMX such that
iy0q; =qoiy. A direct calculation shows that wJ = (p;oiyo ry)reo(c) and
¢3:iJOpJ. Thus

((Pr)reo(@))« (ZZJ ory. > = ¢h =id
7

and

(ZZJ 07“J> ((Pr)1eo@))«© ¢ = ZZJ 0Dy, ©¢s = 0. 0qs, 0PI,
7
:Zq*oiJ*OpJ* ZQ*OZ¢3* = Gx-
7 7

The proof is completed. U

Let O(G) be the set of all orbits of the G-action on M and v be a generator
of Hy(S¥).

Let Z be set of integers. For d € ZO) let d: Hy(S*) — Do) Hy(S*) be
a homomorphism defined by the formula d(v) = (d(J)v) jeo(c)-

(78.9) DEFINITION. The topological degree deg(f) of the symmetric product
map f:S¥ — SPASF is defined to be a function d € 7°(%) such that the homo-
morphism
PJ k @ k

@ Hy(SPg5SY) Y, @ 1 (SF)

JEO(G) JEO(G)

Hy(S*) L= Hy(SPMSF) 22

is equal with d.
We may now formulate the main result concerning topological degree.
(78.10) THEOREM. Symmetric product maps of the same degree are homotopic.

Proof follows directly from (78.7), (78.8) and the Hurewicz isomorphism theo-

rem.

(78.11) PROPOSITION. If G acts transitively on M, f;:S* — S* fori € M
and f = qf o (fi)ien, then deg(f) = 3, cpy deg(fi).

Proof of Proposition (78.11) follows immediately from (78.5).

C. N. Maxwell (see [Max]) defined a degree Deg for symmetric product maps
with respect to the m-th symmetric group. By definition Deg = n~'deg. Our
approach comes from D. Miklaszewski (see [Mik1-M]).

In fact for symmetric product mappings the fixed point index can be defined
by using homological apparatus. Below we shall formulate only most important
parts of this theory. In what follows by Ag we shall denote a class of all triples
(X, f,U), where X is a compact ANR, U is an open subset of X and f: U — SPRX
is a continuous map such that Fix(f) C U.
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(78.12) DEFINITION. A function Ind: A¢ — Q is called the fized point index,
if the following axioms are satisfied:

(78.12.1) normalization,
(78.12.2) additivity,
(78.12.3) homotopy,
(78.12.4) commutativity,
(

compare Sections 34, 47, 51-53).
We shall formulate (78.12.4) because the respective formulation is not standard.

(78.12.4) (Commutativity). Let X and Y be compact ANR-s, U be an open
subset of X, f:Y — X and ¢:U — SPZ'Y be two continuous functions. If
(X, fog,U) € Ag, then (Y,go f, f1(U)) € Ag and Ind(X, fog,U) = Ind(Y, go
£, f7H(U)), where f: SPRY — SPZX is induced by f.

(78.13) DeFINITION. If f: X — SPZX is a continuous map, then we define
the Lefschetz number A(f) of f by letting:

A(f) = Alpo fo),

where (4 is defined in (78.5).

The construction of the fixed point point index Ind: Ag — Q is given in two
steps.

At first, we define it for X to be a finite polyhedron and then we use the fact
that any compact ANR-space is homotopically dominated by a finite polyhedron
(see (2.23)).

Note that the fixed point index for symmetric product mappings of polyhedra
was defined in 1979 by S. Masih ([Mas2]). For complete information we recommend
[Mik1-M].

Using the fixed point index we can prove the following:

(78.14) THEOREM (Relative Lefschetz Fixed Point Theorem). Let X, A be two
compact ANRs and A C X. Assume further that

fi(X, A) — (SPEX, SPEA)

is a continuous map. If A(f) #0, then Fix(f)Nn X \ A # 0.

The proof of (78.14) is strictly analogous to the proof of (57.3).

Finally, we shall consider the case when G = S, is the full permutation group
of the set {1,...,m}. For short, we shall use the following notations X, =
SPF' X. Let f: X — X, by a symmetric product map and z,y € Fix(f). We
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shall say that z and y belongs to the same class F' provided there exists a path
C:[0,1] — X™ such that p,(C(0)) = z, p1(C(1)) = y and f o p; o C is homotopic
to g o C rel {0, 1}.
A class F' is called essential provided there exists an open neighbourhood U
of F'in X such that for every open V of F in X, V C U we have Ind(X, f, V) # 0.
We define the Nielsen number N(f) of f to be the number of essential classes.

We prove the following;:

(78.15) PROPOSITION. If X is pathwise connected compact ANR-space and
[+ X — X, n > 2 is a continuous symmetric product map, then f has at most
one fized point class.

PROOF. Let x, y be fixed points of f. There are T,7 € X"~ ! such that f(z) =
q(z,7), f(y) = q(y,7). Let C1 be a path from = to y and D be a path from T to 7.
The projection ¢q: X™ — X,, induces an epimorphism of fundamental groups. Since
X™ is a pathwise connected space, this result does not depend on the choice of the
basepoint of the fundamental group of X", in particular there is a lop (E, E) based
in (x,7) such that (f o C1)* (¢(C1,D))~! = q(E, E). Let (2/,2”) be coordinates
of 7in X x X" 2 and (E', E”) = E (if n = 2 then the second coordinate should
be omitted). Let F be a path from z to 2/, G = F~"'+ExF, H = (G+E', 2" xE”).
Then ¢(G, E) = q((G,Z) * (2/, E)) = q(z', X) and foC; = q((E, E) xq(C1, D)) =
q(F, %) x q(G, E) * (F~1,7) * q(C1, D) = q(C1, H * D), i.e. the points z, y are in
the same class and the proof is completed. O

As a simple consequence of (78.15) we get:

(78.16) COROLLARY. If X is a pathwide connected compact ANR and f: X —
X, is a symmetric product map, then:

(78.15.1) A(f) =0 implies that N(f) =0,
(78.15.2) A(f) # 0 implies that N(f) = 1.

In another words (78.16) says that the Nielsen theory for symmetric product
mappings is trivial because it is reduced to the Lefschetz number.

79. The category of weighted maps
The class of weighted mappings was introduced in 1958 by G. Darbo (see [Pej-
M], [Pejl]-[Pej3], [Pej-5], [Shi-M], [Skil], [Ski2], [SeS]).
Let 2 be a commutative ring with unit. Usually, we shall consider 2 = Z to be

the ring of integers. Let X,Y be two (metric) spaces.

(79.1) DEFINITION. A pair ¢ = (vy,wy) is called a weighted map (w-map for
short) defined on X with values in Y provided:

vp: X —Y and wy: X xY —Q
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are two mappings for which the following conditions are satisfied:

(79.1.1) vy is an u.s.c. map with finite values, i.e. #vy(x) < 0o, for every z € X,

(79.1.2) if y & vy(x), then wy(z,y) =0,

(79.1.3) for any open U C Y and any x € X, if vy(z) N 0U = (), then there is an
open neighbourhood V of X such that

wa(x,y) = Z Ww(l‘/,y),

yelU yeU

for every 2’ € V', where 6U stands for the boundary of U in Y.
In what follows vy is called the support and wy, the weight of ¢ = (v, wy).

(79.2) EXAMPLE. Let f: X — Y be a continuous mapping. We define wy: X x
X — Z defined as follows:

0 ify# f(a),
wr (2, y) = :
1 ify= f(z).
Evidently ¢ = (f,wy) is a weighted map.

(79.3) EXAMPLE. Let m be a given natural number and #: X — Y be a con-
tinuous multivalued map such that

#p(xr) =1o0rm, forveryxz € X.
We define w,: X x Y — Z by formula:

0 ify# o),
wr(z,y) =< m if {y} = o(z),
1 if #o(x) =m and y € ().
It is not difficult to verify that ¢ = (¢, w,) is a w-map.

(79.4) ExaMPLE. Let C([a,b]) be the space of all continuous mappings for
[a, b] into R with the usual maximum norm. Assume further that 0 € (a,b).
Let : C([a,b]) — R be defined as follows:

o(z) = {/aox(s) ds, /Obx(s) ds}.

Then #p(z) =1 or 2. So (79.4) is a special case of (79.3).

In what follows we shall deal with some another w-mappings.
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Assume that ¢ = (vy,wy): X — Y is a w-map. It is easy to see that that the
map wy: X x Y — € given by the following formula:

wy(z,y) =0 forevery z € X andy €Y

satisfies all assumptions of (79.1), such a wy is called the trivial weight. Observe
that any multivalued map y: X — Y can be equipped in the trivial weight w,. So
the main problem is the possibility to equipped given multivalued map in nontrivial
weight.

Let SPMY be a full symmetric product of Y, i.e. SP™Y = SPZY and G is
the group of all permutations of the set {1,...,m}.

Note that any continuous map f: X — SP™Y can be regarded as a weighted
map. In fact, if we denote by p: SP™Y — Y a map defined by

p([yf(l), ce ?y;.r-z(m)]) = {yl, ce 7y3}7
then vy: X — Y and wy: X x Y — Z can be defined as follows:
vi(z) = p(f(2)),
o(i) ifyep(f(z)),
wy(z,y) = .
0 ifyZp(f(x)),

for every z € X and y € Y. Then (vy,wy) is a weighted map indexed by f.
First, we shall prove the following:

(79.5) PROPOSITION. Assume ¢ = (vy,wy): X — Y is a w-map and X is
a connected space. Then for every x,2’ € X and y € Y we have:

ZW¢(£,Q) = wa('r/?y)-

PROOF. Assume to the contrary that for some zg, z, € X, we have

S wpwoy) # Y welxh,y).

We let:
v={oex| Costen = Cestain .
yey yey
W {oex | o) 3 wulehn
yey yey

It follows from (79.1.4) that U and W are open subset of X. Evidently UNW =
) and UUW = X. Since zg € W and z; € U and X is connected we get
a contradiction. O

Below, we shall show an example of the multivalued map ¢ with 1 or 2 values,
for which every weight w,, is trivial.
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(79.6) EXAMPLE. Let : [0, 1] —o [0, 1] be defined as follows:

{1} for 0 <z <1/2,
we(z,y) =< {0,1} forz=1/2,
{0} for 1/2 <2 <1.

Evidently ¢ is an u.s.c. map without fixed points. Let wy:[0,1] x [0,1] — Q be
a given weight for . We shall show that w,(z,y) = 0, for every z,y € [0,1].

To show it we need the following lemma:
(79.7) LEMMA. If o: X — Y is a w-map and X is a connected space, then

Z wsﬁ(x,y) = Z wsp(.f/,y),

yey yey

for every x,2’ € X.

PROOF. Assume to the contrary that there are two points zg,z{ € X such
that:

Z Wga(-ran) 7’é Z wsﬁ('r/O?y)-

yey yey
Then, we define:
X = fre x| St = oo}
yey yey
XQZ{.ﬁEX Zwsp(x,y)zzww(x{),y)}-
yey yey

Then Y = X7 U X5 and X3, X5 are nonempty disjoint and closed subset of Y, so
we get a contradiction. O

Now, we come back to the Example (79.6).
Let 9 = 1/2 and U = (2/3,1]. Then by using (79.1.4) we get an open neigh-
bourhood (xg — €, z¢ + €) of g such that

Z Wga(-ran) = Z wsp(.f/,y),

y€(2/3,1] y€(2/3,1]

for every ' € (zg — €, 20 + €). Moreover, we have

D wel@o,y) = wel@o,y)

y€(2/3,1]
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and

we(z',y), fora’ € (zg — €, x0),
> welzo,y) =

y€(2/3,1] 07 for .]f/ c (Jjo, ) + E),

Hence, we get wy(zo,1) = 0. Similarly, we deduce that w,(zo,0) = 0. Since, we
have

Z we(z,y) = Z we(x,y) = we(z, (), forx # %

y€(0,1] yEp(x)

Then in, view of (79.7) we deduce that
wy(z,y) =0, forevery z,y € [0,1].

Now, we shall list most important properties of w-maps.
(79.8) PROPERTIES.

79.8.1) If o = (Vy,wy), ¥ = (Vy,wy): X — Y are two w-maps, then
0y Wo URReds

Y2 U¢ = (Vspuw,wspuw): X —0 Y
18 a w-map too, where

Vouy () = vp(z) Ury (),
Wiy (T, Y) = we (T, Y) + wy(z, ),

foreveryxe X, yevY.
(79.8.2) If o= (Vp,wyp): X — Y is a w-map and X € A, then

Ap = (Vag,wrp): X =Y

is a w-map too, where vAp(x) = vy(x) and wxo(x,y) = X - we(x,y), for
zeX andyeyY.

(79.8.3) Let o = (Vp,wyp): X — Y and ¥ = (vy,wy): Y —o Z be two w-maps, then
@01 = (Vpop, Wyop): X —o Z is a w-map too, where

Vipo(X) = (v 0 1) ()

and

Wwosa(x,z) = Z w%(-r,y) : ww(y? Z),
yey

foreveryzx e X, yeY and z € Z.

PRrROOF. The proof of (79.8.1) and (79.8.2) is straightforward. So we shall prove
only (79.8.3).
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Let U be an open subset of Z and let g € X be a point such that:
(v 0 vy) (o) NOU = 0.

We have to show that there exists an open neighbourhood Wy, of g in X such
that:

(79.8.4) Z Wapop (T, 2) = Z wyop (2!, 2), for a’ € Wy,.
zeU zeU
We have:
Z Wwoga(-rOa Z) = Z < Z wga(-rO? y) © w‘/)(y? Z))
zeU zeU “yeYy
=3 (S et owstsnn) = X wston) (X wslon)
yeYy »zeU yey zeU
We let:
vo(0) = {ydy---,yh} and a, = wa Y, 2
zeU
Then, we obtain
Z Wga(-ran) : Z Ww(i% Z) = Z ws@('ran) a
yeY zeU yey
= Z Wga Zo,Y) Gy = nga anyo
yeuw(a:o)

Hence, we get
k
(79.8.5) > wpop(0,2) = > we(wo, vh) - ay
zeU i=1

So, for the proof it is sufficient to show that right hand sides of (79.8.4) and (79.8.5)
are equal for some open neighbourhood of zg in X.
We consider open neighbourhoods Vyg of i inY,i=1,...k such that

(79.8.6) Vg UV, =0, fori#j

and

(79.8.7) yi = Z wy (Yo, 2) = wa(y, z) = ay.

zeU zeU
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Now, for every ¢ = 1,..., k we choose open set W; C X such that
woro, 4)) = > wol@,y) = Y we(@y),
yEVyg yea,a(a:')ﬂ\/yg

for 2’ € Wj;. Since v, is u.s.c. we can choose an open neighbourhood W, of z¢ in
Y such that

k
(79.8.8) ve(Wao) € | Vi
i=1
Finally, we let Wy = W, N Wi N...Wj. Then for any 2’ € W, we obtain

5 wore'2) = 3 (X wale' ) ol z>>

zeU zeU “MyeYy
=D 2wl yownly2) = 3 wela'y)o y_ wi(y.2)
yeY zeU yey zeU
= Z we(@',y) 0 ay = Z we (@', y) - ay
yeY YEV,(at)

From the other hand form (79.8.9) we deduce

Z we(2',y) o ay = Z we (', y)

YEV (o)

In view of (79.8.7) ay = ay,, for every y € Vyi- Consequently (by using also
(79.8.8)) we get

k k
oY wleea,=Y. Y wyoa,
i=1 yeuw(m,)ﬁvyg i=1 yeuw(fl)ﬁ\/yg
k
I (D SRRCRI) B SIRTHERY
i=1 YEV (0 Wi i=1
and the proof of (79.8.4) is completed. O

(79.9) REMARK. If we shall consider metric spaces as objects, w-maps as mor-
phisms and the composition law defined in (79.7.3), then we get a category Eq so
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called the category of metric spaces and w-maps. Of course £ is a subcategory
of &, (comp. Section 5).

For two metric spaces X and Y by W(X,Y) we shall denote the set of all
w-maps from X to Y (with the weight in a fixed ring 2).

According to (79.8.1) and (79.8.2) we have two operators in W(X,Y). If we
introduce in W(X,Y") the following equivalence relation

P = (Vp,wp) ~ b = (v, wy) & wp = wy.

Then the factor set W(X,Y)/. = (X,Y) possess an algebraic structure of §2-
module.

(79.10) PROPOSITION. Let ;) = (Vg,,wy,): X; —o Y;, i = 1,2 be two weighted
mappings. Then ©1 X Y2 = (Vg x s, Werxps) 15 a weighted map, where

V501><592:X1 x X9 — Y] X Yo
and
Wy xpat (Xl X X2) X (Yl X Y2) —

are defined as follows

V¢1X592(-r1,-732) = Vsﬁl('rl) X 1/592(.1?2),

Wsalxm((lfl,xz), (yl,yz)) = Wsal(l‘l,yl) T Wey (152,292),

for every x1 € X1, 0 € Xo, y1 € Y7 and y2 € Ys.

PRroor. First, observe that vy, x,, is an u.s.c. map. Observe also that the
condition (79.1.1) is automaticaly satisfied. So we have to prove (79.1.2) and
(79.1.3).

Let (Y1,¥2) & Virxps (@1, 22). Then yi ¢ vy, (x1) or y2 ¢ va(z2) but in any case
we have wgy, xp, (1, 22), (Y1, 42)) = Wy, (1, Y1) - We, (T2,y2) = 0. Consequently
(79.1.2) holds true.

Now, we are going to prove (79.1.3). Let U C Y7 x Y3 be an open set and let
20 = (29, 29) € X1 x X3 be such that

V591><592('r??x8) = {yl? e 7yn}7

where y' = (yi,95) € Y1 x Yo, fori=1,... ,n.
It follows from (79.8.6) that there exists 1 < m < n such that:

{yil,... ,yim} cU and Vsplxw(xo) \{yil,... ,yim} CcCYI xYs \U.
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We choose open sets Uy, ... ,U, in Y7 X Y5 such that

y =i yh) el i=1,...,n,
Ui:UliXUQiCU, i=1,...,m,
UiCYi xY,\U, i=m+1,...,n,
Uint; =0, i # j.

Then we have

Z Wey ><502(('r(1J,x8), (yl,y2)) = Z wsﬁl((l‘?,yl) T Wy (xg,:U?)

(y1,y2)€U (y1,92)€U

Z w%ﬁl((x??yl) 'Wsaa(xg,m)
(y1,y2)€UN(U1U...UU,,)

Z Z Wsal((l‘?,yl) 'Wgaz(l‘g,QZ)

J=1 (y1,y2)€U;

m
Z w%ﬁl((x??yl) 'Wsaa(xg,w)
Jj=1 (y17y2)€U;><UJ?

:é( > Ww(@?ﬂl)) ( > wsaz(xg,:%))-

Y1 €U y2€U3

Since ¢y and @9 are weighted mappings, we have:
Vo, (@0) N U =0 and vy, (25) N6U = 0.

Therefore, we can choose open neighbourhoods ijo and ijo of x(f and xg such that
1 2

Z Wsal(x(f,yl) = Z Wsal(xl,yl),

y1€U] Y1 €U]

where z; € Vﬂf?’ j=1,...,m. Moreover, we have:
Z w502(xg?y2) = Z w502(x2?y2)a
y2€U] y2€U]

for xo GVafg,jzl,... ,m.

Now, since vy, xo, is u.s.c. we are able to find an open neighbourhood Vo of
2% such that

n
on vag X ng and Vi X (on) C U U;.

i=1



418 CHAPTER VII. RECENT RESULTS

We let Vo and Vo as follows:

Voo = Vo N.NVENVE and Vi =Vhn...nVENV.

Ty

Now, it is easy to see that for Vo = Vo X Vo (79.1.3) holds true and the proof
is completed U

As a special case of (79.9) we get:

(79.11) COROLLARY. Let ¢ = (vy,wy): X —o Y and 1) = (vy,wy): X — Z be
two weighted mappings. Then the map @ XA ) = (Vy XA Vi, Wy Xawy): X X X —o
Y X Z is a weighted map, where

Vs a (1) = vp(x) X vy(x) and - wox sy (2, (y:2)) = wo(@,y) - wy (2, 2),

foreveryzx e X, yeY and z € Z.

(79.12) DEFINITION. Let ¢ = (vy,w,) and ¥ = (vy,wy) be two weighted
mappings from X into Y. We shall say that ¢ is w-homotopic to ¢ (written
© ~ ) provided there exists a weighted map h = (vp,wp): X x [0,1] — Y such
that the following two conditions are satisfied:

wr((2,0),y) = wy(z,y) and wi((z,1),y) = we(z, 1),

forevery r € X and y € Y.

(79.13) REMARK. Observe that we are not assume that

h(z,0) =vy(x) and h(z,1) =v,(x).

” is an equivalence relation in the class of all weighted

It is easy to see that “~,
mappings from X to Y.

We shall end this section by considering index I,(¢) of w-map p(vy,,wy).

(79.14) DEFINITION. Let X be a connected space and let ¢ = (v, wy): X — Y
be a weighted map. Then we let:

I,(p) = Z wy(z,y) for some z € X.
yey

(79.15) REMARK. Observe that in (79.5) we have proved that I, (¢) does not
depend on the choice of z € X (comp. (79.7)).

In the following proposition we shall list some important properties of the above
defined index.
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(79.16) PROPOSITION. We have:

(79.16.1) if o = (Vp,wy), ¥ = (Vy,wy): X — Y are w-homotopic, then

(79.16.2) if ¢ = (Vp,wyp): X — Y and ¢ = (vy,wy):Y —o Z are two weighted
mappings, then

Iw(¢0§0) = Iw(¢) ) Iw(‘ﬁ)-
79.15.3) if p = (Vp,wy,): X1 —o Y7 and ¥ = (vy,wy): Xo —o Yo are two weighted
) We Py Wi

mappings, then

Iw(¢ X ) = Iw(‘ﬁ) ) Iw(¢),

(79.16.4) if o = f: X = Y is a continuous singlevalued mapping, then I,(f) = 1.

PROOF. (79.16.1) Let h = (vp,wp): X x [0,1] — Y be a w-homotopy joining ¢
and 1. Then we have

h) =3 wnl(@o,1),9) = > wolzo,y) = Y wl(20,0),y) = Y wy(wo,y)

yey yey yey yey

Observe that X x [0, 1] is connected provided X is connected.
(79.16.2) Let xyp € X. Then we have

= wyop(wo,2) =Y (Zwsa z0,y) - wy (v, Z)>

z€Z z€Z “yeY

= Zzwga(IU? (/Jw Y,z Zwsa Zo,Y wa(y?z)
yeY 2€Z yey z€Z

= nga(IU?y) : Zwsa Zo,Y) = I (¢) Iw((p)
yey yey

(79.16.3) Let z1 € X; and 23 € X5. We have

Iw(¢ X 4,0) = Z u)stp((Jfl,xz), (yl,y2))

(y1,y2) €Y1 X Y2

= Z wsp(xl,m) '0.)59(132,:92)

(y1,y2) €Y1 X Y2

= Z Z w¢(x1,y1)'wga($2ay2)

Y1E€Y1 y2€Y>2

= Y wolz,y) - Y welwa, ) = Lo(9) - L(1).

Yy1EY1L Yy2E€Y2
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(79.16.4) is self evident. O

Finally, let ¢ = (Vp,wy), ¥ = (Y, wy): X — Y be two weighted mappings and
assume that Y is a normed space (over R).
We define algebraic sum of ¢ and ¢ by letting:

e+ v = (Voiry, Woty),
where, for every x € X, y,z €Y,
Voro(®) = {u+v | u € p(z) and v € p(x)},

wsa-i-w('r?y) = Zw¢(x?y - Z) 'O.)Q/)(JZ‘,Z).
z€Y

To show that ¢ + 1 = (Vpyy, wWety) is a weighted map we consider two (con-
tinuous) singlevalued mappings:

AX - X xX, Ax)=(z2),
LY XY =Y, f(z,y)=z+y.
Then we have
fol(px1h)o A= (Vio(pxp)ons Wio(pxpyoa) = (¢ + 1) = (Votyp, Wepty)

and our claim follows from (79.8.3).
Now, let ¢ = (Vp,w,): X — Y be a weighted map and let s: X — R be
a continuous singlevalued map. We let so ¢ = (sz, wsw): X —o Y where

Vsop(2) = {s(x) - u | u € vy(x)},
W (x, ﬁ) if s(z) #0,
Z we(z,z) if s(z) =0.

z€Y

Wsosa(xa y) =

Then, we have

0@ = (Vsogmwsoga) =fo (S X 4,0) oA = (Vfo(s><<p)oA,Wfo(s><<p)oA)a

where fRxY =Y, f(k,y) =k-y.
Consequently, in view of (79.8.3) s o ¢ is a weighted map. Moreover, we have:
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80. Darbo homology functor
and its applications to fixed point problems

It is well known that homology theory has many direct applications to the fixed
point theory. The homology functor, so called Darbo homology, is very useful in
problems connected with the fixed point theory of weighted mappings. Note, that
S. Darbo constructed his functor in 1958. Roughly speaking Darbo extended the
singular homology functor from the category £ of metric spaces and continuous
(single valued) maps onto the category Eq of metric spaces and w-mappings.

Below, we shall restrict our consideration only to the necessary result from the
point of view of our applications.

Let A™ be the standard n-dimensional simplex with vertices

eo=(1,0,...,0),...,e, = (0,...,0,1) in R**!

and let X be a metric space. We let C,,(X) = (A,, X), where (A,,, X) is the set
of all w-homotopy classes of w-mappings from A,, to X.
As we remarked in the proceeding section (A,, X) is an Q-module. Now, simi-
larly as for singular homology, we shall define the boundary homomorphism
On: Cp(z) = Cpro1().
To do it first we let:
i i €; if j <1,
dn5 Ap_1— Ay, dn(ej) = P .
€541 if Vi Z 7,

where i =0,...,n.
Secondly, we define a w-map d,,: A,,—1 — A, by putting

n
dn = J(-1)'d,.
i=0
Finally, for every [¢] € C,,(X), we let:

5ncn(X) - n—l(X)’ 671([90]) = [(pOdn].

Now, it is easy to see that (C'(X), d) is a chain complex. Consequently homology
of (C(x),d) are called Darbo homology of X, i.e.

H(X) = {Hn(X)}n>0,

where H,,(X) = H,(C (X)), for every n > 0. Moreover, for a pair (X, A) of spaces
in e we let:

H(X,A) = H(C(z)/C(A)),
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i.e.

H,(X,A)=H,(C(X)/C(4)), n=0,1,...
Now, if ¢ = (Vy,wy,): X — Y is weighted map, then we define the induced homo-
morphism ¢.: H(X) — H(Y') by letting:

Px = (C(p)-);
where C'(¢)x = {Cn(p)«} and Cp(p)(0) = p o o, for every o € Cp(X).
Now, let us remark that the above defined homology functor satisfies all Eilen-
berg—Steenrod axioms and moreover it is a functor with compact carriers.
Now, let ¢ = (vp,wy,): X — X be a weighted map. We define the Lefschetz
number A(p) of ¢ by putting

Ap) = Ales)
provided ¢.: H(X) — H(X) is a Leray endomorphism; now for simplicity we take
Q to be a field.

All properties of the Lefschetz number formulated in sections 10 and 11 are true
in the case of w-mappings.

Using the Darbo homology functor, in the place of the Cech homology functor
with compact carriers, we can get for w-mappings the same topological invariants
as for admissible mappings or for morphism (see Sections 41, 42, 52, 53) i.e. the
Lefschetz fixed point theorem, the fixed point index and the topological degree
theory. For details we recommend [Ski-M], [Pej5], [ScS], [Skil] and [Ski2].

Finally, we would like point out that approximation methods are also possible
in the case of weighted mappings (comp. Chapter III). To see what types of ap-
proximation results are possible for weighted mappings we need some notions.

(80.1) DEFINITION. Let 9: X — Y be an u.s.c. mapping with compact values
and let V' be an open subset of Y such that ¢ (x) N§V = (), for some z € X. Then
the triple (¢, V, ) is called admissible.

Let AT be the set of all admissible triples and let € be a ring.

(80.2) DEFINITION. A map Ijoc: AT — Q is called a local index provided the
following conditions are satisfied:

(80.2.1) if Loe(1h, V,x) # 0, then ¥(z) NV # 0,

(80.2.2) for every admissible triple (¢, V, z), there exists an open neighbourhood
U, of x in X such that o (¢, V,x) = Do (3, V, &), for every o’ € Uy,

(80.2.3) if Y(z)NV C U?=1 V; C V, where V}, j = 1,...,k is an open subset
of Y and V; NV; =0, for i # j, then

k
Iloc(% ‘/a .13) = Z IIOC(¢, ij? .13)

=1
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(80.3) DEFINITION. An u.s.c. map ¢: X — Y with compact values is called
m-map provided for any admissible triple (¢, V,x) the local index Ioc(¢,V, )
of (1, V,x) is well defined.

Observe that if 1 = (vy,wy) is a w-map, then 1) is a m-map, if we let:

Iloc(% ‘/Y,Jf) = Z ww(x,y).

yeV

Several examples of m-maps can be given. Note that, in particular, any acyclic
map ¢: X — Y is a m-map (for more examples see [Ski-M]).

Let X be a metric space and K C X be compact. We shall say that K € w-
PCS (comp. (2.17)) provided for every open U in X such that K C U there exists
open neighbourhood V' C U of K such that for every n = 0,1,... and for every
w-map : A" — V there exists a w-extension 12: A™ — U of 4.

(80.4) THEOREM. Let X be a compact ANR-space, A € ANR be a closed subset
of X and Y be an arbitrary space. If 1): X — Y be a m-map with w-PCY® values,
then for every e > 0 there exists 0 > 0 such that, if po: A — Y is a w-map such that
Ly, C Os('y), then there evists a w-map ¥: X —o Y such that v,y (x) = vy(z),
for everyx € A and T',, C O(T'y).

For possible applications of (80.4) see Chapter III.

81. More about spheric mappings

The notion of spheric mappings was considered in Section 54. During last four
years important generalizations of all results presented in Section 54 were obtained.
Most important new results belongs to D. Miklaszewski (see [Mik1-M]).

Note, that in this section we would like to survey these results. In particular,
we shall present the full answer on the open problem (54.14). Unfortunately the
problem (54.13) is still open.

The notion of a Borsuk continuous map and a Hausdorff continuous map was
introduced in Section 20. Let us recall only that do stands for the continuity
metric of Borsuk and dgy stands for the Hausdorff metric. We shall use also the
homotopy metric dj, defined by K. Borsuk.

Let Y be a metric space and let ANR(Y) be the family of all compact ANRs
contained in Y. The Borsuk metric of homotopy dj, is defined on ANR(Y), i.e.

dp: ANR(Y) x ANR(Y) — [0, 00).

To define dj, let us fix ¢t > 0 and a locally contractible compact subset A C Y. We
define v 4(t) to be the lower bound of the set, which is composed of 1 and s > ¢
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such that every set T' C A with the diameter diam T < ¢ is contractible in a set
S C A with diam S < s.
We say, that sets from the class © C 2¥ are equally locally contractible (e.l.c.),
if
for all € > 0 there exists § > 0 such that p4(J) < ¢ for all A € ©.

Let Tsub(pa) = {( ) | w < @a(t) andt > 0} and Aa(t) = sup{s | (¢,8) €
conv(T'sun(pa))} T

(81.1) pr(A; B) = pe(A, B) + sup{[Aa(t) = Ap(t)| [ t = 0O].

Let ¢: X — R™ be a multivalued map with compact values. Denote by Bp(z)
the union of all bounded components of R™ \ ¢(z). Then we let (see Section 54):

p(x) = p(x) U Bp(z).

A map p: K™ — K™ with compact values is called spheric provided the following
conditions are satisfied:
(81.2.1) ¢ isus.c.
(81.2.2) the graph I'(By) of the mapping By is an open subset of K™ x R,
(81.2.3) the mapping ¢ has a fixed point, where K™ denotes the unit closed ball
in R™.
Note that the above definition is slightly different as (54.9).

Recall that in Section 54 we have proved the following two theorems:

(81.3) THEOREM.

(81.3.1) Ewery spheric map has a fized point.
(81.3.2) Ewvery d.-continuous mapping ¢: K* — K? with compact connected val-
ues is a spheric map.

According to the open problem (54.14) we would like to present the following
four results (all proved by D. Miklaszewski) which gives us an answer on (54.14).

(81.4) THEOREM (°. There is a fized point free mapping ¢: K™ — K™ with
compact connected values which is d.-continuous, for every n > 4.

81.5) THEOREM. Fwvery dj-continuous mapping ¢: K™ — K™ has a continu-
) g ¥

ous selector and hence has a fixed point.

(°) Note, that for n = 2 any dc-continuous map with compact connected values has a fixed
point (see (54.12)). For n = 3 problem (54.14) is still open.
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(81.6) THEOREM. Ewvery dg-continuous mapping o: K™ — K™ with eLC" 2
values, such that the mapping @ has eLC™ ! wvalues is spheric and has a fived

point.

(81.7) THEOREM. FEvery d.-continuous mapping @: K™ — K™, n # 6, such
that for every x € K™ the set ¢(x) is homeomorphic either to a one point space
or to the (n — 2)-sphere S"=2, has a fived point.

In the proof of (81.4) we need an example of J. Jezierski ([Je]) of d y-continuous
homotopy x”7:S! x [0,1] — S! joining the (singlevalued) identity map ids: and

(singlevalued) constant map with values being finite sets.

This picture shows graphs of x{ for t = 0,1/9,...,8/9 (“as time goes by”) under
an obvious identification of S* x S! and J x J, where J = [0, 1].
PROOF OF (81.4). Let us recall that

d.(X,Y) = max{d(X,Y),d(Y, X)},

d(X,Y) = inf{max{||a(z) — z|| | z € X}},
where the infimum is taken over all continuous functions a: X — Y; (X,Y C K*).
The disc K* will be identified with K% x K2. Set H = (xx’)~!. This formula
yields a ps-continuous homotopy H:S! x I —o S! joining H(2,0) = {z} and
H(z,1) = {z} such that H(z,t) is a finite subset of S', which has at most 3
elements for every (z,t) € S' x I. The multivalued retraction r: K — S is the

standard one:

(o}, for |z <
r(0) =
( o 2lel - ) for ] €

We define J: K2 — S' by

l\Dlr—l

[ —

)
~ 1.
2

J(0) = ( %
" e ]

3x), for||z| <
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Of course, J is ps-continuous and has finite values. Since ps = p. on finite sets,

J is d.-continuous. The mapping J is fixed point free, moreover, x ¢ [1/2,1].J(x)

for every x € K?2. This is easy to check that the join of sets A C S* x {0} and

B C {0} x S in K2 x K? is well defined by
AxB={(1—t)a+tb|te€]0,1],a€ A be B}.

Let @1, @2, p: K2 — K? x K? be given by

ei(,y) = J(x) x {0}, @2, y) = {0} x J(y), @(p) = p1(p) * p2(p).
We check now that ¢ is d.-continuous. Take an € > 0. Since ;, is p.-continuous,
there is a positive d such that

if |p — ¢l| < d then p.(vi(p), vi(q)) < g, fori=1,2.

Fix p,q € K? x K? with ||p—q|| < 6. By the definition of p., there is a continuous
map a;:pi(p) — ¢i(q) such that ||a;(v) —v|| < ¢, for every v € @;(p). Let
ag*xaz: o(p) — ©(q) be the join of maps ay and ag. Take z = (1—t)us +tuz € f(p)
with u; € p;(p). Thus ||agxaz(x)—r| = ||[(1—t)aq (u1)+taz (uz) —(1—t)u; —tus|| <
(1 — ) |lor(ur) — ur| + tllas(uz) — ua|| < e. Hence d.(¢(p), v(q)) < . Likewise
4 (), 9(@)) < <.

The mapping ¢ is fixed point free. Otherwise, there is (x,y) € K? x K? such
that

(z,y) € p(z,y) ={((1 = t)a,tb) [t € [0,1},a € J(x),b € J(y)}.

Thus z = (1 — t)a € [1/2,1]J(z), for t € [0,1/2] and y = tb € [1/2,1]J(y), for
t € [1/2,1], a contradiction.

The values of ¢ being joins of some finite sets are compact and connected (these
are graphs of 4 homotopy types: -, 0,0, ®). U

Before proving (81.5) we need some additional notions and results.

As we already seen the homology theory will provide us here with the basic
tools of proving that some set-valued mappings have fixed points. In the other
words, we show that a homology property of graphs forces that the corresponding
mappings have fixed points. We call these mappings the Brouwer mappings.

Let H, denote the Cech homology functor, F' be a field. For simplicity we
shall denote K™ = B, S"~! = S and I'(¢|a) — the graph of the restriction |4
of ¢: B — B to A. Moreover, as usually p:I'(¢|4) — A is projection p = py| , -

(81.8) DEFINITION. The upper-semicontinuous compact-valued map ¢: B —o
B is called an F'-Brouwer mapping if and only if

Hy(P(¢|B). (¢l S); F) = Hy(B x B, S x B; F)
induced by inclusion is a non-zero homomorphism.

From now on we consider only upper-semicontinuous compact-valued mappings.
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(81.9) LEMMA. The following conditions are equivalent:
(81.9.1) ¢ is an F-Brouwer mapping,
(81.9.2) i.: H,(T(¢|B),T(¢|S); F) — H,(B x B,S x B; F) is an epimorphism,
(81.9.3) pu: Ho(T'(0|B), T(¢]S); F) — H,(B,S; F) is non-zero,
(81.9.4) p. is an epimorphism.

PROOF. The equivalence (81.9.3) to (81.9.4) follows from the fact, that
H,.(B,S;F)=F
and F is a field. The homomorphism j.: H,(B,S; F) — H,(B x B,S x B;F)
which is induced by the homotopy equivalence j(z) = (,0), is an isomorphism.
Moreover, j o p ~ i, which proves the lemma. O
First, we prove
(81.10) THEOREM. Ewery F-Brouwer mapping has a fized point.

PROOF. On the contrary, suppose that an F-Brouwer mapping ¢ has no fixed
point. Let A = {(z,z) | x € B}. The following diagram

H,(T(¢|B),T(¢| B)) —=— H,(B x B, S x B)

| |

H,(T(¢|B),T(p|B)) — Hy(B x B\ A,S x B\ A)

with all arrows induced by inclusions, is commutative. (We omit (*) for some Cech
homology groups which are isomorphic to the singular ones). Since S x B\ A is
the deformation retract of B x B\ A, H,(B x B\ A, S x B\ A) =0 and i, =0,
a contradiction.

It remains to define a suitable deformation retraction. For =z # y € B we
denote by s(z,y) the unique point s € S such that s = y + A(x — y) for a positive
number A. Define r: (B x B\ A) x I — B x B\ A by the formula r((z,y),t) =
((1 —t)x + ts(x,y),y). It follows that r:id ~ 1 and 7y is a strong deformation
retraction from B x B\ A onto S x B\ A. O

The mapping ¢): B — B is called a selector of ¢ if ¢(x) C ¢(z) for every = € B.
The inclusion (T'(¢|B),T'(¥]S)) C (I'(¢|B,T|S) implies the following

(81.11) LEMMA. FEvery map having an F-Brouwer selector is F'-Brouwer map-
ping too.

Any compact neighbourhood U of T'(¢|B) in B x B determines a set-valued
map ¢y: B — B such that ¢y (z) ={y € B| (z,y) € U}. We have

(T(eu|B),T(pu|S) = (U,UN(S x B)).
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Recall that on the category of compact pairs functors H, and Homp o H, are
naturally isomorphic. (see Chapter I and [Gol-M]). The above fact, the continuity
of the Cech cohomology functor vH, (see [EM-M]) and the formula Hom( -, F) o
dir lim = inv limo Hom( -, F') give

H,(D(¢|B)), T(¢]S)) = invlim{ H,,(U.U N (S x B))}.

We say that the set-valued map ¢: B — B is approximable by F-Brouwer map-
pings if for every compact neighborhood U of T'(p|B) in B x B the map ¢y has
an F-Brouwer selector. We have the following generalization of Lemma (81.11).

(81.12) LEMMA. FEvery map approzimable by F-Brouwer mappings is an F-
Brouwer mapping too.

The proof of (81.12) is strightforward.
The map having F-acyclic values is called an F-acyclic map.

(81.13) LEMMA. The composition B 2. BB of an F-acyclic map ¥ and
an F'-Brouwer mapping ¢ is an F'-Brouwer mapping.

PRrROOF. Let C be B or S. Consider the following commutative diagram

L(p|C) — B ()

L(¢|C) x (0] B)

where q(z,y) =y, p(y1,2) = y1,
L(p|C) T (¥|B) = {(x,y,9,2) | (z,y) € T(p|C), (y,2) € L(Y|B)},

and p(x,y,vy,2) = (x,y), ¢(z,v,y,2) = (y,2). Assumption that ¢ is an F-
acyclic map implies that p, p are Vietoris maps and p,: H.(I'(p|C) * T'(¢| B)) —
H.(T'(¢|C)) is an isomorphism in the following commutative diagram

H,(T% « T8, TE « T%) —— H, (T % T'%°) — H,(B x B, S x B)
B B S B B B

|

H,(T% % T%) -
H,(B,S) H,(B,S)

where 7(z,y,y,2) = (z,2), j(z) = (2,0) and T}, = T'(x|C). Since j.p.P, is an
epimorphism, i, is an epimorphism too. U
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(81.14) DEFINITION. We call ¢: B — B an 1-S*-mapping if and only if is p.-
continuous and for every x in B, ¢(x) is homeomorphic to either a singleton or
the topological k-sphere.

The motivation for this definition comes from [Go9] and [Da-M]. Results of these
papers show that 1-S°-mappings and 1-S™~!-mappings of B" have fixed points,
though for different reasons. The 1-S°-mappings (called bimaps) are equipped
with the fixed point index, (see Chapter IV). These mappings can be considered
as the single-valued maps of B™ into its second symmetric product. The fixed
point theory for this case was developed in Chapter IV. The 1-S™~!-mappings
are simplest spheric mappings which have been studied in [Da-M]. The main idea
was there to “fill” each value ¢(z) = S"~! with the bounded component Byp(x)
of R™ \ ¢(z) and consider the mapping @ with acyclic values ¢(x)(z) = (z) U
By(x); (note, that @(z) does not have to be a disc). Of course, both methods
mentioned above do not apply to 1-S*-mappings with 0 < k < n — 1.

Now, we describe the method of the approximation of 1-S¥-mappings by the
mappings from the same class, but having the more regular set of all these points,
where the corresponding values are spheres.

(81.15) DEFINITION. Let U be an open subset of B = B™ and ¢ > 0. We say
that an n — 1-dimensional piecewise linear manifold M e-approximates bdU =
bdg~U in U, if there exists a compact n-dimensional p.l. manifold K such that
OK =M and U D K DU\ O (bdgU).

Let us observe that for every U and e there is a p.l. manifold K such that 0K
e-approximates bd U in U: it suffices to take a simplicial decomposition of B with
mesh < £/2 and define K to be a small regular neighbourhood of the union of all
simplices intersecting U \ O, (bdgU).

Let ¢, ¢: B — B be mappings. We say that 1) e-approximates ¢, if (z) C
O () for every x € B.

(81.16) LEMMA. Let p:B — B be an 1-S* mapping and U, = {z € B |
o(z) =2 S*}. Then for every e > 0 there is an r > 0 such that for any compact p.l.
manifold K with OK r-approzimating bdU in U there is an 1-S*-mapping ¥ with
Uy = Intg K, which e-approzimates .

ProoF. Fix an € > 0. Take r > 0 such that diame(z) < ¢ for all z €
O3,(bdpU). Let K be a p.l. manifold with K r-approximating bd U in U. Take
p < r. Then

UDKDK\O,(bdpK) DU\ Oz:(bdgU).

For every compact convex subset C' of R™ we will denote by s(C') the Steiner point
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of C (see [Mi-M]). We have s(C) € C and ||s(C1) — s(C2)|| < n - ps(Cy,Ca). Let

Az) = p~! - min(p, dist(z, B\ K)), b(z) = s(cl(conv(p(x)))),
(81.16.1) o(x) =b(z) + AMx) - (p(z) —b(x)), forz e B.

Since 9 (x) C cl(conv (¢(z))) for every x and {x | ¥(z) # ¢(x)} C 02,(bdpU), ¥ is
an e-approximation of . One can check that 1 is a p.-continuous mapping which
takes values homeomorphic to S* on Int 3 K and which is single-valued elsewhere.[]

(81.17) THEOREM. Let ¢: B — B be an 1-S*-mapping with 0 < k # 4 and
U= {x e B|p)=S*}. Assume that for everye > 0 there exists a p.l. manifold
M, which e-approzimates bd U in U and satisfies the inequality

(81.17.1) dim Hy,(T(@|M;); Z) > dim Hy(M;; Zs)

for all components M; of M. Then @ is a Zs-Brouwer mapping.

Proor. Case 1. U C Int B.

Fix € > 0. Take r > 0 from the Lemma (81.16). Choose K with M = 0K, r-
approximating bd U in U and satisfying (81.17.1). Define 1) be the e-approximation
of ¢, which is the one we have described in the proof of Lemma (81.16).

By Lemma (81.12), it suffices to prove that ¢ is a Zy-Brouwer mapping. Con-
sider the following diagram

H,(T(§)|B),T($)|S)) —— Hy_1(D($]S)) —— H,_1(T(4]B))

T

Hn(B,S) T} Hn—l(S) — Z2

with the first row exact; n = dim B. The right vertical arrow represents an
isomorphism because ¢|S is singlevalued. Note that the condition on ¢ to be
a Zy-Brouwer mapping (p. # 0) is equivalent to i, = 0. We shall define a Zs-cycle
which generates H,_1T'(¢|S) and which is zero in H,,_1T'(¢)| B).

There exists a simplicial decomposition 7 of B and a subcomplex K of 7 such
that K = |K|. Let us denote by K; — components of K, by M;; — components
of 0K, and by K;, M;; — corresponding subcomplexes of the simplicial decompo-
sition 7 of B. Let S C T be such that S = |S|. Fix a linear order in the set of all
vertices of 7. Ordered and singular simplices determined by ¢ € 7 will be denoted
by the same letter o. If p|o is single-valued then a denotes the singular simplex
o(x) = (o(z), (o(x))). We use the same notation for chains. All considered chain
complexes have Zs-coefficients. For every 7' C T let > 7'(p) denote the chain
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equal to the sum of all p-simplices of 77. If 1g = >~ S(n—1), 1;; = >, M;;(n—1),
c=>(T\K(n)then 1lg =0c+3_, ;, 1ij, 1s i@E—i— > Lij and 1g is a generator
of H,—1T'(¢[5). It suffices to prove that 3, 1;; = 0 in H,—1I'(¢]K;).

Without loss of generality we can assume that K is connected and we omit the
index 4. There exists a neighbourhood N; of 0K in K (the collar of 0K in K)
and a homeomorphism h;: Ny — 0K x [0, 2] such that hy(z) = (z,0), for z € OK.
For simplicity of notation we write Ny = 9K x [0,2]. Let N = 0K x [0,1] C N,
and L = cl(K \ N). We define a homeomorphism h: L — K by formulae: h(y) =y
for y € L\ 0K x [1,2], h(z,t) = (x, 2t — 2) for (z,t) € 0K x [1,2]. In particular,
h(z,1) = (z,0), i.e. h(OL) = OK.

Let M} = h™'(M;) and 1} = h™'l;. Of course M] is a component of M’ = 9L
and the cycle 1’ is a generator of H,_1(M}). We assume that p, (chosen in the
proof of Lemma (81.16) is small enough, i.e. that 0,(0K) C N and consequently,
Y =9 on M.

Consider the following commutative diagram

H,_1(T($|0K)) === H,,_1 (T (¢)|0K))

(O,u)l lv
(=8,a)

Hyp 1 (D(|OL)) —— Hn 1 (T($|OL)) & Hp—1 (D(¢|ON)) —— Hp 1 (D(¢[0K))

where «, 8, u, v are induced by inclusions and the second row is a segment of the
Mayer—Vietoris exact sequence. ~VVe are reduced to proving that v(>_ ; 1~]) =0,
which is equivalent to (0,u(>_;1;)) € im(—f,«). Rows of the next diagram are
segments of Gysin exact sequences:

Hy ) 10L —— H,_{(T(4|0L)) —~— H,,_10L

| | |
Hyopos L —— H, (DY L)) —— Hyr L
We first prove that (0, Zj, 1%) € im(B3,p«). The first row of the above diagram is

the direct sum of following exact sequences:

Hyooo1 M} =5 Hyy 1T (M) 25 Hyoy M,

By the Poincaré duality,

dim H, 1M} =1,
dim H, 1 T(¢|M}) = dim H,D (4| M),
dim H,,_x 1M} = dim Hy M.
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By (81.17.1) we can deduce, dim HyI'(y)|M]) > dim HyMj. Hence v; is not an
epimorphism, p;. # 0, p. is onto, p, is an epimorphism. Another epimorphism
is 6. This follows from the Mayer—Vietoris exact sequence:

H,_—10L — Hy_ 1L ® Hy_j_1cl(R*\ L) — H,_j,_1R®.

Since p. is onto, there exists z € H,_1I'(p|0L) such that p.z = Zj 1i. Of
course, 1,17 = 0. Hence 0 = np.z = 78z, Bz € ime. Let y € Hy_g—1L and
a € H, _10L be such that ey = 8z and da = y. Thus Bz = eda = PBra,
B(z —~a) = 0, (B,p«)(2 —va) = (0,p.2) = (0,>_;1}). It remains to prove that
psx =), 1} implies that ax = u(}_; 1~;) for x € H,_1T'(p|0L), (here z = z —~a).
This is a corollary from the following diagram:

Hn_T(|0L) —2 H,, 0L —>— H,, 0K

al l(id,gﬁ)*

Hp 1T (Y|L) Hy 1T (p|0K)

u

If pux = Zj 1%, then h, Zj 1= Zj 15, (id,(p)*zj 1; = Zj 1~] and finally ax =
u(d ; 1;). The only point remaining concerns the commutativity of the above
diagram. Let r: N — 0K be the retraction r(x,s) = x and 7: T'(p|N) — T'(¢|0K)
be given by T(z,y) = (r(x),¢(r(z))). If 7 is a strong deformation retraction
then u = (7.)~! and reversing the lower arrow makes the corresponding diagram
of mappings commutative. We now prove that this is the case.

Define p: N x I — N by the formula p((z,s),t) = (z,(1 —t)s) for (x,s) €
OK x [0,1] = N. Of course p:idy ~ r. By the Homotopy Lifting Property, there
exists p: T'(¢|N) x I — T'(¢|N) which makes the following diagram

L(e|N) x {0} /F(wlN)
T(p|N) x]me]p—Hli

commutative. Recall that ¢(x) = b(x) + A(x)(e(x) — b(x)), (see (81.16.1)). Let
h:T(p|N\ 0K) — I'(¢|N \ 0K) be a homeomorphism defined by the formula

hz,y) = (,b(z) + Az)(y — b(x)))-
One can check that p: T'(¢)|N) x I — T'(¢|N) defined by

h(p(h=(z,y),t))  forz € N\OK and t # 1,
(p(x, 1), 0(p(x,1))) forx € K ort=1,

ﬁ((x,y),t) = {
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is continuous and p:id ~ 7, which proves theorem.
Case 2. UN OB # (.
We replace ¢ by 1: 2B —o 2B,

p(x) if [l € [0, 1],

Y- elbe(5r) it el € .2l

which is singlevalued on 25 and satisfies all assumptions which were made on ¢.
Let us check the condition (81.17.1) for ¢p. Let V.= UNJB. The new U is the set

Uy =UU[L2)-V=Ux{0}UuV x[0,1).

Take an € > 0. We find the n — 1-manifold L C V such that JL e-approximates
bdygV in V. Then we find the n-manifold K C U such that 0K §-approximates
bdU in U and satisfies (81.17.1). For simplicity of notation we may assume that
OK is connected. If § > 0 is sufficiently small, then L is contained in 0K (even
with a collar). Then the set

Ky =Ksup[l,2—¢] - LK x{0}UL XTI
is a p.l. manifold and 9K, well approximates bd Uy in U;. We have
0Ky = (0K \ L) x {0} sup(0L) x TUL x {1}.

Since (L, L) is a Borsuk pair, the set (OL) x TU L x {1} is a strong deformation
retract of L x I and consequently, 0K is a strong deformation retract of the set
C = (0K) x {0} UL x I. Of course, also OK is a strong deformation retract of C.
Observe, that the conditions (81.17.1) for 0K and for 0K, are equivalent. The
Case 1 now implies that 1 is a Zs-mapping.

It suffices to prove that if ¢ is a Zy-Brouwer mapping, so is ¢. Let P =
2B\ Int(B). Consider the following diagram

H,.(T (| B), T(]S))T — H,(T([2B), T (| P)) +—— H,(T(4[2B), T($|25))

| | -

H,(2B, P) «—————— H,(2B,25)

o

All horizontal arrows represent isomorphisms: left arrows are excisions, on the
right-hand side 25 and T'(n|25) are strong deformation retracts of P and I'(n|P).
Thus pf = 0 implies that p. # 0. O

The next result is in author’s opinion the “crown” of this part.
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(81.18) THEOREM. Ewvery 1-S"~2-mapping of B"™ is a Za-Brouwer mapping
and has a fived point.

We will need the following lemma, which states that the raising to the n-th
power in the Z,-cohomology algebra of any closed n-manifold in R**! is a trivial
operation.

(81.19) LEMMA. Let M C R™™! be an n-dimensional compact connected topo-
logical manifold without boundary, n > 2. Then x™ = 0 for every x € H'(M; Z5).

The situation described in hypotheses of this lemma is known very well in
the literature. Let us gather some facts before the proof. First, M C R*"*'uU
{oo} =2 Sntl; §nHL\ M = U UV, (U, V-connected). The closures A = U,
B =V are ANRs. By the Alexander duality, H"(A; Z3) = H"(B; Z3) = 0. Let
i:M — A, j: M — B be inclusions. The Mayer—Vietoris exact sequence shows that
p: H?(A; Z2) @ H*(B; Zy) — H*(M; Zs), ¢(a, 8) = i*a+ j*F is an isomorphism
for 1 < s < n. Moreover, (see [Sp-M]), we have:

(81.19.1) Sq"~ty =0 for every y € H"(M; Z3), 1 <r <mn;
(81.19.2) i*Sq*a U j*b = i* sup j*Sq'b for all a € H" (A; Zs), b € H"1~"(B; Zs);
(81.19.3) Sqiuk = (’;)uk‘“ if dim(u) = 1.

PrOOF OF LEMMA (81.19).

Case 1. Let n # 2™ — 1 for every natural m. Since 0 = S¢" "z" = (nir), by
(81.19.1), (81.19.3), it suffices to find 7 such that (" ) is odd and 1 < n —r <
r < n. If n = 2t then r = ¢ satisfies the above conditions. If n = 2t — 1 then
t #2m=1 1 for every m. ‘Thus t = 271 4+ jforsomei>2and 1 <j <2071 —1.
It is easy to check that (21,;1) is odd for every k = 0,1,...,2° — 1, (by induction
on i, (x +y)? mod 2 = 27+ y? for ¢ = 2%, so (2k) is even for k = 1,...,2" — 1),
and r = 2° — 1 satisfles 1l <n —r <7r < n.

Case 2. Let n =2™ — 1. Then, by (81.19.2),

n n—1
_ N . k s+ on—Fk __ -+ k s+ an—k
—E<k>zaU]ﬁ —EzaU]ﬁ
k=0 k=1

(n—1)/2
— Z (Z-*aZp—l Uj*ﬁn_2p+1 + Z-*aZp Uj*ﬁn_2p)
p=1

-2 2p—1
— 1; (Z-*aZp—l U]* <7’l . p)ﬁn—2p+1 + Z*< pl >a2p Uj*ﬁn_2p)
(n=1)/2
— (Z-*aZp—l Uj*Sqlﬁ"_ZP + Z-*SqlaZp—l Uj*ﬁn_2p) =0. O

S
Il
_
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PROOF OF THEOREM (81.18). By Theorem (81.17) it suffices to check the
inequality (81.17.1). Let ¢: B® — B™ be a 1-S"~2-mapping, M — a closed n — 1-
manifold in B", p: T'(¢|M) — M — a projection. Observe that p is a locally trivial
bundle with the fibre S = S™"~2. Let us denote by w; the jth Stiefel-Whitney
class of p. Set I' = T'(¢|M). Consider the bundle p~:T® — M and the map
g: T2 = R"; g((x,y), (x,2)) = y. Recall that ¢ denotes the 1st Stiefel-Whitney
class of the S%-bundle T2 — 2 /Z5 with the Zs action given by the transposition
T((z,y), (z,2)) = ((x, 2), (z,y)). We must have (¢*)" = 0, for otherwise, y = z for
a ((z,y), (r,2)) € T2, a contradiction. Therefore, applying twice Lemma (81.19),
we see that

0= (CA)n—l U CA _ ni(qA)*(w]A) U (CA)n—l—j U CA
= () ) U ) Y (6 ) U ()

j=1
This gives ij+1 = wlAijA forj=1,...,n—2,and w,_1 = w5 | = (wP)"~!1 =0.
This proves the theorem. O

For n = 3 Theorem (81.18) sounds especially visually:

(81.20) THEOREM. Ewvery pc-continuous mapping of the closed 3-dimensional
disc, taking values which are points or knots, has a fixed point.

We give an alternative proof of this special case of Theorem (81.18), which is
based on the other lemma.

81.21) LEMMA. If M, is a closed orientable surface of genus g then
g
E (Mg) - (22)29+1-

For the proof of (81.21) see [Mik1-M].

PROOF OF THEOREM (81.20). The structural group of the locally trivial bun-
dle with fibre S' reduces to O(2), (see [Mik1-M]). For this reason we can rewrite
the proof of Theorem (81.18) omitting the triangles in all symbols (-)2. We now
change our last argument in that proof.
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Let p” be the vector bundle with fibre R?, which corresponds to p. By Lemma
~ — —
(81.19), P’ @& P represents zero in K(M). This gives D& p' @ 0 = O for some
— —
trivial vector bundles 6, ©. It follows that

l=wp®p) =wp) Uwp) = (1+w +w)? =1+ [w]* + [wa)* = 1+ [wi]*
Therefore [w;]? = 0, which finishes the proof. O

Finally, let us inform that just appeared a monograph by D. Miklaszewski (see
[Mik2-M]) which is devoted to spheric mappings.

82. A coincidence index involving Fredholm operators

In this section we shall present recent results obtained by D. Gabor and W. Kry-
szewski (see: [Kr2-M], [GaDKrl]-[GaDKr3]). To do it cohomotopy methods are
more suitable than homological ones. Therefore, we recall some results from the
cohomotopy theory.

For two pairs (X, A) and (Y, B) of (metric) spaces by [X, A; Y, B] we shall denote
the set of homotopy classes [f] of (continuous) maps f: (X, A) — (Y, B).

Any map p: (I',T") — (X, A) induces a transformation

p*:[X, A;Y, B] — [, T";Y, B]

by the formula: p# ([f]) = [f o p], for every [f] € [X, A;Y, B].
Simiraly, if ¢: (Y, B) — (Y’, B’), then we shall consider the transformation

qu: [X, A;Y, B] — [X, A;Y, B]

defined by g ([f]) = [go f], for every [f] € [X, A;Y, B].

For convenience we recall some basic notions. Given a pair (X, A) of spaces
and n > 0, in the set 7"(X, A) := [X, 4; 5™, s0] (%), where S™ stands for the
unit n-dimensional sphere and sp = (1,0,...,0) € R*™! is the base point, we
distinguish the element 0, i.e. the homotopy class of the constant map 0: x — sg.
In the set 7 (X) we distinguish the element 1x being the homotopy class of the
map c: (X,0) — (S°,s0), defined by c(z) = s1 # so for z € X. If A # (), then
contracting A to the point *, we get the pair (X/A, *) and the quotient projection
[ (X, A) — 7 (X/A, *); it is clear that f#:7"(X/A,*) — 7" (X, A) is a bijection
for all n > 0. If f:(X,A) — (Y, B) is the homotopy equivalence, then, for all
n#0, f#: 7Y, B) — 7"(X, A) is a bijection.

The following excision property is satisfied:

e if A, B are closed subsets of X and n > 0, then the inclusion e: (A, ANB) —
(AU B, B) induces a bijection e#: 7"(AU B, B) — 7"(A, AN B).

(6) We also write 7" (X) := 7" (X, ().
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For any n > 0, there exists the so-called coboundary operator §:7"™(A) —
a1 (X, A) which preserves the zero elements and is natural, i.e. if f:(X,A4) —
(Y,B) and g := f|A:A — B, then § o g% = f# 0. In a similar manner one
defines the coboundary operator for a triple (X, A, B) (i.e. B C A C X are closed)
§#: (A, B) — 7"t1(X, A) putting 6% := § o k* where k: A — (A, B) is the
inclusion. In particular, given a triad (X; A, B) (i.e. A,B C X are closed), the
coboundary operators 67 : 7" (AUB, B) — 7"*}(X, AUB) and §#: 7" (A, ANB) —
7" (X, AUB) are defined (the last one is defined via identification of 7" (AU B, B)
with 7 (A, AN B) through the excision bijection 7" (AU B, B) — n"™(A4, AN B)).

It is well-known that 7™ (X, A) admits the structure of an abelian group pro-
vided the covering dimension dim X < oo and the Cech cohomology (with integer
coefficients) H9(X, A) = 0 for ¢ > 2n — 1 (see [Kr2-M)]). If, additionally, B C A
is closed, H(A, B) = 0 for ¢ > 2n — 1, then §#: 7" (A, B) — 7"*1(X, A) is a ho-
momorphism; if f: (X, 4) — (Y, B), dimY < co and H%(Y, B) =0 for ¢ > 2n—1,
then f#:7"(Y, B) — n"(X, A) is a group homomorphism.

Given a triad (X; A, B), the cohomotopy and the modified cohomotopy se-
quences:

i i* 5* 1 i*
7 (X, AUB) 25 (X, B) S5 7 (AU B, B) ©o w (X AUB) -
(X, AUB) 25 n(x,B) X wra, a0 B) 2wt (x, AuB) LD

where j: (X, B) — (X, AUB), i: (4, B) — (X, B) are the inclusions and e: (4, AN
B) — (AU B, —B) is the excision, are defined. It is well-known that Imj# C
keri#, Imi# C ker6# (hence Im (i o €)# C ker §%, as well), Im 6# C ker j# and
Im j# D keri# (where, Im stands for the image and, ker for the preimage of 0,
e.g. ker 6% = (6#)71(0)). If dim X < oo and, for ¢ > 2n — 1, HY(X,AUB) =
HY(AU B, B) = 0, then the above sequences consist of homomorphisms and are
exact. These sequences reduce to the cohomotopy sequence of a triple (X, A, B)
if BC A.

Let £ € 7"(X, A) and n € 7™(Y, B), n,m > 0, be represented by u: (X, A) —
(S™,50) and v: (Y, B) — (S™,sp), respectively. Then u x v: (X, A) x (Y,B) =
(X XY, X xBUAXY) — (8" xS™, S™x{sg}U{sp}xS™) is given by (uxv)(z,y) =
(u(z),v(y)). Themap fu: [X XY, X x BUAXY;S"xS™, S"x{so}U{so}xS™] —
(X xY,X x BUA x Y; 8™ 5] = 7+ (X x Y, X x BUA x Y), induced by
the quotient projection f:(S™ x S™,8™ x {so} U {so} x S™) — (S"T™ s0), is
a bijection. We define

(82.1) E@v = fyluxv] € n"T((X,A) x (Y, B)).
It is easy to see that the defined above external product

R:7"(X, A) x 7™(Y, B) — 7"t (X, A) x (Y, B))m" """ (X x Y, X x NUAXY)
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has the following properties:
(82.2) PROPERTIES.
(82.2.1) For any & € m"(X,A), v e n™(Y,B) and n € wP(Z,C),

or)en=£a(ven)
in T TP(X XY x Z,X XY xCUX x BXx XsupAxY x Z).
(82.2.2) Ifp:(Xy, A1) — (X, A), ¢: (Y1, B1)to(Y, B), then

(px )" (E®@v) =p" () @ " (v),
for any £ € 7(X, A) and v € 7™ (Y, B),
(82.2.3) For any £ € (X, A), £ @1y = pr#(§) in (X x Y, A x Y, where
pr: (X xY,AxY) — (X, A) is the projection.
(82.2.4) For any £ € 7" (A), v e n™(Y, B),
sF(E o) =8¢,
where §:7(A) — 7" T1(X, A) is the coboundary operator of the pair
(X,A) and §#:7a"t™M(A X Y, AXx Y NX x B) — 7" HH(X x Y, A x

Y U X x B) is the coboundary operator from the modified cohomotopy
sequence of the triad (X X Y; AxY, X x B).
Let m > 1; for any n > 0, we make the following identifications
a"(S™, s9) = 7 (D™, S™ 1) = 7 (R™,R™ \ B™(0, p)),
7" (§™) = 7" (R™T\ B™(0, p)),

where p > 0, justified by the existence of bijections between the respective sets (be-
ing group isomorphisms provided 2n—1 > m). If 2n—2 > m, then §: 7”1 (™ 1)
— (D™, S™~1) is an isomorphism.

The set 7™ (S™, s9) and the homotopy group m,,(S™, sg) coincide as sets (if,
additionally 2n — 1 > m, then they also do as groups). Hence, if m < n, then
7(S™,s0) = 0. Recall that given k > 0, if n > k + 2, then the homotopy
groups m,+x(S™, so) and 7,1 144(S™ T, s0) are canonically isomorphic (through the
Freudenthal suspension homomorphism &) with IIj: = 7ok 2(S*+2, 50). Moreover,
by the results of Serre, the stable homotopy groups of spheres II; are abelian and
finite for any k > 0. Later on, if m < 2n — 1, then we identify 7™ (S™, sq) with
o, ..

Given ¢ € I;,,v € II;, (i1,i2 > 0), regarding II;, and II;, as 7™ (S™, sp) and
7l(S™, s0), where m —n =iy, 2n—1 > m and k — [ = iq, 2l — 1 > k, respectively,

we may consider an element
(82.3) E@ven" (S, so) = iy i

This definition is correct, i.e. does not depend on the choice of m, n, k and I, up
to the above mentioned identifications.
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(82.4) DEFINITION. A compact space Y is called a cell-like set, if there exists
an ANR-space Z and an embedding i: Y — Z such that the set i(Y") is contractible
in any of its neighbourhoods U C Z.

It is not difficult to see that given a cell-like space Y, an ANR-space Z and an
embedding i: Y — Z the set i(A) is contractible in an arbitrary neighbourhood in
Z; i.e. cell-likeness is an absolute property. The cartesian product of two cell-like
sets is cell-like. It is evident that any compact convex or contractible, or an Rs-set
is cell-like. It is also easy to see that cell-like sets are acyclic (in the sense of the
Cech homology theory); however there are examples of acyclic sets which are not
cell-like.

(82.5) DEFINITION. A proper surjection p:I' — X is a cell-like map, if for
every x € X the fibre p~!(z) is a cell like set.

Evidently, any cell-like map is a Vietoris map and there are examples of Vietoris
mappings which are not cell-like mappings.

We have proved in Chapter I that composition of Vietoris mappings is again
a Vietoris mapping. Note that this is no longer true for cell-like mappings.

Recall that a multivalued mappings ¢: X —o Y is called admissible if there
exists a diagram X <= T' -5 Y in which p is a Vietoris map such that ¢(z) =
q(p~Y(x)), for every x € X.

(82.6) REMARK. In this section we shall consider only admissible mappings
for which there exists a diagram X <= 1 L, Y in which p is a cell-like map such
that ¢(z) = q(p~!(x)); such an admissible map ¢: X —o Y we shall call cell-like
admissible (for short c-1 admissible).

We shall use the following result proved by W. Kryszewski (see [Kr2-M]).

(82.7) THEOREM. Let (K, L) be a pairs of ANRs. Ifdim X < oo and p: (T',T)
= (X, A), where I' = p~Y(A), is a cell-like map, then
p": [X,A; K, L] — [I,T; K, L]

s a bijection.
As a simple corollary we get
(82.8) CoROLLARY. IfdimX < oo and p: (I',T”) = (X, A) is a cell-like map,
with T’ = p~1(A), then, for each n > 0,
p#:ﬂ"(X, A) — (T, 1)

is a bijection. In particular, if 74(X, A) = 0 for ¢ > 2n — 1, then p* is a group
isomorphism.
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Now, let X and X’ be two Banach spaces. A bounded linear map L: X — X' is
a Fredholm operator, if the kernel Ker(L) and cokernel Coker(L) = X'|Im(L) are
finite dimensional Banach spaces.

The Fredholm index i(L) of L is given by:

i(L) = dimKer(l) — dim Coker(L).

Observe that if L: R™ — R™ is a linear map, then L is a Fredholm operator and
(L) =n—m.

Until end of this section we shall consider only Fredholm operators with non-
negative indices.

Assume L: X — X' is a Fredholm operator, 2 C X is an open set and : ) —o
X’ is a ¢l admissible map. The aim of this section is to study the following
coincidence problem:

(82.9) L(X) € ().

In this order we shall present a brief description the so called coincidence index,
i.e. a homotopy invariant responsible for the existence of solutions to (82.8).

The first assume that X = R™, X' = R"™, m,n < 1. Let U C R™ be open and
bounded and let (p, q) be an c-l-admissible pair of maps determining ¢ such that
o LT 2 R and ¢(p~ 1 (bd U)) € R\ {0}. Then ¢(p~(bd U)) c R™\ B"(0, p)
for some p > 0. Consider the following sequence of maps
(82.10) (R™,R™\ B™(0,p)) < (p~ (clU p~L(bd U)) P (U, bdU) 2

S (R, R™\ U) < (R, R™\ B0, )
where d > 0 is such that clU C B(0,d), i1, iz are inclusions, and the corresponding
sequence on the level of cohomotopy sets

*
(82.11) 7™(S",s0) = 7" (]R" R"™\ B™(0,p)) *= 7"(p~*(clU, p~*(bd U))
# i#
21U, bdU) < 7"(R™,R™ \ U) == 7"(R™,R™ \ B™(0, d))
=7"(S™, s0).
y (82.11), p* is a bijection; so does zf by the excision property. Hence the
sequence (82.11) defines the transformation
K:n™(S™, s0) = 7" (R™",R™\ B"(0, p)) — «"(R™,R"™\ B"(0,d)) = «"(S™, s0),
K= o (i) o (0¥) " og”.

The following definition is correct since it evidently does not depend on the choice
of p and d.
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(82.12) DEFINITION. By the generalized degree of the pair (p, q) on the set U
in 0 we understand the element

deg((p,q),U,0) :=K(") € 7" (R™,R™\ B™(0,d)) = 7" (S™, s0),

where ™ corresponds to the homotopy class of the identity map id: S — S™ in
Z=m7(S", s9) = x"(R",R™\ B"(0, p)).

The degree defined above has all expected properties: existence, homotopy
invariance (the notion of an admissible homotopy will be described below) and
localization; the additivity property holds if m < 2n — 1.

If (p,q) is as above, but U is not bounded, then the degree deg((p,q),U,0)
is still defined (as usual by means of the localization property) provided the set
{z €clU|0€q(p~t(x))} is compact.

(82.13) REMARKS.

(82.13.1) Tt is clear that if m = n, then deg((p, q), U, 0) agrees with the usual
topological degree defined in Chapter III. If m < n, then deg((p,q),U,0) = 0.
Therefore it is natural to assume that m > n.

(82.13.2) Suppose that m > n. For k > 1, by the kth suspension of (p,q) we
mean the pair (S¥p, S¥q) where S¥p, S*q are the (unreduced) kth suspensions of p
and ¢, respectively. Additionally let S% = p, S%g = q. It is clear that, for any
k>0, S*p is a cell-like map, deg((S*p, S¥q), S¥U, 0) € 7" +F(S™+* s0) is defined
and if m < 2n — 1, then it is equal (remember the identification 7™ (S™,sg) =
RS 50)) to deg((p, q), U, 0).

(82.13.3) The following procedure is performed in order to define the so-called
‘stable’ degree Deg. Suppose that m > n, take k > max{0,m — 2n + 2} (then
m+k<2(n+k)—1)and define

Deg((p, 9), U,0) := deg((S*p, S*q), S*U, 0) € 7" (S™*  50) = I,

The stable degree thus defined has also all the usual properties mentioned above
and Deg((p,q),U,0) = deg((p, q),U,0) (up to the suspension isomorphism) pro-
vided n <m < 2n — 1.

(82.13.4) Let U = B™ and put p := plp-1(gm-1):p (S™ ) — ™71 § =
qlp-1(sm-1):p~H(S™ 1) — R™\ B"(0, p). Consider a commutative diagram

#y—1 g%
Z =a"(S", s0) = 7" (R",R™ \ B"(0, p)) W) o, 7 (D™, S = g (S™ s0)

451 Té

7, = ﬂ.n—l(sm—l) = ﬂ.n—l(Rn \ B"(O,p)) 7.(.n—l(Sm—l)

(p#) " tog*
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where d1,§ are the respective coboundary operators. It is clear that the upper
row defines the degree, i.e. & := deg((p,g), B™,0) = (p?)"Log#(¥"). If & :=
(p#)"Log# (v (where "1 is the element in 7~ 1(R™\ B"(0, p)) corresponding
to the homotopy class of id: S"~! — S"~1) then §(&) = & Observe that if
n < m < 2n — 2, then § is an isomorphism; hence one may identify £ with & up
to this isomorphism.

(82.13.5) Suppose that Y, Y’ are finite-dimensional Banach spaces, m := dimY’
> n := dimY’, and let U C Y be open. Suppose that an admissible pair
AU £ T -5 Y7 such that ¢(p~'bd U)) € Y’ \ {0} is given (if U is not bounded,
then one assumes additionally that the set {x € clU | 0 € ¢(p~!(x))} is compact).
Suppose further that n: Y — R™ and n’: Y’ — R"™ are isomorphisms determining
orientations in Y and Y”, respectively. Then we put

deg((p,q),U,0) := deg((nop,n' o q),n(U),0).

This definition is correct since 7 o p is a cell-like map. In a similar manner one
defines the ‘stable’ degree Deg.

These degrees heavily depend on the orientations 7 and 7’: a change of any
of these orientations may effect a change of the ‘sign’ of the degree; in particular,
the nontriviality of the degree is not effected by such a change.

(82.13.6) The degree Deg is stable with respect to the suspension operator. It
is not the case with deg; it essentially depends on specific choice of numbers m
and n. On the other hand deg seems to be more precise. For example: if m =9
and n = 5, then m9(S%) = Zs and the suspension map &: mg(S?*) — m9(S®) is an
epimorphism (see [Sp-M]). Moreover, 7g(S?%) = Za & Zz and Ty =2 719(S%) = 0;
therefore, for f: (D S%) — (D5, 9%) such that &[f|ss] is a nontrivial element of
79(S%), we get deg(f, B?,0) # 0 in 7°(SY) whereas Deg(f, B?,0) = 0 in 7%(5'°).

Now, let us get back to the general situation: let X, X’ be infinite dimensional
Banach spaces, L: X — X’ be a Fredholm operator with nonnegative index i(L) =k.
Since both Ker(L) and Im(L) are direct summands in X and X', respectively,
there exist continuous linear projections P: x — X and Q: X’ — X' such that
Ker(L) = Im(P) and Ker(Q) = Im(L). Clearly X, X’ split into the (topological)
direct sums

Ker(P) ®Ker(L) = X, Im(Q)® Im(L) = X'.

Moreover, since Im(L) is a closed subspace of X', the Banach theorem implies that
L|ker(p): Ker(P) — Im(L) is a linear homeomorphism. It also implies that L is
a proper map when restricted to any closed set A C X such that P(A) is bounded.

Let us fix orientations in Ker(L) and Coker(L). It is clear that the orientation
in Coker(L) induces the orientation on Im(Q) in a unique way. If Y’ is a finite-
dimensional subspace of X’ of the form Y’ = Im(Q) & Y’ , where Y' C Im(L), and
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an orientation in Y’ is given, then so is in Y’. Let Kp:Im(L) — Ker(P) be the
(topological) isomorphism inverse to L|ker(py. In the (finite-dimensional) space
L~Y(Y") = Kp(Y') ® Ker(L) we choose an orientation which agrees on Kp(Y”)
with that induced by Kp from Y’ and on Ker(L) with the original one.

Let © C X with intQ # 0 and consider c.l. admissible pair Q <~ T -4 X’
such that:

(i) ¢ is a compact map;

(ii) the coincidence set r(p,q) = {x € Q| L(z) € q(p~*(x))} is compact and

contained in the interior int €.

Choose an open bounded set U C E, such that
k(p,q) CU C clU C int .

Since L|qy is proper, the map cl 3 x +— L(x) — q(p~1)) is closed. Moreover, for
any z € bdU, 0 ¢ L(x) — q(p~!)); therefore there is g9 > 0 such that

inf{||lyl| | v € L(z) — q(p~")), 2 € bdU} > «o.

Take 0 < € < gg and let 7.:clg(p~!(U)) — X’ be a Schauder projection of the
compact set clg(p~!)) into a finite dimensional subspace x(p, q) of X', such that

Ime(y) —yll <e foryecqp™)).

Denote by Y’ the finite dimensional subspace of Im(L) such that Z C Y’ :=
Im(Q) &Y’ and fix an arbitrary orientation on Y’. Put Y := L~1(Y”) (according
to the above remarks Y and Y are ‘canonically’ oriented; these orientations depend
on the orientations of Ker(L), Coker(L) and of Y’) and let Uy = UNY. It is
clear that the closure clUy (in Y) is contained in clU N'Y and its boundary
bd Uy (relative to Y') is contained in bdU N'Y. Further let py = plp-1(cuy),
qy =T 0q|p-1(auy) and Ly = L|y:Y — Y’. Observe, that py is a cell-like map
and Ly is a Fredholm operator of index

i(Ly) =dimY —dimY’ = k.

Enlarging Y if necessary we may assume that n := dim Y’ > k+2 (this is possible
since dim X’ = 00). Putting m :=dimY = n+ k we arrive in a finite dimensional
situation described earlier in Remark (82.13.5).

(82.14) DEFINITION. By the generalized coincidence L-index of a pair (p,q)
we understand the element

Indz((p, q), Q) = deg((py, Ly opy —qv),Uy,0) € Iy, = II4.
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The above definition is correct, i.e. it does not depend on the choice of all auxil-
iary objects: P, Q, U, ¢, 7, Y’ and the orientation on Y’ ; this was carefully proved
in [Kr2-M] and [GaDKrl]. As in the case discussed in Remark (82.13.5), a change
of orientation in either Ker(L) or Coker(L) does not destroy the nontriviality of the
index.

In order to enlist the most important properties of the introduced index Indy,, let
us first introduce the notion of homotopy. c.l. admissible pairs Q <& T, -2 X/ (or
maps determined by them), k = 0, 1, are L-homotopic if there exist c.l. admissible
pair w x [0, 1] £ 1 2, X' with a compact S such that the set {xe Q| Lx) €
S(R~Y(z,t)) for some t € [0,1]} is compact and contained in int (2, and maps
Jx: Ty — ', k= 0,1, such that the following diagram commutes

Qéro

A

Qx[0,1]<Er—5 x

S

Q$Fl

where ix(x) = (z,k) for k=0,1 and = € Q.
(82.15) THEOREM (comp. [Kr2-M], [GaDKrl], [GaDKr2]). The index Indy, has
the following properties:

(82.15.1) (Existence) If Indy((p,q), Q) # 0, then k(p,q) # 0, i.e. there is x € Q
such that L(z) € q(p~*(z)).

(82.15.2) (Localization) If Q' CQ, int Q' #0, k(p,q) Cint ', then Ind.((p,q), ')
is well defined and equal to Indg((p, q), ).

(82.15.3) (Homotopy Invariance) If (po,qo), (p1,q1) are L-homotopic, then

IndL((pOa QO), Q) = IndL((pla Q1)7 Q)
(82.15.4) (Additivity) If sets Q1,Q2 C Q are disjoint, have nonempty interiors
and k(p,q) C int Qq Uint Qo, then
IndL((p7 Q)? Q) = IndL((p7 Q)7 Ql) + IndL((p, Q)? 92)

(82.15.5) (Restriction) If q(p~1(Q)) C Y, where Y' is a closed subspace of X',
then
IndL((p7 Q)? Q) = IndL'(p/a q/), Q/)a
where @' = QNX', X' := L7 (Y'+Im(Q)), P’ = plp-1(2), ¢ = dlp-101
and L' = L|x.

The restriction property immediately implies that
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(82.16) COROLLARY. If q(p~1(Q)) C Y’ := Im(Q) ® W, where W is a finite
dimensional subspace of Im L, then

IndL((p7 Q)? Q) = Deg((pl? L/ op1 — Q1)a an T? O)a

where X' = L7'Tm(Q) ® W), p1 = plp-1@anx):p QN X') - X', ¢ =
dlp-r@anxy: P H(dQNX") =Y and L' = L|x: X' =Y.

Now, we shall apply the above topological invariants to the problem of solv-
ing systems of nonconvex inclusions involving Fredholm operators of nonnegative
index.

Let X, Y, X’ and Y’ be Banach spaces, D be an open subset of X and let Q
be a subset of D x Y. We shall consider a system of set-valued equations of the
following form

(82.17)

{ Li(y) € F(z,y),
LQ(J:) € G(J?,y),

where L1:Y — Y’ Ly: X — X' are Fredholm operators and F:Q — Y’ G:Q —o
X' are set-valued maps.

The operator L: X x Y — X' x Y’ given by L(x,y) := (Li(x), La(y)) for
x € X,y €Y, is Fredholm with the index ind (L) = ind (L) + ind (Lg). If
the map Q 3 (z,y) — ¥(x,y) = G(z,y) x F(z,y) is admissible and compact, the
index Indy, (¥, Q) is defined and nontrivial, then solutions to problem (82.17) exist.
We shall look for (separated) conditions stated in terms of F' and G implying the
existence of solutions to (82.7); (82.10); hence, we shall employ the alternative
method, which lets us to relax assumptions concerning the coincidence index.

Let pr: D X Y — D be the projection (i.e. pr(z,y) =z forx € D, y € Y),

k(F,L) ={(z,y) € Q| L1(y) € F(z,y)} and Dp:=pr(k(F,L))CD.

It is clear that x(F, L) is closed in §2 and coincides with the graph of the solution
map Sp defined as follows

Di 5@ Sp(z):={y €Y | (z.y) € K(F.L)}.

Let pry(pr) := prlup,r): 6(F, L) — Dp, let Py denote a (fixed) bounded linear
projector of Y onto Ker(L;) and let P: X x Y — Y be given by P(x,y) = P1(y)
forz € X, y € Y. One gets easily the following

(82.18) LEMMA. Sp is a multivalued map (i.e. is u.s.c. with compact values) if
and only if pryp,r): K(F, L) — Dp is a proper map. This holds e.g. if Q is closed
in D xY and one of the following conditions is satisfied:
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(82.18.1) Y =R™, Y’ = R" with n < m, Q is locally bounded over X (7),
(82.18.2) Y, Y’ are arbitrary Banach spaces, F is compact and P() is bounded.
Further on we assume that:

Al) pryr,r):&(F, L) — Dp is proper;

A3) K(F,L) C intQ;

(

(A2) F is a compact admissible set-valued map;

(

(A4) for any a € D, intQ, # (), where Q, :={y €Y | (a,y) € Q}.

Suppose that an admissible pair 2 £ 1 %, ¥’ determines F ,let a € D,

Ty = {(y? ’Y) €Q, xT |p(7) = (a,y)},

and define maps p,: 'y — 'y and g.: Ty — Y’ by

Pa(¥,Y) =v, qa(y,y) =q(v), for (y,7) € La.

Note that (pa,qs) is a c-l-admissible pair and q(p~1(a,y)) = qa(p;'(y)) for y €
Q. Moreover, (pg,q,) determines a compact set-valued map Q, 3 y — F(a, - );
in particular g, is compact.

Assume that the spaces Ker(L;) and Coker(L;) are oriented in an arbitrary
manner. In view of assumptions (A3), (A4), for each a € D, the set {y € Q, |
Li(y) € F(a,y)} = k(F,L) N pr—'(a) is compact and contained in int 2,. Hence
the index

IndLl((p, Q)(a’ -),Qq) :=Indyg, ((paa a); a)

is well-defined.

(82.19) PROPOSITION. If, for some a € D, Indr, ((p, g)(a, -),Q4) # 0 and Dy
s a pathwise component of D containing a, then Dy C Dp.

To prove this fact observe first that Sp(a) # 0, i.e. a € Dy, in view of the
existence property of Indy, and let us present a result which will be useful here
and in the sequel.

(82.20) LEMMA. There are numbers €,m > 0 and closed neighbourhoods W7,
W of Sp(a) such that Wi C int W and

(DX (a,e) x V)N k(F, L) € DX(a,e) x Wy C (D*(a,e) x V)N O,)(k(F, L))
C (DX(a,e) x Y)NclO,)(k(F, L)) C D*(a,e) x W C int Q.

() We say that Q is locally bounded over X if, each z € X has a neighourhood N in X such
that (N x Y) N Q is bounded.
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PROOF. By (A3) above, there is p > 0 such that D (a, p) x c10,)(Sr(a)) C
int 2. The upper semicontinuity of Sr implies that there is 0n < p/2 such that

Sr(D¥(a,2n)) C O,2(Sr(a)).
It is now easy to see that
(DX (a,n) x Y)NclO,)(k(F, L)) C D*(a,p) x c1O,)(Sk(a)).
Next, we choose p; > 0 such that
D¥(a, p1) x c10,,)(Sk(a)) € (B (a,m) x Y) 1 O)(k(F, L)

and, again using the upper semicontinuity of Sg, a number 0 < € < p; such that
Sp(DX(a,e)) € O,,)(Sr(a)). Then putting Wi := cl0,,)(Sr(a)) and W :=
clO,)(Sr(a)) we get the desired assertion. O

PROOF OF PROPOSITION (82.19). We shall prove that B (a,e) C Dp. Let
b BX(a,¢), then W C int Q. Let

Do =T,N (W xD), I =T,Nn (W xT),
Po = Palry:To — W, p1=pplr,: 1 — W,
40 = qalr, = @lr,-

Observe that pairs (po,qo) and (p1,q1) are admissible and determine compact
maps. Moreover, they are homotopic. Indeed, the following diagram

WP:OFO

. . q0
20 Jo

W x[0,1] <=7 —— vy’

S

Wp:lrl

where
T={(y,7t) CWxT x[0,1] | p(v) = (1 = t)a + tb,y)},

Py, v, t) = (w.t), qly,7.t) =q(v), for (y,7,t) €T,
Je(, ) = (y,7,t), for (y,7) € Iy (k=0,1),
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is commutative. The pair (P, q) is admissible and determines a compact map. If,
for some y € W and t € [0, 1], L1(y) € g(p ' (y, 1)), then

(1 =t)a +tb,y) € (DX (a,e) x Y)Nk(F,L) C DX(a,e) x Wi;

i.e. y C int W. Therefore the set {y € Y | L1(y) € g(p~*(y, 1)), for some ¢ € [0, 1]}
is a compact subset of W and does not intersect the boundary bd W. Hence, by
the localization and the homotopy invariance properties of Indy,,, we get that

0F# IndLl((p? Q)(a, : ), Qa) = IndLl((pO? QO), W)
= IndLl((pla Q1), W) = IndLl((p? Q)(b? ) )? Qb)

This implies that b € Dp. The connectedness argument ends the proof. O

(82.21) REMARK. In particular we have proved that the map

a— Indr, (Pa, ga), a)

is constant on path components of the set D.

Now, we are in a position to present the main results of this section, i.e. theorems
concerning the existence of solutions to the system of the form (82.17). For the
rest of this section, if A C D, then

Za:=pr HA)NK(F,L)=(AxY)Nk(F,L) and pra:=pr|z,:Z4 — A.

Observe that pra(Za) = pr(Za) = prur,r)(Za) = AN Dp.
Assume that Y = R™, Y/ =R", X = R* and X’ = R/, where 1 < n < m and
1 <1 < k. This implies that ind (L) = m —n, ind (L2) = k — . Let m < 2n — 1.
As before, let D C R be open, Q@ € D x R™ and let F:Q — R”, G:Q — R!
be c-l-admissible maps. We assume that hypotheses (A1)—(A4) are satisfied (note
that (A2) holds automatically since dimY < 00). In order to simplify the notation
we transform the system (82.17) and get

{ 0€ o(r,y) = Li(y) — F(z,y),
0 € Y(z,y) := La(y) — G(=,y),

where (z,y) € Q. It is evident that maps ¢ and 1 are admissible.
If O <= I -4 R determines ¢, then

K(F, L) ={(z,y) € 2] 0 € qlp~"(z,9))}.

For any a € D, the degree

deg((p7 Q)(aa : )7 Qaa 0) = deg((pa7 Qa), Qa, 0) S 7.(.71(5771, SO) = Hm—n
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(where p, and g, are defined as above) is well-defined and the function D 3 a —
deg((p, q)(a, +),Qq,0) is constant on path components of D.
We are now going to establish the first existence result. For the rest of this
section we assume that:
(B1) there is zg € D such that g := deg((p, q)(xo, - ), Qzy,0) # 0 in 7™ (S™, s0).
(B2) There are a number r > 0 and an admissible map ®: D¥(xq,7) — R!,
determined by an admissible pair (u/,v’), such that D¥(xq,7) C D and,
for (x,y) € Zgk-1(z0,r), if p1- ®(x) NY(x,y) # 0, then p > 0.
(B3) 0 & ®(S*L(xg,7)), € := deg((v',u'), D*(x9,7),0) # 0 € 7(S*,s9) and
E@mnp # 0 in 7l (SF x §™ Sk x {50} U {sp} x ™) = 7t (Sk+m 50).
It is easy to see that assumptions (B2), (B3) constitute an a priori bounds
condition of sorts. To see this better, consider the following example.

(82.22) EXAMPLE. Assume xg = 0, o = deg((p, ¢)(0, - ),Q0,0) #0, let k =1
and suppose that ind (Lz) = 0. In this case, one may build an appropriate map ®
suitably complementing the operator Lo itself.

(82.22.1) Let Lo be an isomorphism. If we put ® = Ly then (B3) is satisfied
since ® is an isomorphism: in this case zi := deg((v/,v’), D¥(0,7),0) # O in
7*(S*, 50) for any admissible pair determining ® (in fact &€ = +v*) and ¢ ®@n # 0
(comp. [Kr2-M]).

If, additionally, D = R* and, e.g. the map G is bounded, i.e. there is R > 0
such that ||G(z,y)|| << R for all (z,y) € , then we see that (B2) is satisfied
provided that r is large enough. The same holds if the set of all solutions of the
family of systems

(82.22.1),

{ 0 € ¢(z,9),
Ly(x) € AG(z,y),

where A € (0,1), is bounded.

Finally, if we suppose that, there is 7 > 0 such that, for any solution (x, y) with
|z]] = r of the system (82.22.1), for some A, one has A > 1, then assumption (B2)
is satisfied again. The last condition holds e.g. if there is > 0 such that, for any
(w,y) € Zgr-1(0,r), one of the following of conditions (of the Rothe or Altman
type) is satisfied

sup ||z[| < [[L2(2)]),

z€G(z,y)
sup ||z]|F < inf ||z — Lo(a)||F + ||Lo(x)||¥, where k > 1.
2€G(x,y) 2€G(z,y)

(82.22.2) If Ly is not an isomorphism, then let P, Q2:R¥ — R* be linear
projections such that Ker(Ps) @ Ker(Lz2) = Im(Q2) & Im(L2) = R¥. Additionally
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assume that )2 is an orthogonal projection. Since ind (Lg) = 0 (i.e. dimKer(Lo) =
dimIm(Q2)), there exists an isomorphism J: Ker(Ls) — Im(Q2). Define ®:R* —
R* by the formula ®(z) = J o Py(z) + La(z) and suppose that there exists r > 0
such that, for (z,y) € Zgk (o),
sup  (D(x), 2) < [[La(@)]|*.
2€G(z,y)

where (-, -) stands for the inner product in R*. Then again conditions (B2) and
(B3) are satisfied.

The general assumption k > [ of the possible dimension defect requires to
introduce a nontrivial ‘reference’ mapping ® in (B2); in the ordinary fixed point
theory usually the identity plays such a role.

(82.22) THEOREM. Let 1 < n < m < 2n—-1,1 <1 <k < 2l -2 and
I >m—n+1. If assumptions (A1)—(A4) and (B1)—(B3) are satisfied, then the
system (82.22.1) has a solution.

PROOF. In order to simplify the notation (and without loss of generality),
further on we assume that g = 0 and » = 1. Hence Dk(.fo,T) = D¥ and
bd D*(xg,7) = S¥—1.

In view of the above mentioned identifications, we treat 70 as the element of

a(R™, R™\ B™) = m(S™, 59). Assume that D* <& A’ Rl is an admlsslble
pair determining ®. According to Remark (82.12.4), £ = deg(u’,v"), D*,0) # 0 in
7l(D*, S¥—1). Hence

E@ny#0 in gt ((DF, 81 x (R™,R™\ B™)).

Again by Remark (82.12.4), £ = §(&y), where ¢ is the coboundary operator of the
pair (D*,S*=1) and 50 = (u#) Lo ov?#(¥7! € wl71(Sk1) (where, as above,
v!=1 corresponds in !~ (R!\ BY(0, p)) to the homotopy class in 7/~1(S'~1) of the
identity "' — S'"71), w = /|, -1 (gr-1) and v := V'], 1-1(gr-1). Since k < 21— 2,
¢ is an isomorphism. Moreover, we deduce:

E®@no = 6(&) ®no = 6% (& @ m0)

where 6% is the coboundary operator in the modified cohomotopy sequence of the
triad (D* x R™, S¥=1 x R™ D* x (R™\ B™)), i.e
6# :ﬂ_l—l+n(5k—1 % (Rm,Rm\Bm))
7T (SR 5 (R™, S x R™ N DY x (R™\ B™))
— = (DR (R™, S5 x R™ U D* x (R™\ B™))
7 ((DF, 8571 x (R™,R™\ B™)).
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Since 2(l —1+4+mn) —1 > m+k and I — 1 +n > m, we gather that 6* is an
isomorphism. Therefore

Eo®@mo #0 in 7wl mH(SETL o (R™ R™\ B™)).

We shall now make use of the following result (for details see [Kr2-M])

(82.23) LEMMA. The following composition of maps

=1/ ch—1y Prse-1)" ;4 5.1
m (S ) E———— (Zsk—l) — T (ZDk,ZSk—l),

where 0 is the coboundary operator for the pair (Zpw, Zgr-1), maps & onto a non-
trivial element, i.e. § o pr?k_l(go) # 0 in 7' (Zpr, Zgk—1). Moreover, the composi-
tion

r #
A1(5R1) 22 (D, gty BT g g

maps & onto a montrivial element.

Now, we shall establish the existence of solutions of the map
©:Dr —» R, O(x) =y¢({z} x Sp(z)), z€ Dp.

It is clear that if there is z € Dp such that 0 € ©(z), then (82.22.1) has a solution.
The map 1 is admissible; let an admissible pair €2 L1 L, R! determine .
It is easy to see that © is then determined by the (no more admissible) pair

Dp &2 Tg 22 R

where I'e := {(z,y,7') € k(F,L) x I'|(z,y) = p'(7')} and

p@('ray? ,}/) =, QG(%Z% ,}/) = q/(,}/)

for (z,y,7') € Te, i.e. for ¥ € Dp, O(z) = qo(pg'(z)). Maps pe, go admit
factorizations

Pry(F,L /
"= Dp, ge:Te < I' <R,

po:Te £ k(F, L)

where p(z,y,7') = (z,v), §(z,y,7") =7 for (x,y,7) € Te. It is easy to see that
p is a cell-like map.
To simplify the notation, let

A:= D" Toa:p (Za), Pa =Dlre
B =51 Tep:p ' Zs), P =DPlres.
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Clearly pa and pp are cell-like maps. Moreover, let
po,A:=pracopa:l'esa— A, pep:=prpopp:lep— B
and

qe.B = qolre 5-

In view of Lemma (82.23), the composition

(prB)#
_

_ _ )
7~ 1(B) Y (Zg) = 7'(Za, Zp),

transforms &y onto a nontrivial element. Since f)ﬁ 0d = do Offgé (where dg denotes
the coboundary operator of the pair (I'g 4,T'e g)) and f)ff, f)ﬁ are bijections, we

see that the composition

(prB)#
_—

—_ _ rp)# _ do
7~ 1(B) ' 1(Zp) era)? 'To,5) == 7'(Te,a.Te,5)

transforms & onto a nontrivial element in 7! (Te,a,Te,5). This implies also that

(82.24) S 0 pr(gO) £ 0.

Observe that if 0 € go(T'e,B), then there is (x,y) € Zp such that 0 € ¥(z,y), i.e.
(x,y) is a solution to (82.22.1) and we are done. Hence assume that, there is p > 0
such that ge(T'e ) C R\ BY(0,p). Without loss of generality we may assume
that p is such that ®(B) C R'\ BY(0, p), i.e.

v(A) c RY\ BY(0,p), where A := u/_l(B).
Assume for a while that the following diagram

LR BY(0, p))

(u™) " Lov# 2
(82.25) 96,5

Fl_l(B) 4#> 7Tl_1(F97B) 46()} 7'('[(1_‘@714,1_‘@73)
Po,B °

is commutative. Therefore, in view of (82.24),
(82.26) 0 # do Opr(gO) = o opr(u#)—l ov? (V1) = g 0 go p(V'7Y).

This means that 0 € ©(A). Indeed, assume to the contrary that 0 € ©(A);
therefore 0 ¢ go(T'e,4). Without loss of generality we may assume then that
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go(To,4) C R\ BY(0, p). Hence the diagram

7.rl—l (FQ,A)
#
(82.27) =R\ BY0, p)) (i*)

#
k
do

71 (Te,5) — 7' (Te,a.Te.B)

where i:I'g g — I'g 4 is the inclusion, is commutative. This, however, implies
that

#

deope,p=0g0i” 0cge =0

in view of the properties of the cohomotopy sequence of the pair I'g 4,I'e, 5.
The obtained contradiction with (82.26) shows that 0 € ©(A) and that the sys-
tem (82.22.1) has a solution.
It now remains to show the commutativity of the diagram (82.25). To this end
let
A:={(7,)) €Te,5 x A|u(N) =pe(7)}

and consider maps P: A x [0,1] — B x [0,1] and Q: A x [0,1] — R given by

Py, A1) = (pe(v,1), Qv A t) = (1 —1)v(A) +1ge(7)

for (v, A) € Aandte [0,1]. Tt is clear that Q(-, -,0) and Q(-, -, 1) have no zeros
on A. If Q(7, A, t) = 0, for some (7, A) € A and ¢ € (0,1), then ((t —1)/t)®(z) N
O(z) # 0, where x := po(y) € B: contradiction with (B2). Hence we may assume,
without loss of generality, that Q(A x [0,1]) € R\ BL(0, p). Consider a diagram

y)

B
20 Jo

[0, 1] «2— X x [0, 1] —=— R!\ B(0, p)

1

)

q9e

pre
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where

QO(’% )‘) = U()‘), Ql(’% )‘) = QG()‘)? g(% )‘) = A f(’}/a )‘) =%
Jk(v,A) = (v, A\ k) and  Pi(v,\) =pe(N) (where k =0,1)

for (v, A\) € A and iy () = (x,k) for z € B and k =0, 1. It is easy to see that this
diagram is commutative; moreover, observe that f: A — T'e,p is and admissible
map; hence on the level of cohomotopy, u#, fg’é , i#, jgf and j# are isomorphisms.
Therefore, after easy diagram chasing we infer that

This shows the commutativity of (82.25) and concludes the proof. O

Now, we come back to the infinite dimensional case.

Having Theorem (82.22) we are ready to provide the main result of this chapter.
As before we suppose that X, X’ and Y, Y’ are arbitrary Banach spaces, L1: Y —
Y’ and Ly: X — X' are Fredholm operators with nonnegative indices ind (L) = 41,
ind (Lg) = iz such that:

(C1) dim X’ > max{i; + 1,i2 + 2} and dimY’ >4y + 1.

This condition is automatically satisfied if dim X’ = dimY” = co. Assume that
(the finite-dimensional spaces) Ker(L;), Ker(Lz), Coker(L;) and Coker(Lz) are
oriented in an arbitrary manner. Let P;, and @; be the projections related to L;,
i = 1,2. We also suppose P(Q2) is bounded, conditions (A2)—(A4) hold (in view
of Lemma (82.18) ((Al) is also satisfied) and

(C2) there is zo € D and an admissible Q <>~ I' <4 Y determining F such
that

Mo ‘= IndLl((p, Q)('r07 . )7 Qaﬁo) 7é 0 in Hi17

(C3) there are a number 7 > 0 and a compact admissible map ¥: DX (zg,7) —o
X’ determined by an admissible pair (u,v) such that DX (z¢,7) C D and,
for (z,y) € Zsx(4,r), if u(La(z) — ¥(x)) N (L2(z) — G(z,y)) # 0, then
u =0,

(C4) for & € SX(xg,7) La(x) ¢ V(z), € := Indy,((u,v), DX(zg,7)) # 0 € 1I;,
and £ dno # O in I1;, 44,.

(82.28) REMARK. Similarly as above, note that condition (C3) plays a role
similar to that of an a priori bounds assumption frequently present in the ordinary
fixed-point theory. If Ly is an isomorphism, zo = 0 and ¥ = 0, then condition (C4)
is satisfied (see Example (82.22)). Condition (C3) may be checked directly (see
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e.g. applications below) or, if additionally D = X, then (C3) is satisfied provided
the set of all solutions to the parametrized, by A € (0,1), system

{ Li(y) € F(z,y),
La(x) € A\G(x,y)

is bounded: in this case (C3) holds immediately. Some other sufficient conditions
for (C3) may be stated in the same spirit as in Example (82.22).

(82.29) THEOREM. Under the above assumptions, if G is compact, then the
system (82.22.1) has a solution.

PROOF. In order to simplify the setting, without loss of generality we suppose
that xo = 0 and r = 1. Hence DX (xg,7) = DX and S¥(z0,7) = S¥X.

Sets cl F(£2), cl G(Q) and ¢l ¥(DX) are compact; therefore, for each integer n <
1, there are finite dimensional linear subspaces ;. C Im(L;), X/, X! C Im(Ls)and
Schauder projections f,:clF(Q) — Y, := Y. & Im(Q1), gn:dG(Q) — X/, :=
X/, & Im(Qs) and hy:l U(DX) — X! & Im(Q5), such that || f,(y) — y|| < n~?,
lgn(z) — z|| < n~! and [|hn(2) — 2| < n7! for y € Al F(Q), z € I G() and
z € clU(DX), respectively. It is clear that, without loss of generality, we may
assume that X/ = X”. For any n > 1, let us put

Y, =Ly (Y,); X =Ly (X3);
Qum =00 (X, xYy); D, := D¥NX,: S,:=5%nNnX,;
Fy := fm o F; Gpn = gn o G; U, :=hpoV,

As in the definition of Ind, there is € > 0 such that
(82.30) inf{||z]| | z € Lo(z) —v(u=t(z)),z € SX} > .

Hence, there is N > 1 such that Lo(z) & U, () for n > N and z € bd D,.

Fix ng > N.

Claim. There is n > ng such that, for any m > n, if z € S,,, (z,y) € Qpm,
Li(y) € Fin(z,y) and p(Le(z) — ¥n(2)) N (L2(x) — gn o G(z,y)) # 0, then p > 0.

First observe that if, for some (z,y) € Zgx, 0 € La(z) — G(x,y), then (x,y) is
a solution to (82.17). Hence, instead of (C3), we may suppose that:

(C3) if p(La(z) — ¥(x,y)) N (La(z) — G(z,y)) # O for some (z,y) € Zgx, then
> 0.

Suppose now to the contrary that the Claim is not true. Hence, for any n > ng,
there is my, > n, Tn € Sn, Yn € Ym,, 2n € X' and p, < 0 such that Ly (y,) €
Frn, (Tnsyn) and zn, € pn(La(zn) — ¥(zn)) N (L2(zn) — GalTn, yn))-
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Since, for all n > ng, ||z,]| = 1 and 2z, € La(xn) — Gun(zn,yn) we see that
the sequence (z,) is bounded. On the other hand, z, € un(La(xy) — Up(zy)); in
view of (82.30), we see that the sequence (p,,) is also bounded. Hence, passing
to a subsequence, pu, — po < 0 as n — oo. Now, for all n > ng, there are
21, € G(xp,yn) and 2! € ¥(x,) such that Z, = La(z,) — gn(z),) and z, =
tn(Lo(xy) — hy(2))). Without loss of generality we may suppose that z], — z{
and z! — z{ as n — oo. Hence La(zyn) — zn = gn(z),) — 2 and pnLo(zy,) —
Zn = Wnhn(2)) — pozll. Therefore (un, — 1)z, — (20 — 23). This implies that
2n — 20 1= po(po — 1) 71 (2f — 2{). Hence La(z,) — 20 + 2{, and, again passing to
a subsequence, x,, — xg € B and La(x0) = 20 + 2{.

Moreover, for any n, there is 3/, € F(x,,yn) such that | Li(y,) — Ll < m;,* .
Passing to a subsequence if necessary, we may suppose that y/, — 3, € cl F(QnN
pr1(S%X)), asn — oo. Obviously L1 (y,,) — ¥, too. According to our assumptions
(for almost all n > 1), the sequence (P(z,,yn)) is bounded; hence, passing to
a subsequence, y, — yo-

Finally, by the upper semicontinuity of F, G and ¥, Li(yo) € F(xo,v0),
(x0,Y0) € Zgx and zg € po(La(zo) — ¥(zo)) N (L2(x0) — G(zo,y0)): a contra-
diction with (C3)’ ends the proof of the claim.

Fix n > ng given in Claim. The map Sp is upper semicontinuous, D,, is
compact; hence Zp, = {(z,y) € QN (D, xY) | L1(y) € F(z,y)} is compact and
contained in int . Hence, there is 6 > 0 such that the d-neighbourhood Os(Zp,)
is contained in int Q. Take m > n such that m=* < §; then {(z,y) € QN(D,, xY) |
Li(y) € Fin(x,y)} is contained in O5(Zp,,).

In this way we get finite-dimensional spaces X,, C X, X € X', Y,, C Y and
Y, CY'. Let LT := L1y, and LY := Lo|x, . It isclear that dim X, —dim X/, = io
and dimY,, — dimY;, = i;. According to (C1), and enlarging Y, and X if
necessary, we get that

1 <dimX] <dimX, <2dimX, — 2;
(82.31) 1 <dimY,, <dimY, < 2dimY,, — 1;
dim X, > dimY,, —dimY,, + 1.

Further, let ¢: Qy,  — Yy, ¥: Qp  — X, and ®: D,, — X, be given by

oz, y) = L1*(x) = F(z,y),  ¥(z,y) = L3(x) = Gn(z,y)  for(z,y) € Qmn
O(x) = Lo(x) — Uy (z) textforz € D,,.

It is easy to see that maps ¢,1 and ® are admissible: they are determined by
Pairs (Pm, gm), (P, qrn) and (un,vy), respectively, where py, := pl,-1(q,, .)s @m =
LT opm = (fm o lp-1(Qm.n))s P = Pl =1 (@) @n 7= L5 0D, = (900G | —1(0,0))s
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Up = Ul|y-1(Dy) and vy, := LY ouy — (hy 0v|y-1(Dy)). According to the definition
of the generalized index

deg((pm, Qm)(o, ’ )? (Qm,n)o, 0) = IndLl((p? q)(o? ’ )? QO),
deg((tn, vn), D, 0) = Indp, ((u, v), D).

By the definition of ® in stable homotopy groups and taking into account the

dimension restrictions,

deg((pm, Qm)(o, : )7 (Qm,n)O, 0) & deg((un, Un), Dy, 0) =E&{®mno #0.

Thus we see that all assumptions of Theorem (82.22) are satisfied.
Summing up, for any ng > N, there are m > n > ng such that the system

{ Li(y) € Fu(z,y),
Ly(x) € Gu(z,y)

has a solution (%, Ym) € QN (Dy X Yy, ). Using the upper semicontinuity of F' and
G, after passing to a subsequences, we get the solution (zg,y0) € 2N (DX x Y)
of (82.17). O

Finally, following D. Gabor and W. Kryszewski ([GaDKr-1]), we shall establish
the existence of solutions to the following problem
x'(t) € g(t, xz(t), y(t)), for a.a. t € I:=10,T],
x(T),
y'(t) € f(t, z(t),y(t)), for a.a. t € I,
O €l(x,y),

(82.32)

where T > 0, f: I X R" Xx R™ — R™, g: I x R" x R™ —o R" are Carathéodory
multifunctions with convex compact values and I: C(I,R") x C(I,R™) —o R¥ 1 <
k < m, is a set-valued map (C (I, PR?) stands, as usual, for the space of continuous
maps endowed with the standard sup-norm || - ||). The map ! may be viewed as the
system of nonlocal boundary value data. By a solution we mean a pair of absolutely
continuous functions z: I — R", y: I — R™ satisfying (82.32).

Recall that a multifunction h: I x R® x R™ — R is Carathéodory if:

(i) for almost all (a.a) t € I, h(t, -, - ): R™ x R™ — R™ is u.s.c.,

(ii) for all (z,y) € R™ x R™, h(-,x,y): I — R™ is measurable.

By the Nemytski operator generated by h we mean a multifunction assigning,
to each pair of measurable functions x: I — R"™, y: I — R™ the set

Nu(z,y) == {z: T — R4 | 2(t) € h(t, z(t),y(t)) a.e. on I; z is measurable}.
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It is well-know that Ny, is well-defined, i.e. Ny, (z,y) # 0.
Assume that f, g are Carathéodory multifunctions such that

(f;) there is an integrable function o € L'(I,R) such that, for any z € R",
y € R™ and a.a. tel, if z € f(t,z,y), then ||z]| < a(t)(1+ ||z] + |lyl]),
(g1) there is a function 3 € L'(I,R) such that, for any z € R", y € R™ and
a.a.t €, if z € g(t,z,y), then ||z]| < BE#) (1 + ||lz| + ||y]])-
Additionally we assume that there is a smooth C'-function V:R" — R such
that:
(V1) there is r; > 0 such that, for any = € R™, if ||z|| > r1, then (VV (), x) > 0,
(V2) there is 7o > 0 such that, for any z € R", y € R™ and t € I, then there is
z € g(t,x,y) such that (VV(z),z) > 0.
Further on assume also that I: C(I,R") x C(I,R™) —o R¥, where 1 < k < m,
is a set-valued map such that:
(13) 1 is an admissible map and maps bounded sets onto bounded ones,
(I3) there is p > 0 such that, for any x € C(I,R") and y € C(I,R™), if
0 € l(x,y), then ||y(ty)| < p for some t, € I.
(I3) there is R > 0 such that, for all y € C(I,R™), if ||y(0)]] > R, then
0 ¢ 1(0,y) and there is a an admissible pair (u,v) determining [ such that

Deg((ﬂ, 6)(0’ ), Bc(o, R),0) #0 €

where B.(0,R) = {y € C.(I,R™) | |ly|| < R} and (@, ) is the restriction
of the pair (u,v) to C(I,R™) x C.(I,R™).

(82.33) REMARK.

(82.33.1) Observe that if e.g. V(z) = ||z||? for x € R™, then condition (V) is
satisfied automatically and (V2) means that, for all z € R", y € R™ and ¢ € I, if
|z]| > 72, then g(t, z, y) has a nonempty intersection with the half space {z € R™ |
(x,z) > 0}.

(82.33.2) Let, for t € I, x € R™ and y € R™,

g(t,z,y) if f|zf| < 7o,

T { (zeglty) | (TV(@).5)2 0} if o] > ra

It is easy to see that g: I x R™ x R™ —o R" is a Carathéodory multifunction (with
nonempty compact convex values) having the sublinear growth and, for all x € R™,
ye€R™and ¢t €I, if ||z|| > re and 2z € §(¢, z,y), then (VV(z), z) > 0. Moreover,
if 2'(t) € g(t,z(t),y(t)), then a'(t) € g(t,z(t),y(t)). Hence, in what follows,
replacing g by g if necessary, we assume that g satisfies the same properties as g
does.
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(82.33.3) Taking, if necessary, max{«a(t), 8(t), 1} we may assume that, in (f)
and (g1), a(t) = B(t) > 1 for all t € I. Moreover, we may assume without loss
of generality that, in (V1) and (V2), r1 = ro.

(82.33.4) By (f1) and (g1), if functions z, y are continuous and, for a measurable
function z, z(t) € f(t,x(t),y(t)) (resp. z(t) € g(t,z(t),y(t))) for a.a. t € I, then
z € L'R™) (resp. z € L*(I,R™)). Therefore N: C(I,R™)xC(I,R™) — L*(I,R™)
(resp. Ng: C(I,R™) x C(I,R™) — L(I,R™)).

(82.34) THEOREM. Under assumptions (11)—(13), (f1), (g1) and (V1)—(V2), the
system (82.32) has a solution.

PROOF. Let a := fOT a(s) ds and
(82.34.1) ri=0r+p+ 1)€2a.

Step 1. Let X := C(I,R"), X' := X; Y := C(I,R™), Y’ := Yy ® R¥, where
Yo:={ye€Y |y(0)=0},andlet L;: Y — Y’ be given, fory € Y, by L1(y) = (y—
y(0),0). Tt is evident that L is a linear continuous operator, Ker(L;) = C.(I,R™),
Im(L;) =Yy @ {0}, i.e. Ly is a Fredholm operator of index m — k.

Consider the multivalued transformation F which assigns to (z,y) € X x Y
a subset of Y’ given by

Fla,y) ={J(2) | z € Ny(z,9)} x Uz, y),
where Np: X x Y — LY(I,R™) is the Nemytski operator generated by f and

J:LY(I,R™) — Yj is given, for z € L*(I,R™), by

J(2)(#) = /O H(s)ds, tel.

It is clear that the problem

(82.34.2) { y € Jtay),

0€l(z,y)

is equivalent to
(82.34.3) Li(y) € F(z,y)

with z € X, y € Y. The values of Ny is are weakly compact, closed and convex
(it is a consequence of the Dunford—Pettis Theorem). In view of the Ascoli-Arzela
theorem the values of J o Ny are compact convex, J o Ny: X x Y —o Yj is upper
semicontinuous and compact (when restricted to a bounded subset in X x Y).
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Hence in view of (I1), F: X xY — Y’ is an admissible set-valued map being
compact when restricted to a bounded subset of X x Y.

Next define the multivalued transformation G which assigns to (z,y) € X XY
a subset of X given, for (z,y) € X x Y, by

G(Jf,y) = {K(z - .13) | z € Ng(x,y)},

where Ny: X XY —o L(I,R") is the Nemytski operator of g and K: L'(I,R") — X
is given, for z € L*(I,R"), by

eT

T T
K(2)(t) =€ = / e *z(s)ds+ et/ e *z(s)ds, tel
1—-e' Jg 0

Moreover, let Lo := Ix: X — X be the identity operator. As above, it is easy to
see that G: X XY —o X is an admissible map (upper semicontinuous with, in fact,
compact convex values); moreover, G is compact when restricted to a bounded
set. Since, for each z € L'(I,R"), K(z) is a periodic function, we see that the
coincidence problem

(82.34.4) Lo(z) € G(z,y),

with X € X, y € Y, is equivalent to the inclusion

{ a' € g(t,z,y),

82.34.
( ) z(0) = z(T).

Within the introduced setting problem (82.32) is equivalent to the following one

(82.34.6) { Li(y) € Fz,y),

Ly(z) € G(z,y).

Step 2. We shall prove that the system (82.34.6) satisfies assumptions of The-
orem (82.29) (with D = BX (0,7 + 1) where  was given in (82.34.1). To this end
let

Q= {(x’y) €D XY | HyHY < M}’

where
M :=max{[p+ (2+r)ale®, (R+ a)e*} + 1.

Clearly €, satisfies assumption (A4). Let

Z :={(x,y) € Q| L1(y) € F(z,y)}.
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If (x,y) € Z, then l(z,y) = 0. ||z||x <r+1and y € f(t,x,y). Hence, by (f1)
and (l2),

ly@1l < Hy(tx)HJr/t a(s)(2+ 7+ [ly(s)]) ds.

Therefore, by the Gronwall inequality, ||y|ly < [p+ (2 + r)ale® < M. This shows
that Z C intQ and assumption (A3) is satisfied. Since F'|q is compact and admis-
sible, €2 is bounded, we see that assumptions (A2) and (A1) are also satisfied (see
Lemma (82.18)).

Step 3. According to Remark (82.33) we put ¥ = 0; since (C1) is obviously
satisfied, it now remains to check assumptions (C2) and (C3).

As concerns (C2), we have to show that there is an admissible pair (p, ¢) deter-
mining F' such that Indz, ((p, ¢)(0, - ),Q0) # 0 € k.

Suppose that an admissible pair Q «—— A — Y}, determines J o N rlo and let
Q< ¥ 5 R* be an admissible pair determining ! and such that, according to
(13), Deg((u, v)(0, -), BY (0, R) N Ce(I,R™),0) # 0 in I, .

Observe that the map F' is determined by the c-l-admissible pair €2 L1 Ly
where I' := {(1,0) € A x X | (1) = u(o)}, p(r,0) := r(r) and ¢(r,0) =
(s(7),v(0)) for all (r,0) € T.

The index Indy, ((p, )(0, - ), Qo) is well-defined and

(82.34.7) Indy, ((p, 9)(0, -), Qo) := Indr, ((po, o), o),

where O €= Ty 2 V' Ty := {y,7,0) € Qo xT | p(r,0) = (0,9)}, poly, 7,0) =y
and qo(y, 7,0) = q(1,0) = (s(7),v(0)) for (y,7,0) € T.
Consider the following diagram

A AN
20 Jo
Q

Qo x [0,1] <E=Ty x [0,1] =y~

T

where ji(y,7,0) = (y,7,0,k) (k = 0,1), P(y,7,0,A) = (y,A), Qy,7,0,\) =
((1 = XN)s(r),v(0)), ¢4 = (0,v(0)) for all A € [0,1] and (y,7,0) € Ty. It is easy to
see that this diagram is commutative.

Suppose that, for some A € [0,1] and y € Qo, L1(y) € Q(P~'(y,\)). This
means that there is (r,0) € T such that r(7) = u(o) = p(1,0) = (0,y) and
Li(y) = (1 = X)s(7),v(0)) i.e. 0 € 1(0,y) and y — y(0) € (1 — A)J o N#(0,y), i.e.
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y'(t) € (1 =N f(t0,y(t) for a.a. t € I. By (l3), the first inclusion implies that
lly(0)]] < R. Hence, for all t € I,

t

ly(®)] SR+/O a(s)(1 + [ly(s)])) ds.

By the Gronwall inequality, ||y|ly < (R + a)e® < M. The homotopy invariance
of the index Indy,, we see that

(82.34.8) Indz, ((po, qo), ©20) = IndL, ((po, 5), 20)-

Now, let g := {(y,0) € Qy x X | u(o) = (0,y)}. Consider a diagram:

QOPZOFO

TN

Qo x [0,1] <E=% x [0,1] ==y~

TR

QOUZOEO

where k1(y,0) = (y,0,1), R((y,0,\) = (y,A), S(y,0,A) = (0,v(0)) for all A €
[0,1], uwo(y, o) =y, voly,0 = (0,v(0)), ko(y,T,0) = (y,0,0). As above this dia-
gram is commutative and, if for some A € [0,1] and y € Qo, L1(y) € S(R™'(y, \)),
then there is 0 € ¥ such that u(o) = (0,y) and Li(y) = (0,v(0)) i.e. 0 € 1(0,y)
and y € C.(I,R™). Hence, by (I3), ||y|]ly < R < M. Once more, by the homotopy
invariance of the index Indy, we get

(82.34.9) Indz, ((po, ¢5), Q0) = Indz, ((uo,vo), Qo)-

But observe, that in fact vo(u=1(€)) C {0} & R* = Coker(L;). Hence, by Corol-
lary (82.16),

(82.34.10) Indy, ((uo, vo), Qo) = Deg((ug, —vp), Qo N Ker(Ly),0)
= Deg((ug, —d o v()), Qo N Ker(Ly),0),

where

uy = u0|uo_1(QoﬂKer(L1)): ug ' (Qo NKer(Ly)) — Qo N Ker(Ly),
V) = 00]y=t (orker(zy)) Yo - (R0 NKer(L1)) — {0} @R

and d: {0} @ R* — R* is a natural projection.
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Now one can easily check that by assumption (13)

(82.34.11) Deg((ug, — d o vy), Qo NKer(Ly),0)

=Deg((w, —0)(0, - ), N Ker(Lq),0)

=Deg((u, —v)(0, - ), B(0, R) N C.(I,R™)) # 0.
In view of (82.34.7)—(82.34.11), we see that Indp, ((p, q)(0, - ), Q) # 0 in IL,_k.
This establishes condition (C2).

In order to show (C3) suppose that there is p < 0 and (x,y) € Z with ||z||x =r
such that puLa(z) € Lo(x) — G(x,y). This means that z(0) = z(T), l(z,y) =0
and, for a.a. t € I,

{ Y € f(t (), y(t),
2'(t) € g(t, z(t), y(t)) + (1 = N (t),
where X := (1 — pu)~! € (0,1). We shall see that this can not occur.

Claim. mingey ||z(2)]| > 1.
Suppose to the contrary that there is ¢; € I such that

(82.34.12) lz(t)]| < r1.

Since y/'(t) € f(t, z(t),y(t)), there is an integrable function z € Ny(x,y) such that
Y (f) = z1(t). Recalling (I2), y(t) = y(ts) + f:f z1(s)ds. By (f1), for any t € I,

Iy < y(t)ll +/ a(s)(1+[lz(s)[l + lly(s)[]) ds.

2

Similarly, since z'(t) € Ag(t, z(t), y(t)) + (1 — N)xz(t), there is an integrable z; €
Ny(z,y) such that z(t) = z(t1) + fttl Aza(s) + (1 = N)z(s))ds. By (g1) and since
a(s) > 1, forallt € I,

()] < @(t)]l +/t a(s)(L+[lz(s) + lly(s)l)ds.
Hence, by (82.34.12) and (l3), for all ¢t € I,
()] + ly(s)]| < (r1+ p) +/t a(s)(L+[lz(s)[| + lly(s)l) ds

¢
+/ a(s)(1 4 [lz(s)]l + lly(s)) ds.
tm
By Lemma (82.35) given below,

r < max(le(®) + [y(Ol) < (r +p+1)e* —1=r 1.
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The contradiction establishes the claim.
Since z(0) = z(T), ||z(¢)|| > r1 on T and 0 < A < 1, by (V1) and (V3), we have

0=V(x(T)) - V(x(0)) = /O (VV (z(t)), /(1)) dt

= )\/0 (VV (x(t)), z2(t)) dt + (1 — )\)/O (VV(z(t)), z(t)) dt > 0.

The obtained contradiction concludes the proof. O

(82.35) LEMMA. Letp € C(I,R), g € LY(I,R), ¢ >0, Ac R and a,be I. If,
forallt eI,

t

p(t) < A+ / (1+ p(s))a(s) ds + /b (1+ p(s))as) ds,

a

then, for allt € I,
¢
p(t) < (A+1)exp <2/ q(s) d3> -1
0

PROOF. Let

h(t)zA—i—l—i—/ (1 +p(s))q(s)ds+/b (I+p(s)q(s)ds, tel,

a

ie fort €I, 14 p(t) < h(t). Then h'(t) = 2(1 + p(t))q(t) < 2h(t)q(t). Hence, for
any t € I,

% {h(t) exp ( - /0 t 2q(s) ds>] = exp ( - /0 t 2q(s) ds> [1(t) — 2q(t)h(t)] <O

and

t
h(t) exp <— / 2q(s) d3> < h(0)=A+1. O
0
We recommend [Kr2-M], [GaDKrl1], [GaDKr2] for further applications.

83. Fixed points of monotone-type multivalued operators

In the first part of this section we shall define a topological degree for monotone-
type multivalued operators in reflexive Banach spaces. Then in the second part
some abstract fixed point results for monotone operators in ordered spaces will be
formulated.

For a given reflexive Banach space E by E* we shall denote its dual space. In
what follows (-, -) stand for the pairing between E and E*.

We recall the Browder—Ton Theorem (see [BT]):
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(83.1) THEOREM. For any reflexive Banach space E there exists a separable
Hilbert space H and a linear completely continuous (8) injection h: H — E such
that h(H) is dense in E.

Assume that h: H — E is the same as in (83.1). We define the map h*: F — H*
by putting:
W (f)(v) = f(h(v)), forevery fe€ E* andv € H.

Now, we define a map hE* — H by letting:

h(f) =vy for every f € E*,

where vy is an unique element of H for which we have:

{v,v7) = h*(f)(v),

for every v € H, where (v, vy) is the inner product of v and vy in H.

It is easy to see that (comp. [BM]):

(83.2) COROLLARY. The map h:E* — H is a linear completely continuous
imjection.

Let X be a metric space and g: X — E* be a map. We shall say that ¢ is
demicontinuous provided for every {z,} C X if {z,,} — «, then {g(x,)} — g(z)
i.e. the sequence {g(z,)} is weakly convergent to g(x); ¢ is called bounded if it
maps bounded sets of X into bounded sets in E*.

Let us consider an open bounded subset U of F, where F is a reflexive Banach
space and let U be the closure of U in E. We shall consider a pair of the following
type:

U <& 1% E
The pair (p, q):U — E* is called nonotone if for every 1,2z, € U and for every
y1 € q(p~(71)), y2 € q(p~*(x2)) we have:

(x1 — 22,91 — y2) > 0.
We shall associate to every pair U <= T' -4 E* the pair

_ p ho/f;oq

where h and h are defined in (83.1) and (83.2).
From (83.1) we deduce:

(®) i.e. h is continuous and for any bounded A C H the set h(A) is relatively compact in E.
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(83.3) PropPOSITION. If (p,q):U — E" is d-admissible (i.e. q is semicontinu-
ous and bounded) and bounded, then (p,hohoq):U — E* is compact and admis-
sible.

The proof of (83.3) is straightforward.

Instead of the pair (p, ho?zoq) for every € > 0, we can define a pair (p, e-hofzoq),
where (p,e-h oho q)(y) = h(/(\q(y))/e Of course under assumptions of (83.3), we
have that (p,e-ho ho q) is compact and admissible.

We let

(83.4) ¢.:U — E to be defined as follows:
1 N -1
pe(x)=qx+yly € g-hohoq (p~'(x)) 7.

Below we shall introduce the class of (monotone-type) mappings for which we
shall able to define the topological degree.

(83.5) DEFINITION. A multivalued map (p, q): U —o E* is acceptable provided
the following conditions are satisfied:

(83.5.1) (p,q) is d-admissible and bounded,

(83.5.2) for every sequence {x,} C U such that {x, }ex if there exists a sequence
{yn} C E* with y, € q(p~'(z,)) and such that (z,,y,) < 0, for every
n=1,2,..., then {z,} — =.

We let:

Ac(
ACGU(

{(p,q):U — E* | (p,q) is acceptable},
{(p.q) € AU, E) |0 ¢ q(p~"(8V))}.

)

U.E
U,E)

(83.6) PROPOSITION. Assume that (p,q) € A.(U, E*). Then:
(83.6.1) for every e > 0 the map

¢aT=F. gua) = {aty|ye 2 hitat @)}

is a compact admissible vector field of the type idg —(p, q), (comp. [GL]),
(83.6.2) if for {en} — O there exists x, € U such that 0 € ¢.(x,), then there
exists * € U, for which 0 € q(p~*(z)).

PROOF. Observe that (83.6.1) is a simple consequence of (83.3). Therefore, we
shall prove (83.6.2). Let us assume for the simplicity that e = 1/n and ¢, = ¢.,, .
Let 0 € @n(zy), for every n = 1,2,... and y, € q(p~'(z,)) be such that 0 =
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o~

2y +nh(h(yn)). Since U is bounded and (p, q) is bounded, we can assume without
loss of generality that {z,} — = and {y,} — y. From:

0=2n+n- (h(h(yn))),

we get:
~ 1
h(h(yn)) = _Exn-

Therefore, we infer {h(?z(yn))} — 0= h(?z(y)) and hoh is a linear injection, we
obtain y = 0.
According to definition of h, we get:

o~

(Yn, Tn) = —n(yk, h(h(yx))) = —nllh(ya)ll7 < 0.
Now, by using (83.6.2), we get that {z,} — x and from demicontinuity of (p, q),
we get that 0 € g(p~!(x)). O
Now, we shall define the topological degree for mappings in A.ou (U, E*).

(83.7) LEMMA. Assume that (p,q) € Apu (U, E*). Then there exists ¢g > 0

such that for every 0 < € < &g, we have 0 ¢ @.(OU), where ¢ is defined in
(83.6.1).

PROOF. Assuming to the contrary, we get a contradiction with (83.6.2). O

We let:

Acov(U, E) = {p:U — E | ¢ is a compact admissible vector field,
0 ¢ p(0U and ¢ is determined by a pair (p,q)}.

In view of (83.7) and (83.6), we see that:

(83.8) PROPOSITION. Assume (p,q) € Acou(U, E) and &g is chosen according
to (83.7). Then ¢. € Ao (U, E), for every 0 < & < 9. Moreover, if for every
0 < e1,e9 < g, we have:

degrs(¢e,) = degrLs(¢e, ),

where degrs stands for the Leray-Schauder topological degree on Apy (U, E) (see:
Chapter IV).

PROOF. From Lemma (83.7), we get that ¢. € A.ou (U, E), for every 0 <e < .
Observe that if 0 < 1,2 < g9, then the formula:
. t 1—t\,~ _
t-e, + (1 - t)<)062 = 1d+<_ + —>hhqp t= Peys
€1 [35)



468 CHAPTER VII. RECENT RESULTS

where
1 1 1
—=t-—+(1-t)—,
Et €1 €2
gives us the homotopy joining ., with ¢., and the hypothesis follows from the

homotopy property of the Leray—Schauder degree. O

We define the function:
(83.9) deg: Acou (U, E*) — Z

by putting:
deg ((p7 Q)) = degLS (805),

where 0 < € < g9 and g is chosen fro (p, q) according to (83.7).
It follows from (83.8) that Definition (83.9) is correct.

Now, it is easy to see that the topological degree defined in (83.9) satisfies the
following standard properties:

(83.10.1) Existence property,
(83.10.2) Additivity property,
(83.10.3) Homotopy property.

We left to the reader to formulate (83.10.1)—(83.10.3) and also natural topolog-
ical consequences of the above notion (see [BM], Chapters III, V).

Now, let us recall some notions and results connected with ordered spaces (for
details we recommend [DG-M], [He-Hu] and [JaJa].

A partially ordered set is a pair (P, <), where P is a nonempty set and < is
a relation in P which is reflexive (p < p for all p € P), weakly antisymmetric (for
p,q € P, p < qand g < pimply p = ¢q) and transitive (for p,q,r € P, p < g
and ¢ < r imply p < r). A nonempty subset C of P is said to be a chain if given
p,q € C, either p < gor ¢ < p. If every chain in (P, <) has a supremum, then (P, <)
is called chain-complete. A mapping F': P — P is said to be isotone or increasing
if it preserves ordering, i.e. given p,q € P, p < q implies that F(p) < F(q).

We have:

(83.11) THEOREM (Knaster—Tarski). Let (P, <) be a partially ordered set in
which every chain has a supremum. Assume that F: P — P is isotone and there
is an element py € P such that pg < F(po). Then F has a fized point.

By substituting an inverse ordering > for < in Theorem (83.11), we obtain the
following dual version.
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(83.12) THEOREM. Let (P,<) be a partially ordered set in which every chain
has an infimum. Assume that F': P — P is isotone and there is an element py € P
such that F(po) < po. Then F has a fized point.

(83.13) REMARK. In what follows a partially ordered space (P, <) is called
also a poset.

By an ordered topological space we mean a poset P equipped with such a topol-
ogy of closed subset {C,}.cp defined as follows:

Co={rePla<cz}
and closed subsets {C%},cp given by:
C*'={zeP|z<a}.
In particular each ordered interval [a, b] defined by
[a,b] ={x € P|la<z<Db}

is closed in ordered topological space P. If the topology of P is determined by
a metric, we say that P is an ordered metric space. In particular any reflexive
Banach space is a metric ordered space with cone ordering (see [JaJa] or [HeHu]).

Let P = (P, <) be a poset and let F': P — P be a multivalued mapping with
nonempty values. We consider:

M(F)=M ={xz € P |z <y for somey e F(x)}.

In what follows we shall consider only such multivalued mappings F: P — P for
which M (F) # 0. If theset My = {z € P | x < y for some y € F(x)} is nonempty,
then we denote by f: M, — P a choice function which satisfies z < f(z) € F(x)
for each x € M.

Now, we shall present some results contained in [HeHu].

(83.14) LEMMA. Given a multifunction F: P — P assume there is a € M such
that the transfinite sequence (x,)uca defined by

(83.14.1) zg = a, and 0 < p € A if and only if x,, = f(sup{z, | v < u}) exists has
a supremum x in M.

Then x is a fized point of F.

PROOF. To see that (83.14.1) defines a transfinite sequence; denote by K the
class of all the transfinite sequences which satisfy

zo=a, andif0<p € A then z, = f(sup{z, | v < p}) exists.
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It is easy to see by transfinite induction that the sequences of K, are strictly
increasing (whence K is a set) and compatible, and that their union also belongs
to K. This union, being the longest sequence in K, is the one which satisfies
(83.14.1). If this sequence (x,),ea has the supremum z in M, then it must be
a fixed point of F', for otherwise we could extend (x,),ea by the term f(x). O

By a slight reinterpretation of (83.14.1) we obtain.

(83.15) PROPOSITION. A multifunction F: P — P has a fized point, if each

increasing transfinite sequence in F(P) has an upper bound in M.

PROOF. Obviously, M # (. If a € M is not a fixed point of F', consider ‘sup’
in the condition (83.14.1) as the least of the upper bounds in M, with respect
to a well-ordering of M. Any upper bound x € M of the so obtained sequence
(xu)uen 1s a fixed point of F'. Moreover, z £ y for each y € F(z). O

In the case when M = P we have.

(83.16) COROLLARY. Assume that a multifunction F: P —o P is such that for
each © € P there is y € F(x) for which x < y. If each increasing transfinite
sequence in F(P) has an upper bound, then F has a fixed point.

If P is an ordered topological space we obtain the following consequence of Lem-
ma (83.14).

(83.17) THEOREM. A multifunction F: P — P has a fized point, if its values
are compact subsets of P, and if it satisfies condition M(F) # 0 and conditions

(83.17.1) 1 <y1 € F(x1) and x1 < o imply y1 < y2 for some ya € F(z2),
(83.17.2) each increasing transfinite sequence in\J F(P) has a cluster point in P.

PROOF. Givena € M, let (x,),en be defined by (83.14.1). By Lemma (83.14)
it suffices to show that (z,).ea has the supremum in M. Condition (83.17.2)
implies by Lemma (83.14) that (x,),ca converges to its least upper bound z. If
a is the only term of (x,)uea, then z = a € M. Otherwise, for 0 < p € A
there is by (83.14.1) y,,u € P such that y, < z, € F(y,), whence y, < z.
This implies by condition (83.17.1) that, there corresponds z, € F(x) for which
z, < z,. Moreover, [z,) N F(z) C [z,) N Fz whenever p < v € A, whence
{[xy) N Fz | p € A} is a family of closed and nonempty subsets of Fx having the
finite intersection property. Since F'(x) is compact, then the intersection of this
family is nonempty. Thus, there is y € Fx such that x, < y for each p € A.
Since z is the least upper bound of (x,),ea then x <y. This proves that z € M,
whence x is by Lemma (83.14) a fixed point of F. O

As another special case of Lemma (83.14) we have:



84. MULTIVALUED POINCARE OPERATORS 471

(83.18) THEOREM. Let F': P —o P be a multifunction whose values are closed
and directed sets, and which satisfies conditions M (F)#£0, (83.17.1) and (83.17.2).
If P satisfies the first axiom of countability, then F has a, fized point.

An ordered metric space P is called regularly (rvesp. fully regularly) ordered,
if each monotone and order (resp. metrically) bounded ordinary sequence of P
converges. For instance, each closed subset of an ordered normed space with
(fully) regular order cone is (fully) regularly ordered metric space.

Below, we shall formulate next consequences of Lemma (83.14). For details we
recommend [HeHu].

Let P be an ordered metric space. We say that a multifunction F: P — P
is bounded above (resp. bounded) if |J F(P) is bounded above (resp. metrically
bounded) in P.

(83.19) PROPOSITION. Let P be a regularly (resp. fully regularly) ordered met-
ric space. A multifunction F: P —o has a fized point, if it is bounded above (resp.
bounded) and satisfies the following conditions: M(F) # 0, (83.17.1) and if Fx is

closed and directed or compact for each x € P.
From Proposition (83.19) it follows:

(83.20) PROPOSITION. Let P be a closed subset of an ordered reflexive Banach
space E with normal order cone. A multifunction F: P — P has a fized point, if
it is bounded and satisfies: M(F) # 0, (83.17.1) and if its values are closed and
directed.

(83.21) PROPOSITION. Let P be a weakly closed subset of an ordered reflexive
Banach space E, which is separable or its order cone is normal. A multifunction
F:P — P has a fized point, if it is bounded and satisfies: M(F) # (), (83.17.1)
and if its values are weakly closed.

84. Multivalued Poincaré operators

In Section 72 we defined so called Poincaré multivalued operator associated with
the Cauchy problem for first order differential inclusions. Note that for the first
time, the above operator was considered in 1983 (see [DyG]).

In this section we would like to survey current results connected with the above
mentioned operators. Let us explain also that Poincaré idea of the translation
operator along the trajectories of differential systems comes back to the end of the
nineteenth century. Since it was effectively applied for investigating periodic orbits
by A.-A. Andronov (comp. [KZ-M]) in the late 20’s and by N. Levinson in 1944.

By Poincaré operators we mean the translation operator along the trajectories
of the associated differential system and the first return (or section) map defined
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on the cross section of the torus by means of the flow generated by the vector
field. The translation operator is sometimes also called as Poincaré-Andronov or
Levinson or, simply, T-operator.

In the classical theory (see [KZ-M] and the references therein), both these op-
erators are defined to be single-valued, when assuming, among other things, the
uniqueness of the initial value problems. At the absence of uniqueness one usually
approximates the right-hand sides of given systems by the locally lipschitzean ones
(implying already uniqueness), and then applies the standard limiting argument.
This might be, however, rather complicated and is impossible for discontinuous
right-hand sides.

On the other hand, set-valued analysis allows us to handle effectively also with
such classically troublesome situations. In particular, the class of admissible maps
in the sense of [Gol-M] has been shown to be very useful with this respect, because
generalized topological invariants like the Brouwer degree, the fixed point index
or the Lefschetz index with properties similar to those of their classical analogues
can be defined, and subsequently applied for them.

Hence, in our contribution we develop at first the Rothe-type generalization
of the Brouwer fixed-point theorem for admissible maps. Then we introduce some
conditions under which the Marchaud right-hand sides of differential inclusions
determine admissible Poincaré operators. Finally, we present simple applications
of the obtained results to the existence of forced nonlinear oscillations and, in the
single-valued case, to the multiplicity criterion for the target problem.

In this section we need the following formulation of the Rothe (or so called
Bohl) theorem (comp. (55.5)).

(84.1) THEOREM. Let K be a compact convex subset of R™, with nonempty
interior and let p: K —o R™ be an admissible map such that p(0K) C K, where
0K denotes the boundary of K. Then Fix(p) # 0.

The proof of (84.1) is strictly analogous to the proof of (55.5). Note also that
from the Lefschetz fixed point theorem for admissible mappings it follows (comp.
(41.12) and (41.13)).

(84.2) THEOREM. If K is a compact convex nonempty subset of R™ and p: K —o
K is a admissible, then Fix(p) # 0.

Now, consider the differential inclusion
(84.3) 0 € f(t,0),

where 6 = (01,...,60,), 0 = (0],...,0,) and f(¢t,0) = (f1(t,0),..., fu(t,0)).
Assume that f:R x R™ — R"™ is bounded in ¢, and linearly bounded in 6, up-
per semi-continuous with nonempty, compact, convex values. Then all solutions
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of (84.3) entirely exist in the sense of Carathéodory (i.e. are locally absolutely
continuous and satisfy (84.3)). Moreover, for any compact interval, the solution
set is Rs (see Section 69).

If 6(t, X) := 0(¢;0, X) is a solution of (84.3) with 6(0, X) = X, then we can
define the Poincaré—Andronov map (translation operator at the time T) along the
trajectories of (84.3) as follows:

dr:R" —o R,

84.4
(84.4) O (X):={0]0(-,X) is a solution of (84.3) satisfying (0, X) = X }.

We recall the following important property (comp. Section 72).
(84.5) LEMMA. ®p given by (84.4) is an admissible map.

ProOOF. ®&7:R"™ — R™ can be considered as the composition of two maps,
namely ®p = ¢ o1, or more precisely

v
R" o AC([0, T],R") —o R™,

where ¢: X —o {6 | 0 is a solution of (84.3) with 6(0, X) = X} is known to be
acyclic and ¢: y — y(T), which is obviously continuous. Since every composition
of an acyclic and a continuous map is admissible as required (see Section 40), we
are done. O

Observe that no uniqueness restriction has been imposed on. Hence, assuming
furthermore that

(84.6) fE+1T,0) = f(t,0),

where T is a positive constant, system (84.3) admits a T-periodic solution as far
as @7 in (84.4) has a fixed point.

If, for example, ®7(S"~1) C B", where S"~! = 9B", and B" C R" is a closed
ball centered at the origin, or any other set with the fixed-point property as indi-
cated in Theorem (84.1) or Corollary (84.2), then (84.3) admits, under the above
assumptions, including (84.6), a harmonic, i.e. a T-periodic solution. Similarly,
if for some k € N, ®,7(S"~1) C B", then by the same reasoning (84.3) admits
a subharmonic, i.e. a kT-periodic solution. This is certainly also true because
of Deg(i — &7, B™) # {0}, where Deg denotes the generalized Brouwer degree
of an admissible map (see Section 51), where i: B" — R", i(x) = « is the inclusion
map.

This can be expressed in terms of bounding functions or guiding functions as
follows.
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(84.7) THEOREM. Let a continuous T-periodic in t and locally lipschitzean in 0
bounding function V exist such that

(84.7.1) V(t,0) =0 for ||0|| = r, uniformly w.r.t. t € [0,T],

(84.7.2) V(t,0) <0 for ||0|| < r, uniformly w.r.t. t € [0,T],

(84.7.3) limsupy,_o+[V(E+h,0 +RY) =V (t,0)]/h <0 for each Y € f(t,6) and
6]l = r, uniformly w.r.t. t € [0,T],

where r is a suitable positive constant which may be large. Then system (84.3)
admits, under (84.6), a harmonic.

PROOF. In the single-valued case this result is well-known, when using C*-
bounding functions. For the differential inclusions, a similar type of results has
also been developed in [DyG] (see also [BGP]), but using again only autonomous
bounding functions. Thus, our statement represents only a slight generalization
and can be proved quite analogously, when following the same geometrical ideas.[J

(84.8) REMARK. Replacing conditions (84.7.1)—(84.7.3) by

lim V(¢ 6) =00, uniformly w.r.t.¢¢€[0,T],

[16]]—o0

and

1
lim sup E[V(t +h,0+hY)—=V(t,0)] <0 foreach Y € f(¢t,0)
h—0*t

and [|0|| > r, uniformly w.r.t. ¢ € [0, T], where r is a positive constant which may
be large, we obtain, under (84.6), a subharmonic of (84.3) (for the single-valued
case see e.g. [And3] and the references therein).

(84.9) REMARK. In the single-valued case, the dissipativity in the sense of
N. Levinson, i.e. the uniform ultimate boundedness of all solutions of (84.3) (which
can be expressed quite equivalently in terms of guiding functions with the same
properties as in Remark (84.8), is sufficient for the existence of harmonics (see e.g.
[And3]). So, we can conjecture that the same is true in the set-valued case.

The situation is, however, much more interesting when, for example, (84.3) is
only partially dissipative, i.e. if only

li;nsupH(@l(t), LGNS D, 1<j<n
— 00
holds w.r.t. some part of components of every solution 0(t) of (84.3), where D is
a positive constant common for all solutions of (84.3). It is clear that Theorem
(84.1) is this time insufficient for applications.

In [AGL], we have developed the appropriate abstract apparatus for considering
such a situation, mainly using the generalized fixed point index technique, which
can be expressed in terms of two bounding functions as follows (for more details,
in the single-valued case, see e.g. [KZ-M]).
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(84.10) THEOREM. Let continuous T-periodic in t and locally lipschitzean in 0
bounding functions V. and W exist such that

(84.10.1) V(¢,0) =0 for ||0;|| = 7, uniformly w.r.t. all é\] eR" 7 and t €[0,T),

(84.10.2) V(t,0) <0 for ||0;|| < 7, uniformly w.r.t. all é\] eR" 7 and t €[0,T),

(84.10.3) limsup,_,o+ [V(t + h,0 + RY) — V(¢,0)]/h < 0 for each Y € f(t,0),
16,1 =7, 6; € R"J and t € [0,T],

(84.10.4) W(t,0) =0 for H@H = s, uniformly w.r.t. ||0,]| <r andt € [0,T],

(84.10.5) W (¢,0) > 0 for H@H > s, uniformly w.r.t. ||6;|| <r and t € [0,T],

(84.10.6) liminf, .o+ [W(t + h,0 + RY) — W (t,0)]/h > 0 for each Y € f(t,0),
1651 = s, 1651 < and t € [0, T],

where 6 = (6, @é\j), 1<j<m,ie 0;:=01,...,0;), 0; :=(0j41,...,0,) and r,
s are suitable positive constants which may be large. Then system (84.3) admits,
under (84.6), a harmonic.

(84.11) REMARK. The application of the Dini derivatives above is more ap-
propriate on the boundary of nonconvex bound sets (in the sense [GM-M]) G, H.
The approach developed in [AGL] allows us, certainly under a modification in the
spirit of e.g. [GM-M], to take for this goal the domains which are star-shaped.

(84.12) REMARK. For the existence of subharmonics, the bounding functions
V, W satistying (84.10.1)—(84.10.6) can be replaced by guiding functions like in
Remark (84.8) for j = n (see e.g. [AGG]). In the single-valued case, the existence
of suitable guiding functions can be shown to imply again the existence of harmon-
ics, when using the abstract results in [AGZ], provided f(t, #) represents a periodic
perturbation of an autonomous function. So, we can again conjecture that the
same is true in the set-valued case.

Now, system (84.3) will be considered on the cylinder C"*! = R} xT™ or, in the
autonomous case, on the torus T" = R"/wZ™, where wZ denotes all the integer
multiples of a positive constant w. Thus, the natural restriction imposed on the
right-hand side of (84.3), besides the boundedness in t € R, reads

(84.13) ft,...,0i+w,...)=f(t,...,0;,...) forj=1,...,n.

Consider still the (n — 1)-dimensional subtorus ¥ C T" given by
n
Z 6; =0 (modw)
j=1

and assume, additionally, that

n

n
84.14 inf i(t,0) >0 or su i(t,8) < 0.
( ) (t.6)eCn+1 zzzlfz( ) (t,@)e(IZ)"‘H zzzlfz( )
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Then we can define the Poincaré (first-return) map ® on the cross section 3 as
follows:

(84.15) QD) (r(p)y:Z =%, @)+ = {0(7(p), D)},

where ®o(p) = p € ¥ and {7(p)} denotes the least time for p to return back
to X, when taking into account each branch of 8(¢, p). Indeed, (84.15) implies that
i 0i(t, p) # 0 for every solution 6(¢, p) of (84.3) and almost all ¢ > 0 by which
the map 7(p): 0 —o [w/E,w/¢] is well defined, where e, E are positive constants
such that

n

Zfz(t,e)

i=1

0<e< inf

< < FE.
(t,0)ecntt

> it 9)‘ < sup
=1

(t,0)ecn+tt

Moreover, (84.14) geometrically means that the trajectories of (84.3), associated
to (84.15)), intersect o in a transversal way, which will be essential into the future.
Let us note that {7(p)} is, even without (84.14), lower semi-continuous.
Observe that ®,(,); may be, as in the foregoing section, the fixed T time map.
This appears if, for example,

Zfi(tﬂ) ={F@®)},

where F'(t) is a T-periodic function such that | fOT F(t)dt| = w > 0, because then
7(p) =T for all p € X.

(84.17) LEMMA. ®y-(,yy given by (84.16) is, under (84.14), admissible.

PROOF. ®(;(,)) can be considered as the composition of two maps, namely
®r(p)} = @ 01, or more precisely

5 6 AC # ({o,ﬂ,w) oy,

where ACx* means the space of all absolutely continuous functions with the prop-
erties (cf. (84.14))

n
(84.18) E > Zyg(t,p)‘ >¢e>0, foralmostallte {0, g],

i=1

n
Sutn|<en wrielo?]

i=1

(84.19) et <
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Here, ¢:p — {0(t,p) | 6(t,p) is a solution of (84.3) with #(0,p) = p} is known to
be acyclic (see e.g. [BGP, Theorem 5.7]) and ¢: y(t,p) — y(7(y),p) € ¥, which
will obviously be continuous as far as 7(y) is so.

Observe that, because of the “sterisque” properties (84.18), (84.19), 7(y) is
again well denned and, moreover,

(84.20) Zyz (7() = %i(0) = fw.

Hence, applying to (84.20) a suitable implicit function theorem for maps without
continuous differentiability (see e.g. [AuE-M, Theorem 7.5.8]), the map y — 7(y)
can easily be verified, under (84.18), to be Lipschitz-continuous, as required.
Since the composition of acyclic and continuous maps is admissible, the proof
is complete. O

In the single-valued case, Lemma (84.17) has the following direct consequence.

(84.21) LEMMA. If f is, additionally, continuous and locally lipschitzean in 6,
then ® .,y associated to the equation 0’ = f(t,0), is continuous.

Since no torus has a fixed-point property (neither in the classical nor in the
generalized sense), the analogue of Theorem (84.1) or (84.2) for ¥ or T" are im-
possible. Nevertheless, we can define there the generalized Lefschetz number A
for admissible maps and, moreover, ®;,(,)}(p) in (84.16) can be shown to be, un-
der (84.14), homotopic in the sense of admissible maps to the identity I. Thus,
if for example A(C™H(®¢-()3(p))) # {0}, where C: ¥ — ¥ is a diffeomorphism,
and subsequently C~!(®(;(,)}(p)): & — X is admissible, then C~! o ® has a fixed
point, i.e. the “target problem” C(p) € ®{,(»)}(p) is solvable. Because of the in-
variance under admissible homotopy, the problem turns out to be equivalent to
the computation of A(C~!) # 0. This can be however performed, under natural
restrictions, by means of a sum of the local indices, (see e.g. [Brl-M]).

Therefore, we can give the following statement concerning the target problem
for (84.3) on the torus ¥, expressed by means of the condition

(84.22) C(0(0,p)) = 0(t*,p), for some tx > 0,

for more details see [And3] and references therein.

(84.23) THEOREM. Let all the above regularity assumptions be satisfied, jointly
with (84.14). Assume that C:X — X is a diffeomorphism having finitely many,
but at least one, simple fized points, y1,...,7v on X and

(84.24) > “sgndet(I — dC,") #0,
k=1



478 CHAPTER VII. RECENT RESULTS

where dC.! denotes the derivative of C~' at v, € X. Then problem (84.3)(84.22)
admits a solution.

(84.25) COROLLARY. In the single-valued case, problem (84.3)—(84.22) admits,
under the assumptions of Theorem (84.23) at least r geometrically distinct solu-
tions.

In the single-valued case, it is namely well-known (see [Br2-M]) that N(C~*! o
®) = ||[A(C~! o ®@)|| on X. Therefore, since the Nielsen index N(C~! o @) de-
termines the lower estimate of fixed points of C~1 o ® on 3, the absolute value
of the nonzero number in (84.24) designates at the same time the lower estimate
of desired solutions. Although the Nielsen index has also been generalized for
admissible maps (see e.g. [KM] and the references therein), no definition seems
directly available here.

Taking, in particular, C' := o4 _:T" — T", where the shifts o0, or o_ are
denned by the rules oy _(01,...,6,) = £(62,...,0,,01), respectively, we can
prove the following statement concerning the corresponding sort of nonlinear ro-
tations (periodic oscillations of the second kind); for more details see [And2].

(84.26) THEOREM. Let an autonomous system (84.3) determine a o4 _ equi-
variant flow on T™, i.e.

(84.26.1)  fi(61,...,0,) = (FD) T fi((£1) 0, ..., (£1)F16,,
(£1)H0y, . (£, ), fori=1,....n.

Let, furthermore, f; be w-periodic in each variable 0;, 1,5 =1,...,n, (see (84.12))
and

n n

(84.26.2) SEDO) >0 or > (£1)'£i(6) <0,

i=1 i=1
respectively. Then system (84.3) admits nontrivial splay-phase or anti-splay-phase

orbits 0(t), respectively, provided n is even in the latter case, i.e. 8'(t +T) = 6'(t)
for almost all t € (—o0,00), where T is a suitable positive constant and

o(t) = <<p(t),i<p<t+ %T) ,<p<t+ n;2T>,i<p<t+ ”; 1T>>,

respectively.

(84.27) COROLLARY. The assertion of Theorem (84.26) remains valid for (not
necessarily autonomous) (T /n)-periodic in t system (84.3), provided the nonauto-
nomous analogue to (84.26.1) holds and, instead of (84.26.2)

n

D ED it 6) = {F(1)},

i=1
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where F is a (T /n)-periodic function such that
T/n
/ Ft) dt = +o,
0

respectively. For nonautonomous, (T/n)-periodic in t, systems (84.3), we obtain
in fact the whole one-parameter family (i.e. generically, infinitely many) of such
subharmonics of the second kind.

Tt is so, because the associated first return map becomes the translation (fixed
time) operator, ®¢,)1(p) = Pr/n(p) as already pointed out. In the nonau-
tonomous case, it has meaning to apply the admissible translation operator

Q17 /n(p) = {b(to +T/n,to,p)}, for each to € [0,T/n],

where 0(t,to, p) is this time a solution of (84.3) with 8(to,to,p) = p € X. Thus,
O, 17/ (E) C X, and using the same approach, we obtain for each value of ¢y €
[0, T/n] the desired solutions.

(84.28) EXAMPLE. As the simplest application of Theorem (84.10), consider
the planar system under nonlinear, periodic in ¢, perturbation:

(0 + AT € g(t, 0),

where 6 = (01,6,), A = diag(ay, a2) is a constant matrix and g = (g1, g2)7 satisfies

all the above regularity assumptions. Suppose, furthermore, that a; > 0, as < 0,
1 (t? 9)

lim =0,
|01]—o00  [01]

@

uniformly w.r.t. t € [0, T] and 65 € (—o0, 00);

t,0)
im 200 _ ¢
62100 102]

@

uniformly w.r.t. ¢t € [0,T] and |6)1| <.
Defining the bounding functions V', W as

V(0) = [10u]l =7, W(02) = [|02]] — s,

where 7, s are sufficiently big positive constants, one can readily check that The-
orem (84.10) applies. Consequently, we have a harmonic.
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(84.29) EXAMPLE. As an application of Corollary (84.25), consider the system
0 = f(t,0) for n =2, satisfying (84.14),

where f is 2m-periodic in each variable 6;, j = 1,2 (n = 2), and define the
diffeomorphism C: 3 — X by

C(0) := (61 + csinfy, 02 + csinfy), where c € (0,1).

One can easily check that C~1(6) as well as C(f) have two fixed points on ¥,
namely y9 = (0,0) and v, = (7, 7).

Since there are still (using the theorem about the derivative of the inverse
function)

1 1 1 IR 1 1
dCy _dlag<1+c’1+c , dC." =diag T—o1-¢)

i.e.

1 1 1 1
1 . —1 :
— = I— =
= dC, dlag(l—l—c’l—i—c)’ dCx dlag(l—c’l—c)’

we obtain

2 2
det(I — dCyt) = <1ic> , and  det(I — dCSY) = <1ic> .

So, we can conclude that the Nielsen index N(C~1) = 2, by which our system
admits, according to Corollary (84.25), at least two geometrically distinct solutions
0(t) satisfying (84.22), i.e.

[01(0) + ¢sin61(0), 02(0) 4 csin O2(0)] = [01(tx), O2(t))

for some tx > 0.
Finally, we shall consider the following example.

(84.30) EXAMPLE. As an application of Corollary (84.27), consider the system
0; = (£1)M'p(t) FnCsing; + C Y _; =1"(£1) " sing;, i=1,...,n,

where C is an arbitrary constant and p(t) is a continuous function such that
p(t +T/n) = p(t), OT/" p(t) dt = £2m, respectively. Since all the assumptions
of Corollary (84.27) are evidently satisfied, we have a one-parameter family of sub-

harmonics of the second kind with the components equally staggered in phase.
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85. Multivalued fractals

Multivalued fractals are usually considered as fixed points of certain induced
union operators, called the Hutchinson—Barnsley operators, in hyperspaces of com-
pact subsets of the original spaces endowed with the Hausdorff metric. In this sec-
tion we are going to present current results connected with multivalued fractals.
For details we recommend [AnGo-M], [AFGL], [AG].

It is well known that Hutchinson [Hut] and Barnsley [Bar-M] initiated the way to
define and construct fractals as compact invariant subsets of complete metric space
with respect to union of contractions. Consequently, they proved the following.

(85.1) THEOREM (Hutchinson—Barnsley). Assume that (X,d) is a complete
metric space and

(85.1.1) {fiit X=X, i=1,...,n; neN}
s a system of contractions, i.e.
(8512) d(fz(.f),fz(y)) Sde(I‘,y), f07’ allx,yeX, t=1,...,n,

where L; € [0,1), i = 1,...,n. Then there exists exactly one compact invariant
subset A* C X of the Hutchinson—Barnsley map

called the attractor (fractal) of (85.1.1) or, equivalently, exactly one fized-point
A* € K(X):={A C X | A is nonempty and compact} of the induced Hutchinson—
Barnsley operator

Fr(A):= | ] F(z) (: U F(J;)>, A€ K(X),

z€A r€A

in the hyperspace (K(X),dm), where dg as before stands for the Hausdorff metric,
defined by

d(A,B) :=inf{e > 0| A C O.(B) and B C O-(A)},

where O (C) = {x € X | d(z,C) < €}, for any nonempty, bounded, closed set
C c X. Moreover,

(85.1.3) lim dy(F*"(A), A*) =0, for every A € K(X),

m—00



482 CHAPTER VII. RECENT RESULTS

and L
dg(A,A") < 1-1 dr(A, F*(A)),

where (1 >) L = max;=1, ., L;.

The proof is apparently based on a simple application of the Banach contraction
principle and one usually speaks about fractals associated with an iterated function
system (IFS) (85.1.1). The same is true for a system of multivalued contractions
with compact values, provided the Hausdorff metric appears in (85.1.2). Hence,
one can speak analogously about an iterated multifunction system (IMS).

The further development consists mainly in replacing the Banach contraction
principle by

(i) other metric fixed-point theorems, e.g. for weakly contractive or nonexpan-
sive maps, then we speak about metric fractals,

(ii) topological (Schauder-type) fixed-point theorems, then we speak about to-
pological fractals,

(iii) order-theoretic (Knaster—Tarski or Tarski-Kantorovitch-type) fixed-point
theorems, where invariant sets are deduced, under extremely weak assump-
tions, from subinvariant sets and the related fixed-points in hyperspaces
are only deduced a posteriori, then we speak about Tarski’s fractals,

(iv) putting the accent on the constructive part (cf. (85.1.3)), where the fractals
can be expressed in terms of the Kuratowski limits of stable or semistable
maps, then one can distinguish between fractals and semifractals, respec-
tively.

Let {A,} be a sequence of subsets of X. The (topological) lower Kuratowski
limit LiA,,, and the (topological) upper Kuratowski limit Ls A,, are defined as
follows (see [Ku-M)):

e x € LiA, if, for every ¢ > 0, there is a positive integer ng such that
A, N B(x,e) # 0, for n > ny.

e 1 € Ls A, if, for every ¢ > 0, the condition A, N B(z,e) # 0 is satisfied,
for infinitely many n.

e If LiA,, = Ls A,, then this set is called the (topological) Kuratowski limit
LimA,,.

LiA,, Ls A, and Lim A,, are always closed sets, and LiA, = LiA,, Ls 4, =
Ls A4,

For a metric space (X, d), the hyperspace of compact sets of X endowed with
the induced Hausdorff metric dg will be denoted (K(X), dn).

(85.2) DEFINITION. We say that a metric space (X, d) is a hyper absolute neigh-
bourhood retract (a hyper absolute retract) if (K, dgr) is an absolute neighbourhood
retract (an absolute retract), written X € HANR (X € HAR).
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For our convenience we shall use the following notions.

(85.3) DEFINITION. A map ¢: X —o X is called the (Nadler) multivalued con-
traction if there exists a nonnegative constant L < 1 such that

du(e(z), p(y)) < Ld(xz,y) for all z,y € X.

When referring to (the least) L, one often speaks about a Lipschitz constant or a
contraction rate.

(85.4) DEFINITION. A multivalued map ¢: X —o X is said to be (Edelstein)
contractive if

du(e(z), o(y)) < d(z,y) forallz#ye X.

Obviously, every Nadler contraction is Edelstein contractive, but not reversely.
Although the Edelstein contractive map is Hausdorff-continuous, it is well-known
that it need not admit a fixed-point. As an example, the mapping

RSx»Lln(l—i—e”’)e]R

is Edelstein contractive, but fixed-point free (for more details, see e.g. [GoeKi-M],
[KS-M]).

(85.5) DEFINITION. A multivalued map ¢: X — X is called to be a weak
contraction if a continuous and nondecreasing function : [0, 00) — [0, 00) exists
such that
(85.5.1) 0 <(t) <t, fort e (0,00), and 1(0) =0,

(85.5.2) lims,o0(t — ¢(t)) = 00,
(85.5.3) dule(x),¢(y)) < ¥(d(z,y)), for all 2,y € X.

The notion of an abstract (Hoélderian) n-contraction reads as follows.

(85.6) DEFINITION. Let 7:(0,00) — [0,00) be an abstract comparison func-
tion. A multivalued function p: X — X with (closed) bounded values is called an
n-contraction if

dup(z), p(y)) < n(d(x,y)) forallz #y.

To guarantee suitable properties of 7n-contractions, we need to impose on 7
some additional restrictions. Below we quote typical requirements (holding for
positive ¢’s):

(a) n(t) <t,

(b) if t; < to then n(t1) < n(ta),
(¢) limsup,_,,+ n(r) < t,
(d) limsup,_,,n(r) <t,

)

(e) limy—,o0(r — n(r)) = 0.

C
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Recall that

limsupn(r) = inf sup n(r), limsupn(r) =inf sup n(r).
r—t 6>0 0<|r—t|<s r—t+ 6>0t<r<tts
The behaviour of 1 in 0 is not significant for our discussion (cf. [Xul]). Obviously,
(d) is stronger than (c). Let us also note that an upper semicontinuous function
with (a) satisfies (d) and a right continuous function with (a) satisfies (c).

(85.7) LEMMA. If n satisfies (b) and (c), then it satisfies (a) and (d), too.

PRrROOF. (b) A (c) = (a). Suppose (a) is not satisfied. Then 7(t) > t, for some
t > 0. By (c), there exists r > t such that n(r) < ¢. Thanks to (b),

n(t) =z t>n(r) =n(t),
a contradiction.
(b) A (¢) = (d). In view of the above property, we can use (a) and (b) to get

inf  sup n(r) <nt) <t
6>0 g (t—s,t) ( (

This together with (c) yields (d). O

Let n satisfy (d). Denote 7(t) := limsup,_,n(r), 7(t) := sup{7(r) | 7 < t}.
Obviously, 7j(t) < t, and 7 is nondecreasing (i.e. fulfills (b)). The following ob-
servation (cf. [Mt]) allows us to reduce the case of a nonmonotone comparison

function to a monotone one.

(85.8) LEMMA. If n satisfies (a) and (d), then its modification 1] satisfies (b)
and (d).

PROOF. We only need to check (d). By the hypothesis,

(85.8.1) there exists 6 > 0 such that  sup  n(r) < t.
re(t—46,t46)

Now, let us make the following estimates

(85.8.2) sup 7(r) =max{ sup T7(r), sup T(r)}
re(t—6,t44) re(0,t—4] re(t—46,t46)

<max{t—4¢, sup inf sup n(s)}
re(t—6,t+6) €0 se(r—e,r+e)

<max{t—4, sup 7q(r)}
re(t—46,t46)
where the last inequality uses the fact that, for any § > 0 and r € (¢t — 0,¢ + 9),
there exists ¢ > 0 such that (r —e,r +¢) C (¢t —6,¢+ J). The assertion follows
from (85.8.1) and (85.8.2). O
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(85.9) LEMMA. Let ¢: X — X be an n-contraction satisfying (b). Then

©(B(z,7)) C Opry4e(p())  for everyx € X, e >0,7>0.

PRrOOF. For ' € B(z,r), one has
du(p(a'), o(x)) < n(d(@',z)) <n(r) <n(r) +e.

Thus, p(z") C Oyry4e(@(x)). =

Although there exist Edelstein contractive maps without any reasonable com-
parison function, the situation changes if we assume compactness of the metric
space X. Then any Edelstein contractive map is just a weak contraction as fol-
lows from the following lemma (for single-valued maps, cf. Proposition A.4.5, p. 141
in [Wi-M]).

(85.10) LEMMA. Let ¢: X — X be FEdelstein contractive on a compact X.
Then ¢ is an n-contraction for n defined as

n(t) == sup{dm (p(), p(y)) | d(z,y) < t}.

This comparison function is continuous and satisfies all conditions (a)—(e).

PROOF. At first, observe that, by the compactness assumption, (e) is trivial.
Condition (b) follows immediately from definition, too. Moreover, (b) and (c)
imply, according to Lemma (85.7), (a) and (d). Therefore, we only need to check
that ¢ is indeed an n-contraction with (c). We have

du(p(20), p(yo)) < sup{du(p(z), ¢(y)) | d(z,y) < d(wo,y0)} = n(d(z0, y0))

which implies contractivity. To check (c), suppose the contrary. Then there exists
t < r, — t such that n(r,) > t. Since the supremum in the formula for 7 is
attained (dg(¢(-),@(+)) is continuous), we can find sequences {x,}52 1, {yn o2,
with n(r,) = dg(e(xn), o(yn)) and d(z,,yn) < . By compactness, we can
assume that z, — x, y, — y. Thus, t < n(r,) — dg(p(z), ¢(y)) and d(z,y) =
limy, 00 d(@n, yn) < t. Altogether, this leads to a contradiction, namely

t <du(p(r), (y) <d(z,y) <t O

Now, it will be convenient to define condensing maps w.r.t. a measure of non-
compactness (MNC).
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Let (X, d) be a metric space and B be the set of all bounded subsets of X. The
function a: B — [0, 00), where

a(B) :=inf{é > 0 | B admits a finite covering by the sets of diameter < 4}

is called the Kuratowski measure of noncompactness and the function +v: B —
[0, 00), where

m
v(B) :=inf{e > 0| B has a finite e-net} i.e. B C U B(z;,¢),
i=1
is called the Hausdorff measure of noncompactness. These MNC are related as
follows:
V(B) < a(B) < 2v(B)

Moreover, they satisfy the following properties (comp. Chapter I, Section 4):
(u1) p(B) = 0 if and only if B is compact,
(12) if By C Bg then u(B1) < u(Bs),
(us) u(B) = u(B),
() if {B;}32, is a decreasing sequence of nonempty closed sets B; € B with
lim; oo pu(B;) = 0, then ;2 B; # 0,
(u5) pu(B1U Bz) = max{u(B1), u(B2)},

where p denotes either a or 7.

(85.11) DEFINITION. Letting p := « or p := 7, a bounded mapping F: X D
U — X,ie F(B) € B, for any B > B C U, is then said to be u-condensing
(shortly, condensing) if p(F(B)) < u(B), whenever B> B C U and u(B) > 0 or,
equivalently, if u(F(B)) > u(B) implies u(B) = 0, whenever B> B C U.

Analogously, a bounded mapping F: X D U — X is said to be a k-set contrac-
tion w.r.t. p (shortly, a k-contraction or a set-contraction) if u(F(B)) < ku(B),
for some k € [0,1), whenever B> B C U.

Obviously, any set-contraction is condensing. Furthermore, compact maps or
(Nadler) contractions with compact values (in vector spaces, also their sum) are
well-known to be set-contractions, and so condensing. For more details, see e.g.
[AKPRS-M].

The following statement allows us to deduce condensity from n-contraction for
maps with compact values satisfying the above conditions (b) and (c), i.e. in
particular, from weak contractions in the sense of Definition (85.6).

(85.12) PROPOSITION. Let p: X —o X be ann-contraction with compact values,
and let the comparison function n satisfy (b) and (c). Then ¢ is p-condensing,
where i := « or i :=y (see Definition (85.11)).
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ProoF. Fixr > u(A) > 0and find a finite r-net {z;}; of A, i.e.|J, B(zi,r) D A.
Thus, by Lemma (85.9),

0(A) C | Je(B@i,r) €| JOnm+elo(ai).
Putting compact K = [J, ¢(x;), we have

U On(r)+a(§0(£i)) C On(r)—i—a (K) C U B(zj, 77(7“) + 25),

where {z;}; is a finite e-net for K. So, u(p(A)) < n(r) + 2. Since € and r were
arbitrary, we get

n(p(A)) < n(r) < p(A).
If u(A) =0, then p(p(A)) =0, because ¢ maps compacta onto compacta. O

In order to derive the existence of fractals for weak contractions from analogous
theorems for bounded condensing maps (see Theorem (85.21) below), one needs
to localize a bounded fractal. More precisely, we must ensure the existence of
a closed bounded subinvariant set (which contains all closed bounded invariant
sets. In fact, by contractivity, there is only one such invariant set). The following
Proposition (85.13) demonstrates that this holds almost automatically.

(85.13) PROPOSITION. Let p: X —o X be an n-contraction with (closed) bounded
values, and let the comparison function n satisfy (b), (c) and (). Then, for any
T € X, there exists ro such that

¢(B(z0,7)) C Blxo,7), for allr > rg.

PROOF. Take o such that ¢(xg) C B(zg,0). Fix € > 0 and, in view of prop-
erty (e), find r¢ such that r —n(r) > o + 2¢, for all » > ro. To r, we can assign
p > r such that n(p) < n(r) + ¢, which gives

r—n(p)>r—Mmr)+e)>c+2e—ec=0+e.
Now, we have

@(B(wo,7)) C 9(B(w0,p)) C Op(py+e(p(w0))
C Oy (p)+e(B(xo,0)) C B(zo,n(p) + 0 +¢) C B(xo, 1),

when applying Lemma (85.9) to the second inclusion. O



488 CHAPTER VII. RECENT RESULTS

Our primer interest are metric multivalued fractals. More precisely, we are
interested in the existence and the topological structure of sets of fractals for
systems of maps approximated by multivalued contractions.

Let X be a complete AR-space. For k > 1, let ¢; ,: X — X, i=1,...,n, be
contractions with Lipschitz constants L; ;, < 1. Consider the Hutchinson-Barnsley

operators

FK(X) = KX, Fi(4) = w4,

Then each F}' is a contraction with a Lipschitz constant Lj, = max;—1, .. n{Lix}.
Indeed, let dy(A,B) = D. Take any y € Ule ¢ik(A). Thus, for some i €
{1,...,n} and any ¢ > 0, there exist z € A and z € B such that y € ¢; x(z) and
d(z,z) < D+ 4. This implies that

and so y € OLk(DJr(;)(Uf:l ¢i k(B)). Similarly, we can prove that

k k
U ¢ik(B) C OL,(D+s) ( U <Pi,k(A)>-

i=1

Since § was arbitrary, we obtain that
dp (Fi (A), Fi(B)) < Lrdu(A, B).

Below we study the topological structure of the set of fractals (invariant sets
of the Hutchinson—Barnsley map F' or fixed-points of the Hutchinson-Barnsley
operator F*) for maps being approximated by contractions. In particular, nonex-
pansive maps can be considered with this respect.

We need the following

(85.14) DEFINITION. We say that a family of maps {¢;: X — X} | satisfies
the Palais—Smale condition (shortly PS-condition) if each ¢; maps compact sets
onto compact sets and, for the Hutchinson—Barnsley operator F*, one has:
(85.14.1) if {Ar} C K(X) is a sequence with dp (A, F*(Ag)) — 0, then {Ay} has

a subsequence convergent w.r.t. dy.

The following result is important because of possible applications. Moreover, it
relates to one of classes of maps satisfying the PS-condition.

(85.15) PROPOSITION. Let X be a metric space and let {¢;: X — X}, be
a family of compact u.s.c. maps with compact values. Then the family {;}1
satisfies the PS-condition.

PROOF. Take any sequence {4} C K(X). Let K C X be a compact set such
that ¢;(X) C K, for every i € {1,...,n}. Since K(K) C K(X) is a compact
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subspace and F*(A4;) € K(K), for every k > 1 (see e.g. [AnGo-M]), one can
choose a convergent subsequence F*(Ay,) — A € K(K). Using our assumption,
one obtains Ay, — A. O

Now, we are in a position to prove the main result of this subsection.

(85.16) THEOREM. Let X be a complete absolute retract and let maps p;: X —o
X,1=1,...,n, be approzimated by multivalued contractions @;: X — X, i =
1,...,n, k> 1, in the following way:

(o). (o) < min { (1= L)}

for everyi=1,...,n and k>1, and some constant ¢ (here Ly =max;=1, .. n{Lik},
where L; i, is a contraction rate for ¢; ). Let F* be the Hutchinson—Barnsley
operator for {1, ..., pn} and assume that {1, ..., pn} satisfies the PS-condition.
Then Fix F* is an Rs-set, i.e. it is an intersection of compact contractible sets.

PROOF. Since X is an AR-space, it is contractible. Therefore, there is a mul-
tivalued homotopy Hy: X X [0,1] —o X such that

Hy(+,0)=idx and Hi(-,1)=|Jeinr(-).
=1

This induces a homotopy in the hyperspace (K(X), dg), H;: KK(X)x[0,1] — K(X),
which joins idxx) with F;.

Since (X, d) is complete, so is (K(X),dp). Thus, there is a unique fixed-point
A of Fy, according to the Banach principle.

Consider the set

Ap = {A € K(X) | du(A, FE(A)) < min{%, o1 — Lk)}.

Since F} and the distance function dg are continuous, one has

Ay = (dH(-,FE(-)))‘lqo’min{%’c(l _L’“)}D

and so, the set Ay is closed. We show that it is also contractible. Observe that,
for every A € Ay,

drr(A, A7) < dir (A, F{(A)) + di (F (A), Fy(AD) + dar(F7 (A7), A7)

1
< min { (1 = L)} + Ludn(4, A7),
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and subsequently

. 1 (1
di (A, Af) < T I mln{E,c(l—Lk)} <ec

— Lk

Hence, A}, is bounded. Moreover, A} € Aj,.
Let A € Ay. Then

n((FE ) FE(A) < Dd(F{ (), ) < min {1 - L),

where F,:f2 denotes the second iterate of F}!. Thus, F;"™(A) € Ay, for any m > 0.

We know that, by the Banach algorithm, A} = lim,, . F}}™(A), for every A €

K(X). This allows us to construct the homotopy x: Ag x [0,1] — Ay,
Hi(Fr™(A), (m+1)(m+2)t —m(m +2))

+1
At) = h m <t<m_
x(A, 1) whenever ——— <t < —— -,

Ay fort=1.

This homotopy deforms Ay, onto Aj.
Notice that, if A = F*(A), then

(A, FE(4) = di (P (A). Fp(4) < min { 1.1 = L)}

for every k > 1. So, A € Ay and, consequently, Fix F** C Ay.
We prove the nonemptiness of Fix F*. One has

(85.16.1) A (Ay, F*(A})) = du(F (A), F* (A7) <

el e

In view of the PS-condition, there is a subsequence AZZ convergent to A*. Because
of continuity of F'*, one obtains F*(Aj,) — F*(A*). On the other hand, (85.16.1)
gives F*(Af,) — A", so A* = F*(A*).

It is also easy to prove that Fix F'* is compact. To do this, take a sequence
{Ar} C Fix F*, i.e. dy(Ag, F*(Ag))(= 0) — 0, so by the PS-condition, there is a
convergent subsequence.

Now, we show that

e for every open neighbourhood U of Fix F* in K(X), one can find kg > 1
such that Ay C U, for every k > kg.
Indeed, otherwise, there is Ay, € Ay, with Ay, ¢ U, k; — co. By the definition
Of Akl,

dH(Ak’z’F*(Akl))< < k;%) — 0.
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Applying the PS-condition, one obtains (up to a subsequence)
Ay, - A=F*(A) e Fix F*.

But this is impossible, because K(X)\U 3 A, — A € K(X)\U.

Since Fix F* C Ak, k > 1, we have that Fix F'* = Lim A, where Lim Ay
denotes the topological limit of {Ay}. By the variant of the Browder—-Gupta
lemma (cf. Chapter VI, Section 69 or [AnGo-M, Chapter I1.1]), we conclude that
Fix F* is an Rgs-set. U

(85.17) REMARK. One can readily check that the mapping ¢(z) = [0,z], x €
[0, 1], is nonexpansive, and satisfying the assumptions of Theorem (85.16), but not
a weak contraction in the sense of Definition (85.5). The domain [0, 1] is obviously
the maximal compact invariant set of ¢. The whole family {[0,z] | z € [0,1]}
of compact invariant sets of ¢, guaranteed by Theorem (85.16), is much richer,
namely an Rgs-set.

Let us start this subsection with a simple observation that although the gen-
eralized Lefschetz number A(p) of a (single-valued, continuous) endomorphism
p: A — A, homotopic to id|4 on an annulus A (€ ANR) equals zero, because
A(p) = A(id A) = x(A) = 0, for the one of the induced endomorphism ¢*: K(A4) —
K(A), we have that A(¢*) = A(id |c(a)) = x(K(A)) = 1, because KL(A) € AR),
where x(-) stands for the Euler—Poincaré characteristic. Subsequently, although
© need not admit a fixed-point (if, for instance, ¢ # id A mod 27 is a rotation,
then ¢ is apparently fixed-point free), there must always be a fixed-point of ¢* in
K(A).

Furthermore, if ¢: X — X is a (multivalued) map and A C X is a nonempty
subset such that A C ¢(A), then it follows on the basis of the Knaster—Tarski
fixed-point theorem (see Section 84) that there exists an invariant set A* C X
w.r.t. ¢, i.e. A* = ¢(A*). On the other hand, in spite of the existence of a fixed-
point of an u.s.c. map with compact, convex values ¢:R — R such that e.g.
[0,1] C ([0, 1]) (see Lemma 9.9 from Chapter I11.9 in [AnGo-M]), for n > 1, there
need not exist a fixed-point for a continuous (single-valued) function f:R"™ — R™
such that [0,1]™ C f(]0, 1]™).

These simple examples demonstrate that fractals can also exist on sets without
fixed-points. On the other hand, we must prove

(i) either the existence of fixed-points in the given hyperspace (K(X),dn),
(ii) or the existence of compact invariant sets in the original space (X, d).

Here, we will concentrate on the second approach. A bit surprisingly, from the
point of view of the sole existence of fractals, this approach appears to be the most
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efficient of all. This is due to the application of the special case of the Knaster—

Tarski fixed-point theorem, which can be schematically expressed for quasi-compact
maps (i.e. F*: K(X) — K(X)) as follows:

3 subinvariant set 3 invariant set
A, € K(X) o A* € K(X)
wrt. F: X —o X | T wrt. F: X — X
(i.e. FI(AL) C Ay) (i.e. F(A*) =A%)

|
|

3 fixed-point A* € K£(X)
JA, € K(X):
o m — == of F*:K(X) — K(X)
A= U F™(AL)

(ie. F*(A*) = A¥)

(85.18) REMARK. Observe that, besides satisfying the assumption F(A,) C
A, € K(X), the quasi-compact mapping F:—o X can be quite arbitrary, be-
cause the induced map F*: K(X) — K(X), as any other map, always fulfils the
monotonicity (isotonicity) condition: if Ay < As then F*(A;) < F*(As), for all
Ay, Az € K(X), provided (as in our case) A; < Az in K£(X) if and only if Ay C A
in X. The general version of the Knaster—Tarski theorem (cf. [DG-M, p. 25])
namely holds for monotone (isotone) maps on partially ordered sets whose chains
have an infimum (again trivially satisfied here). Moreover, the implied invariant
set A* € K(X) is minimal, i.e. if B* C A* then B* = A*, for every invariant set
B* € K(X) wrt. F: X — X. Actually, one can easily check that there are no

other minimal subinvariant sets, but minimal invariant sets.

(85.19) REMARK. As a nontrivial example of quasi-compact maps, we can
mention the class of u.s.c. maps with compact values (see e.g. [AnGo-M)). If, in
particular, F: X —o X is a compact u.s.c. map, then its center (core) () -_; F™(X)
can be verified to be a nonempty, compact (see [Gol-M, p. 25]), subinvariant subset
of X w.r.t. F, because

F( N Fm(X)> c () FFE™X) = () F"HX) =[] F™(X).
Thus, taking
KX)sA.= () F*X) = U F@),

m=1zxeX
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where {¢;: X — X, i = 1,...,n} is a system of compact u.s.c. maps, and sub-
sequently so is F(z):|J;_, pi(z), € X, the Knaster-Tarski theorem implies the
existence of a minimal fractal for the system {¢;: X — X, i =1,...,n}.

Hence, for the application of the above scheme, it is enough to prove the ex-
istence of a compact subinvariant set A, C X of the quasi-compact Hutchinson—
Barnsley map F: X — X, F(z) :=;_, pi(z), = € X. We will do it for a rather
general system of condensing multivalued functions. For the definition, based on
the notion of measure of noncompactness (MNC) with the important properties
(k1) ~(5)-

One can readily check that if F': X — X is condensing, then F' is quasi-compact.
Hence, considering the Hutchinson—Barnsley map

where {p;: X — X, i =1,...,n} is a system of condensing maps, and the induced
Hutchinson-Barnsley operator

F*(A) := U F(z), AcK(X),

r€A

F becomes quasi-compact, as required, because (cf. (us5))

0= () > max {ur () = e Uoil)) = n(F (), for A€ KCY)
i=1
and subsequently (cf. (u1)) F*(A) = F(A4) € K(X).
The following lemma is a slight (multivalued) modification of Lemma 1.6.11
in [AKPRS-M].

(85.20) LEMMA. Let (X,d) be a complete metric space, F: X — X be a con-
densing map such that F(X) is bounded, and F*:B — B be the corresponding
Hutchinson—Barnsley operator on the family of bounded sets B, i.e. F*(B) = m,
for B e B. Then

lim p(F*™(X)) =0.
m—0o0

ProoOF. We will prove this lemma only for u := -, because for y := « the proof
will follow from the relation y(B) < a(B) < 2vy(B).

Hence, denoting the bounded set (by the hypothesis) @ := F(X) = F*(X) and
R, := F*™(Q), we have R,, C Q. Defining

o0
Y= {A = U A ‘ A,, is a finite subset of Rm}
m=1
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and applying Lemma 1.6.10 in [AKPRS-M], there exists As € 3 such that v(A,) =
sup gex Y(A), 1e. As =Un—y Ams-

Furthermore, denoting Ry := @, we can associate, with each x € A,, s C R, =
F*(Rpm-1), Yo € F*™1(Q) = Ry,—1 such that z € F*({y,}). Taking

o0
Bpo1:={y. |z € A s}, B:= U B €%,
m=1

we obtain y(B) < v(As). Moreover,

o

F*(B) :F*< U Bm> D) G F*(Bm) D) G Am+1,s = G Am,sa
m=1 m=1 m=2

m=1

thanks to the inclusion

F*(Bm) ) U F*({ya:}) i) Am—i—l,sa

3feAAm,-}—s,s

and subsequently
~(F*(B)) > 7< U Am,s> =7(4s) = v(B).
m=2

In view of y-condensity of F, we arrive at y(A4s) = v(B) = 0, because B is
bounded, and since X is complete, B is compact. After all, u(A) = 0, for all
Ae k.

The limit

lim (F*™(Q)) = lim A(F*™(X))

m—0oQ0 m—0o0
exists, because it is related to a nonincreasing sequence bounded from below.

Assume, on the contrary, that it is positive. Then there exists g > 0 such that
Y(F*™(Q)) > eo. Choose z1 € F*(Q) and select xo € F*%(Q) with d(z1,x2) > 0.
Proceeding inductively, we get an infinite sequence {2, }5°_;, ©m € F*™(Q), such
that d(zg,x;) > e, for k # 1.

Having namely {zy | kK = 1,...,m}, we can find x,,41 € F*™(Q) with
dist(zny1, {x1, 22, ..., Tm}) > €o; otherwise, {zy | k =1,...,m} would determine
a finite gg-net for F*™H1(Q).

On the other hand, the set A := {z,, | m = 1,2,...} belongs to %, and
so Y{zm | m = 1,2,...}) = 0. Thus, {z,}3_; must contain a convergent
subsequence. By the separation property of this sequence, due to its construction,
it is impossible which completes the proof. O

We are ready to give the main existence result of this part.
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(85.21) THEOREM. Let (X,d) be a complete metric space and let {p;: X — X,
i =1,...,n} be a system of condensing maps such that @;(X) is bounded, for
every i = 1,...,n. Then there exists a minimal, nonempty, compact, invariant
set A* C X w.r.t. the Hutchinson—Barnsley map

F(z):= U pi(z), z€X,

i.e. a minimal fractal A* € K(X) with F*(A*) = A*, where

Fr(A):= ] F(z), AeKk(X),

r€A

1s the Hutchinson—Barnsley operator.
PROOF. Because of (us), F': X — X is condensing and since F*(A) = F(A),
for every A € K(X), it is also quasi-compact, i.e. F*: K(X) — K(X), as pointed
out above. Thus, the particular form (see the above scheme) of the Knaster—Tarski

theorem can be applied here. For this, we need a subinvariant A, € K(X) w.r.t. F.
Since, for

A:=F(X)eB, {Fo...oF(A)}X_,
———
m-times

becomes a decreasing sequence of nonempty, closed sets with (see Lemma (85.20))

m-times
we get (cf. (ug)) that
A, = ﬂ Fo...oF(A)#0.
m=1

m-times

|

The nonempty center (core) A, can be verified to be compact by means of the
well-known Kuratowski theorem. It also satisfies the inclusion

F(ﬁlfo...om> cﬁlF<Fo...oW>

m-times m-times

(85.21.1)  F(A)

FO...OW:

Fo...oF(A) = A..

1 ;
(m+1)-times m-times

I
DY
DY

Thus, applying the Knaster—Tarski theorem (see the above scheme), there exists
a minimal fixed-point A* € K(X) of the Hutchinson-Barnsley operator F*: K(X)
— K(X). O



496 CHAPTER VII. RECENT RESULTS

A more transparent proof of Lemma (85.20) can be done for a system of set-
contractions in a complete metric space X.

Hence, consider a system {p;: X — X, i =1,...,n} of k;-set contractions ¢,
i.e.

w(pi(B)) < kiyu(B), for all B € B,

where k; € [0,1), ¢ = 1,...,n, and assume that ¢;(X) is bounded, for every
i = 1,...,n. For the associated Hutchinson—Barnsley map F: X — X, we get
immediately that FI(X) C X, F(X) € B, and (cf. (u1), (us)),

W(F(B)) = u(F(B)) < ku(B) = ku(B), for all B € B,

where 1 > k = max{ky, ..., kn}, and subsequently
w(Fo...oF(B)) <k"u(B)=k™u(B), forall B¢€B.
—_———
m-times
Therefore,
0< lim pu(Fo...0c F(B)) < u(B) lim k™ =0.
m—0oQ0 %,—/ m—0o0
m-times

(85.22) COROLLARY. Let X be a complete metric space and {p;: X — X, i =
1,...,n} be a system of set-contractions such that ¢;(X) is bounded, for every
t=1,...,n. Then there exists a minimal fractal A* € K(X) with F*(A*) = A*
or, equivalently, with F(A*) = A*.

(85.23) REMARK. One can readily check that since } # A* € K(X) is evidently
a minimal subinvariant set, it must be an invariant set w.r.t. I (see Remark (85.8)),

ie. A*:= A, = F(A,). In other words,

F(ﬁlfo...om> :ﬁlfo...om

(m+1)-times (m+2)-times

holds in (85.21.1), and subsequently the minimal fractal in Theorem (85.21) or
Corollary (85.22) takes the form

oo
(85.23.1) A*:= (| Fo...0F(4).
— %/_/

m=1 m-times

The assumption in Theorem (85.21) that ¢;(X) is, for every i = 1,...,n,
bounded might be sometimes rather restrictive (cf. Theorem (85.1) or Theo-
rem (85.16)). Therefore, one can alternatively assume e.g. that ¢; are l.s.c. and
such that the related Hutchinson—Barnsley map F' has a compact attractor for
related orbits starting at some point zy € X.
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(85.24) COROLLARY. Let {p;: X — X, i = 1,...,n} be a system of ls.c.
maps and suppose that there exists a compact set K C X of a complete space X
attracting, for some xo € X, the orbit {F™(x9)}5_; of the related Hutchinson—
Barnsley map F(z) =J;_, ¢i(x), i.e.

for all e > 0 there exists | such that F™(x¢) C B(K,¢) for allm >1

or equivalently, e(F™(xg), K) — 0, when m — oo. Then the omega-limit set
w(zo) = Ny Ursm F¥(xo) is a nonempty, compact subinvariant set. Moreover,
there exists a minimal compact invariant set of the Hutchinson—Barnsley map F.

PROOF. For the subinvariance of w(zg) observe that

F<ﬂ U Fk(x0)> - QF<U Fk(x0)>

m k>m k>m
CﬂF<kU F’“(xo)> C (ﬂk U Fk(lfo)),
m :>m m k>m+41

and realize that F' becomes l.s.c. too. The middle inclusion above is due to the
fact that a multifunction F is Ls.c. if and only if F(A) C F(A), for all A C X.
Since w(zg) = Ls F¥(x¢) (the upper Kuratowski topological limit), we have that
w(zp) C K is nonempty and compact. Thus, F(w(xg)) must be compact, too. It
follows immediately from the Knaster—Tarski theorem that F admits a minimal

compact invariant set. U

Another possibility is to assume e.g. that ¢; are u.s.c. locally compact maps
such that the related Hutchinson—Barnsley map has a compact attractor.

(85.25) COROLLARY. Let {¢;: X — X, i = 1,...,n} be a system of lo-
cally compact u.s.c. maps such that the related Hutchinson—Barnsley map F(x) =
U, ¢i(z) has a compact attractor K C X, i.e.

for alle > 0 and all x € X there exists | = [, such that
F"(x) C B(K,e¢) for allm > 1.

Then there exists a minimal compact invariant set of the Hutchinson—Barnsley
map F.

PROOF. It can be proved exactly as in Lemma 5.11 in [AnGo-M, Chapter 1.5,
pp. 75-76] that a subset U C X w.r.t. F exists such that F(U) C U, where F(U) is
compact. Therefore, applying the Knaster—Tarski theorem, there exists a minimal
compact invariant set of F'. O
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(85.26) COROLLARY. Let X be complete and {p;: X — X,i =1,...,n} be
a system of weak contractions with compact values. Then there exists a unique
compact invariant set of the Hutchinson—Barnsley map F. If X is still compact,
then, for the same conclusion, the system can consist of Edelstein contractive maps.

We finish this subsection by two examples illustrating the disadvantage of using
only condensing maps.

(85.27) EXAMPLE (Noncondensing Nadler contraction). Let X be an infi-
nite dimensional Banach space. Define multivalued constant map ¢: X — X
as ¢(x) = D(0, 1), i.e. a closed unit ball. Then ¢ is a multivalued contraction with
closed bounded values (and an arbitrarily small Lipschitz constant), but it is not
condensing (it sends a singleton onto the noncompact set). The unique invariant
set is A* = D(0,1) (there are no unbounded invariant sets).

(85.28) ExAMPLE (Noncondensing Edelstein contractivity). Let e1, ez, es, . ..
be an orthonormal base in 2 and X = D(0,1) be the unit closed ball at 0. The
(single-valued) function f: X — X is defined for z =Y ;2 A e; by

0 =3 (1-25) v

i=1

This is bounded and shrinks distances:

1 1
.28.1 E 1-— ii_E 1-— e
(85.28.1) Hi ( i+1>Ae - ( i+1>Ae

- Z 1_L 2()\._)\,/)2+ 1— 1 2()\, — )2
i+1) io+1) T

N = A2+ (i = Xip")? = H Z)‘iei - Z)‘i/ei

A

)

i£io

for v # a', 2 =%, Nies, @/ = Y, A\i'e;. The inequality (85.28.1) holds because if
x # 2, then A\, —\;,” # 0, for some ip. The unique invariant set is A* = {0} (there
is no uniform attractor in the sense of definition given in [Les]). The function f
is neither condensing nor an n-contraction (for any “reasonable” 7)), because the
sphere is attracted arbitrarily “slowly”: ||f(en)—f(0)|| =1—-1/(n+ 1) — 1, when

n — 0.

As we shall see, it is not difficult to formulate a continuation principle for frac-
tals. Tt might allow us to employ some properties (like localization or additivity)
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of the related indices. On the other hand, there are some obstructions in its
nontrivial application.
Let X € HANR and let

n

Fy(z) = U vi(z,A), zeX, Ael0,1],

i=1

be a one-parameter family of Hutchinson—Barnsley maps, where ¢;: X x[0,1] — X,
i =1,...,n, are Hausdorff-continuous compact maps. Then we have the induced
Hutchinson—Barnsley operators F: K(X) — K(X),

F{(A) == ] Fa(z), AeK(X), A€0,1],
T€A

and Fy becomes a compact (continuous) homotopy.

Thus, we can associate with Fy the generalized Lefschetz number A(FY) € Z
as well as the fixed-point index ind (Fy,U) € Z, for every open set U C KC(X)
such that Fix(Fy) N oU = 0 (for more details, see e.g. [Brl-M] or [DG-M]). If
A(FY) # 0, for some A € [0, 1], we get a fixed-point A* of Fy (i.e. F}(A*) = A"),
for such a A € [0, 1]. Below, we analyze the properties of fixed-points.

At first, using the fixed-point index and the Nielsen equivalence relation in
Fix(FY ), we can distinguish between essential and inessential classes of fixed-points
of F¥; i.e. the class C' C Fix(Fy) (which can be checked to be isolated and compact)
is essential if ind (F},U) # 0, for an open set U C K(X) with U NFix(Fy) = C.
Note that if A(FY) # 0, then at least one of the Nielsen classes is essential.

(85.29) DEFINITION. We call a multivalued fractal A* of the multifunction
system {p;(z,A),i=1,...,n}, for a given A € [0, 1], homotopically essential if A*
belongs to some essential Nielsen class for FY.

Because of the invariance under homotopy of the generalized Lefschetz number
A(FY) (see [Brl-M]), we are in a position to formulate the following first continu-
ation principle for (multivalued) fractals.

(85.30) THEOREM. Let X € HANR and {¢;: X x [0,1] — X, i =1,...,n} be
a system of Hausdorff-continuous compact maps. Then an essential fractal exists
for the system {p;(-,0): X — X, i =1,...,n} if and only if the same is true for
{oi(,1): X =X, i=1,...,n}.

(85.31) REMARK. Because of

(85.31.1) K(X) € ANR,
(85.31.2) the well-defined A(FY),
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and the fixed-point set Fix(Fy) being compact, we can even associate another
invariant under homotopy, namely the Nielsen number N(FY), allowing us to
make a lower estimate of the number of fractals for the system {¢;: X x [0,1] —
X, i=1,...,n}.

An interesting information can be obtained if we use the following notion of es-
sentiality introduced by M. K. Fort in [For].

(85.32) DEFINITION. We say that a multivalued fractal A* = FJ(A*), for
a given A, is topologically essential if, for every € > 0, there exists § > 0 such
that G*: K(X) — K(X) has a fixed-point B* with dy(A*, B*) < e, for any G*
satisfying p(Fy,G*) < 0.

Here, p(F5,G*) :=sup{dn (F3(A),G*(A) | A€ K(X)}.
Following the Granas characterization of essentiality (see [DG-M]) by the fixed-
point index, we obtain

(85.33) PROPOSITION. Let X € HANR and {¢;: X x[0,1] = X, i=1,...,n}
be a system of Hausdorff-continuous locally compact maps. Assume that A* is an
isolated multivalued fractal, for some FY , Ao € [0,1], and ind (FY , A*) # 0, where
we define

ind (Fy , A") := }1_{% ind (Fy,, B(A",9)),

using the localization property of the fixed-point index. Then A* is topologically
essential. In particular, for every € > 0, there is an open neighbourhood J C [0, 1]
of Ao such that each F5, X € J, has a fized-point in B(A*,e) C K(X).

PROOF. Since the maps ¢; are locally compact and A* is compact, the index
ind (FY , A*) is well-defined. By the Granas characterization, it follows that A*
is topologically essential. Let € > 0 be arbitrary. The Hausdorff-continuity of ¢;

implies that p(F} ,FY) is sufficiently small (as in the definition of topological

essentiality with tﬁe given ¢), for each A close to Ag. This completes the proof. [J

Obviously, if X € HAR, then X € HANR. The nontrivial example of X to be
an HANR is that X is a locally connected metric space and to be an HAR is that
X is a connected and locally connected metric space.

Thus, in order to have X € HANR, but XN ¢ HAR, rather strong restrictions
seem to be imposed on X like local connectedness, but disconnectedness of X.

Since, for any continuum X, K(X) is contractible (see [AFGL] and references
therein) w.r.t. any ANR-space, if (X) is not contractible (in itself), then K(X)
cannot be an ANR-space.

(85.34) EXAMPLE. A simple example of a continuum X such that K£(X) is not
locally contractible looks as in Figure below:
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FIGURE 10. Continuum X such that K(X) is noncontractible

Since K(X) is not locally contractible, it cannot be an ANR-space.

Hence, for a continuum X, in order to have X € HANR, we must ask K(X)
to be contractible. However, according to the Borsuk Theorem 9.1 in [Bo-M,
p. 96], contractible ANR-spaces are exactly the same as AR-spaces. Therefore, for
continua X, it has no meaning to ask X € HANR, but X ¢ HAR.

Let us emphasize that this is also related to nonlocally connected continua; for
locally connected continua (i.e. for Peano’s continua) X, we have always, according
to the Arens—Eells embedding theorem that X € HAR.

As a consequence, we have only one possibility for a compact X such that
X € HANR, but X € HAR, namely to be disconnected. It is a question whether
or not the same is true for a noncompact X.

From the point of view of applications, it is important to have at least simple
examples of such a situation.

For this, we need two following lemmas

(85.35) LEMMA. Let X be a (metric) ANR-space. Then the hyperspaces Ky (X)
={A4 € K(X) | cardA < k} of all nonempty, compact subsets of X consisting of at
most k points, where k € NU{oo} (for k = oo, we define Koo(X) = Upen Ki (X)),
are also ANR-spaces. In particular, if X € AR, then Ki(X) € AR, for every
ke NU{oo}.

(85.36) EXAMPLE. As a trivial example of such a space, we have X = {z; €
R | i = 1,2} € HANR, because K(X) = Ko(X) = {{x1},{z2}, X}. Thus, if
F(z):={fi(z)} U{f2(x)}, x € X, where fi(z1) = za, fi(x2) = z1, and fa(z1) =
z1, fa(w2) = @2, then F*({z1}) = {fi(z1)} U{fa(21)} = X, F*(x2) = {fr(22)} U
{fe(z2)} = X, F*(X) = fi({z1,22})U fa({z1,22}) = X. Therefore, X is a fractal
of the system {f1(z), fa(x)}.
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(85.37) LEMMA. If X is a locally continuum-connected, i.e. every point has
a basis of meighbourhoods such that every two points of each can be joined by
a continuum inside, (a connected and locally continuum-connected) metric space,
then C(X) € ANR (K(X) € AR).

(85.38) EXAMPLE. Let this time X be a union of two disjoint compact in-
tervals, iie. X = 1 UL, I; C R D I, I; Ul = (. Obviously, we have that
X € ANR and Ki(X) € K(X), for every k € NU {oo}. Thus, Lemma (85.35)
implies that K (X) € ANR and Lemma (85.37) implies that X € HANR. Taking
Fx(x) := o1(z, \) Upa(x,N), z € X, where @1 and @9 are Hausdorff-continuous
(= compact) maps such that ¢1(I; x [0,1]) C Iz, ¢v1(J2 x [0,1]) C I;, and
wa(Iy x [0,1]) C I, p2(I2 x [0,1]) C I, we get (see [AF1]) that FY defined
by FY(A) = Uyea Fr(z), A € K(X), X € [0,1], is a compact (continuous) self-
map, i.e. F¥:K(X) x [0,1] — K(X). Therefore, the generalized Lefschetz number
A(FY) is well-defined (see e.g. [Br1-M]), for every A € [0, 1], and if A(F{) # 0 (for
A = 0), then according to Theorem (85.30) there exists a homotopically essential
(multivalued) fractal for the system {¢;: (-,1): X — X, i = 1,2}. If, in particu-
lar, o1(-,0)(f1) = {z2} C Iz, p1(+,0)(L2) = {21} C L1, ¢2(-,0)([1) = {=1} C I,
w2(+,0)(I2) = {x2} C I3, then Fy(X) = {z1,22} and, as in Example (85.36),
we can see that Fi({z1,z2}) = {z1,22}, i.e. {z1,22} is a fractal of the system
{¢1(2,0), p2(x,0)}. Moreover, since Fj(A) = {x1,22}, for every A € K(X),
i.e. FJ is constant in (X)), we have that A(Fj) = 1 (see e.g. [Brl-M]), as re-
quired. Taking @;(z, A), A € [0,1], 4 = 1,2, as above, where ¢1 (I3 x {0}) = {z2},
e1(l2 x {0}) = {z1}, w2(L1 x {0}) = {z1}, p2(I2 x {0}) = {z2}, there exists
a (multivalued) fractal of the system {¢1(x,1), @2(z,1)}.

The computation of the generalized Lefschetz number or (when we restrict our-
selves only to open subsets of I(X) € ANR) of the fixed-point index in hyperspaces
is a very delicate problem. Some possibilities are indicated in the paper [RPS].
Before we show them, several notions which are typical in the frame of the Conley
index theory, must be recalled.

Hence, defining the (semi)invariant partsof N C U, where U is locally compact,
wrt. F: X DU — X as

Invt (N, F):={x € N |o(i +1) € F(co(3)), for all i € NU {0},
where 0: NU {0} — N is a single-valued map with ¢(0) = z},
Inv=(N,F):={x e N|o(i+1) € F(o(3)), foralli € Z\N,
where 0: Z\ N — N is a single-valued map with o(0) = z},
Inv(N, F) :==Inv" (N, F)NInv_ (N, F),

we say that a compact invariant set K C U (i.e. F(K) = K) is isolated w.r.t. F if
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there exists a compact neighbourhood N of K such that
OdiamNF(InV(N, F)) C int K,

where

diamy F := sup{diam F'(z)},
zEN

or, equivalently,
dist(Inv(N, F'), ON) > diampy F,

where ON stands for the boundary of N. The neighbourhood N is then called an
1solating neighbourhood of K.

Let F: X DU — X be a (locally defined) compact Hausdorff-continuous map
with compact values. A compact isolated invariant set K C U is said to be an
attractor if there exists an open neighbourhood Uy C U of K such that

(i) F™(Up)=Fo...0 F(Uy) C U, for every m € N,

m-times

(ii) for every open neighbourhood V of K, there is m(V) € Z such that
F™(Uy) CV, for all n > m(V).

We have proved in [AGFL] that F: X D U — X induces in a natural way the
compact (continuous) single-valued map F* in the hyperspace (K(X),dg), i.e.
F*|iw): K(U) — K(X). Hence, let K C U be a compact isolated invariant set
and N be an isolating neighbourhood of K. Considering an open set W such that
K C W C N, we have defined a locally compact (continuous) single-valued map
F*lcw)y: K(W) — K(X). Since Fix(F*|xmwy) C K(K), the set of fixed-points
of F*|ic(w) is a compact subset of K(K). Moreover, if X € HANR (e.g. a locally
continuum-connected metric space, see Lemma (85.37)), then (W) is obviously
an open subset of the ANR-space K(X)), and so the fized-point index

ind (F*|cw), K(W)) € Z

of F*|icw): K(W) — K(X) in (W) is well-defined (see e.g. [Brl-M]).
Following [RPS], we can also define the Conley-type (integer-valued) index
Ix (K, F) of the pair (K, F') just by identifying

Ix(K,F) = lnd(F*|K(W),K(W))

(85.39) REMARK. Because of the definition, the Conley-type index has all
usual properties like a standard fixed-point index, namely the existence (Wazew-
ski’s property), homotopy, additivity, localization (excision), contraction (restric-
tion), multiplicity and normalization properties. In particular, the additivity prop-
erty reads as follows (see [RPS]):

IX(K?F):IX(Kl?F)+IX(K2?F)+IX(K1?F)'IX(KQ?F)a
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where K is a compact isolated invariant set which is a disjoint union of two compact
isolated invariant sets K; and Ko, i.e. K = K; U Ky, K; N Ko = (). Moreover, it
follows from the excision property of the related fixed-point index that Ix (K, F')
depends neither on the choice of the isolating neighbourhood N of K, nor on the
open set W.

Theorem (85.30) can be therefore improved in terms of the Conley-type indices
as follows.

(85.40) THEOREM. Let X € HANR (e.g. X be a locally continuum-connected
metric space (see Lemma (85.37))) and {p;: X x [0,1] D U x [0,1] — X, i =
1,...,n} be a system of Hausdorff-continuous compact maps. Assume that N C
U, where U C X is locally compact, is an isolating neighbourhood which is common
for all the Hutchinson—Barnsley maps

(85.40.1) Fy(x) := CJ iz, N), forzelU, XAe|0,1].

i=1

Then an essential fractal Ko C N (i.e. Ix (Ko, Fy) # 0) exists for the system
{0i(+,0: X DU — X, i =1,...,n} if and only if an essential fractal K1 C N
(i.e. Ix (K1, F1) #0) exists for the system {@;(-,1): X DU — X, i=1,...,n}.
Moreover, Ix (Ko, Fo) = Ix(Inv(N, Fy), Fo) = Ix (K1, F1) = Ix(Inv(N, F1), F1).

Let us formulate the following lemma (see [AFGL]):

(85.41) LEMMA. Let X be a locally continuum-connected metric space (see
Lemma (85.37)) and let F:U — X, where U C X is locally compact, be a Haus-
dorff-continuous compact map. Let K be a compact isolated invariant set w.r.t. F
which is a disjoint union of p € N connected attractors. Then Ix (K, F) = 2P~1.

Applying Lemma (85.41) to Theorem (85.40), we immediately obtain

(85.42) COROLLARY. Let X be a locally continuum-connected metric space and
{pi: X x[0,1] DU x%[0,1] = X, i=1,...,n} be a system of Hausdorff-continuous
locally compact maps. Assume that N C U, where U C X is locally compact, is an
1solating neighbourhood which is common for all the Hutchinson—Barnsley maps
(85.40.1), i.e. for every A € [0,1]. Let Ko be a compact isolated invariant set
w.r.t. Fo(z) := U, vi(z,0),z € U, which is a disjoint union of p € N connected
attractors. Then, for the system {@; : (+,1): X DU — X, i =1,...,n}, there
exists an (essential) fractal K1 C N such that Ix(Ki, Fy) = 2P~1, where Fy(z) :=
U?:l <Pz'(l‘, 1)} rel.

It was shown that we can sometimes obtain more information about the set
of (multivalued) fractals, namely that we can recognize its topological structure.
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The employed method there has been based on the Browder—Gupta type result
(comp. Chapter VI). Now, we propose the second technique which uses inverse
systems and multivalued inverse systems.

Here, we start with suitable definitions and preliminary results (comp. Chap-
ter I).

Let 3 be a set ordered by the relation <, and, for every a € 3, let X, be
a metric space (or, more generally, a Hausdorff space).

Assume that, for each o, 08 € X, a < (3, there is a multivalued u.s.c. map
7 X 3 —o X, with nonempty, compact values such that

(85.42.1) 7% =idx,, for every a € X;
(85.42.2) ﬂgﬂ'g =), for every o, 8,7 € X, a < <.

Then the family

(85.42.3) S = {Xa, 72, %}

is called a multivalued inverse system (cf. [Eng-M], for the corresponding notion
of a (single-valued) inverse system).

(85.43) ExAMPLE. Every inverse system {X,, 72, ¥} is obviously a multival-
ued inverse system, because each 72 is continuous, and so u.s.c. with compact
values.

We define, in the product [] acs Xa, the following subset:

To € T (xp) for all a < ﬁ},

Lim § := {(xa) e [ Xa

acy

and call it the limit of a multivalued inverse system S.

Let us observe that the projections
Wa:pa|I<LmS:I—<Ji_H15_’Xa, Wa((xa)):xa
satisfy the following condition:
Ta((2a)) € 75 (m5((24))),  for any a < 6.

We can prove the following preliminary result.
(85.44) PROPOSITION. The set Lim S is closed in [] Xa.

In the proof, we shall use
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(85.45) LEMMA. Let ¢ be an u.s.c. multivalued map from X to a (Hausdorff)
space Y with compact values and f: X —'Y be continuous. Then {x € X | f(z) €
o(x)} is closed.

PrROOF. We show that {z € X | f(z) € ¢(z)} is open. Let x be such that
f(z) € o(x). Then there are open sets U > f(z) and V D ¢(z) such that
UNV =. Take f~1(U)Np 1 (V) = W, where ¢~ }(V) :={zr € X | p(x) C V}.
By the continuity of f and upper semicontinuity of ¢, we know that W is an open
neighbourhood of = with f(z) & ¢(z), for any z € W. O

PROOF OF PROPOSITION (85.44). Letting

Mys = {(J;a) e [[ Xa

Ty €T (xg)} for v < 4,

then
Mm;:{x—xa GHX €7T7T5( )}

Since projections 7, are continuous and maps 7r§ are u.s.c. with compact values,

we can apply Lemma (85.45) to obtain that each set M, is closed.

Obviously, leS N M., so the limit is closed, too. O

<o
One immediately obtains
(85.46) PROPOSITION.

(85.46.1) If X, is compact, for every a € 3, then @S s compact.
(85.46.2) If X, is compact and nonempty, for every o € X, then so is LimS

(85.46.3) If S = {X,,, 72, N}, the bonding maps 72 are single-valued and all X,
are compact Rg-spaces, then IinS is Rs.

PROOF. Property (85.46.1) follows from the Tikhonov theorem which implies
that [,y Xo is compact.

To prove (85.46.2), consider M, = [
nonempty. Indeed, for every z,, we can take a fiber

T~y € ﬂg(xg) for v < o,
xz~, — an arbitrary point in X, for o <+, o # 7.

<o Mo (see the previous proof) which is

Since the family { M, } is centered and [ X, is compact, it follows by means of the
Tikhonov theorem that (), oy, My # 0.

Since @S = (yex Mo, the proof of (85.46.2) is complete.

For (85.46.3), it is sufficient to notice that M, =
the Rs-set H;?ip X, consequently, it follows that Iﬁi_mS is an Rs-set as well (comp.
[AnGo-M]). O

n<p Mnp 18 homeomorphic to
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Note that acyclicity is also inherited by the limit of an inverse system (see
[Eng-M]). For more properties and details concerning multivalued inverse systems,
see [AnGo-M].

Consider two multivalued inverse systems

S ={X,, 7%} and 9 = {Ya/,ﬂg,E’}.
By a multivalued map of S to S’, we mean a family {0, ¢, (o)} consisting of a mono-
tone function o: X' — ¥ (i.e. o(a’) < o(3'), for any o’ < ') and multivalued maps
Po(a): Xo(ar) —° Yor, with the property

ﬂ§,<ﬁa(ﬁ') = wg(a/)ﬂggg,; for any o/ < 3.

It means that the following diagram commutes

a(8")
a(a’)

Xo(aryo—— Xo(a)

Sﬂo(a')T TS%(;;')

Yo Ya

Now, let us concentrate on countable inverse systems, i.e. 3 = N. For a given
map {id, pn}: S — S, we define a limit map ¢: @S —o @S’ as follows:

(o)
olx) = H on(zn) N @S’ for every = = (z,,) € Lim S.

n=1

This multivalued map has nonempty values. Indeed, let y1 € @i(x1). Then
y1 € o173 (w2) = mipa(xa), so there is y2 € pa(x2) such that y1 € 73(y2). We
proceed inductively and obtain a fiber in ¢(z).
Moreover, values of ¢ are compact, because each ¢,, is compact valued.
Assume that S = {X,,, 72, N} and S’ = {Y,,, p, N} are two multivalued inverse
systems. We define

T K(Xp) — K(Xy), 7h(A):=nP(A4), forevery AC X,
PK(Yy) = K(Ya),  Ph(A) i= ph(A), for every A C Y.
It is easy to see that 7 o' = ', ph, o py" = py', and T, = idk(x,), Pn =

idi(y,). It means that S and S induce (single-valued) inverse systems KC(S) :=
{K(X,),7,N} and K(5") := {K(Y,), b, N}.
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Analogously, for a map {id, ¢, }: S — 5’, we can define a map {id, g, }: £(S) —
K(S"), where g,,: K(X,,) — K(Y,,) is defined as $(A4) := ¢(A), for every A €
K(Xy). We have pl, 0@, = p,, o7, which implies that {id,?,} is indeed a map
of inverse systems.

Now, {id,$,,} induces the limit map
i LimK(S) — LimK(S), B((An)) = (7a(An).

In order the above ideas to be connected with multivalued fractals, let us ob-
serve that, for any finite family of maps {id, ¢} }: S — S, i = 1,...,k, we have
a sequence of multivalued maps Fj,: X,, — Y,

It is easy to check that pP

P o F, = F, onP which implies that {id, F},}: S —o
S’ is a (multivalued) map of inverse systems. Therefore, it induces the map
{id, F}: K(S) — K(9’), consisting of the Hutchinson-Barnsley operators and
a limit map F™*:Lim K(S) — Lim IC(S").
— —
For studying the topological structure of the fixed-point set of the limit map
F*, we apply the following important observation.

(85.46) PROPOSITION (cf. [AnGo-M]). Let S = {X,,, 72, N} be a (multivalued)
inverse system, and : @S —o @S be a limit map induced by a map {id, p, }.

Then {Fix(¢n), 78 |pix(p,), N} forms a (multivalued) inverse system.

Now, we are in a position to formulate a general principle for the topological
structure of the sets of multivalued fractals. We keep the notation above.

(85.47) THEOREM. Let S = {X,,, 72, N} be a multivalued inverse system, and
let {id, 9t }: S — S, i=1,...,k, be a finite family of maps. If the sets of multival-
ued fractals, considered as compact invariant sets of F,: X,, — X, or, equivalently,
as fixed-points of F:: K(S) — K(S), are compact acyclic (Rs, nonempty), then the
set of multivalued fractals of the limit map F": @S —o @S induced by {id, Fy, },
considered again as compact tnvariant sets of F: I<£HS —o @S or, equivalently,
as fized-points of F*:@K(S) — @K(S), is also compact acyclic (resp. Rs,

nonempty).

The proof is a consequence of Propositions (85.46) and (85.47).
Finally, let us note that, by Proposition (85.47), if the sets Fix(F¥) are sin-
gletons, then the set of multivalued fractals of the limit map is also a singleton.

It can bring an important information in differential problems on the half-line.
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It is known that the Fréchet space of continuous maps C' := C(]0,00),R™) can
be treated as a limit of an inverse system of Banach spaces Cy, := C([0, m], R"™),
m € N, with the bonding maps 7}, () := x|[g,sm), for x € C. It is easy to find an
example of a family of contractions (even single-valued) @.,: Cy, — Cy, with the
same Lipschitz constant L € (0, 1) such that the induced limit map ¢ on C' is not
a contraction. Then the map F* induced by {id, ¢} is also not a contraction,
but, by Theorem (85.48), the fixed-point set of F* is a singleton.

In this section we presented most important, in our opinion, results obtained
in [AFGL]. For further results we recommend again [AFGL]. Finally, let us de-
scribe that the theory of fractals is a modern topic which is actually very strong
developing in many different directions.






[AKPRS-M]

[AnGo-M]

[AGN-M]

[APNZ-M]
[Au-M]
[AuC-M]
[AuE-M]
[AuF-M]
[Ba-M]

[Bar-M]
[BGM-M]

[Be-M]
[BPe-M]

[BohK-M]

[Bor-M]

[BrGMO1-M]

[BrGMO2-M]

[BrGMO3-M]

[BrGMO4-M]

BIBLIOGRAPHY

I. Monographs, lecture notes and surveys

R. R. Akhmerov, M. I. Kamenskii, A. S. Potapov, A. E. Rodkina and B. N.
Sadovskii, Measures of Noncompactness and Condensing Operators, Birkh&user,
Basel, 1992.

J. Andres and L. Gérniewicz, Topological Principles for Boundary Value Problems,
Kluwer Academic Press, Dordrecht, 2003.

J. Andres, L. Gérniewicz and P. Nistri (eds.), Differential Inclusions and Opti-
mal Control, Lecture Notes in Nonlinear Analysis, No. 2, Nicolaus Copernicus
University, Torun 1988.

J. Appell E. De Pascale, H. T. Nguyen and P. P. Zabreiko, Multi- Valued Super-
positions, Dissertationaes Math., vol. 345, 1995.

J. P. Aubin, Viability Theory, Birkhauuser, Verlag, Berlin, 1991.

J. P. Aubin and A. Celina, Differential Inclusions, Springer-Verlag, Berlin, 1984.
J. P. Aubin and I. Ekeland, Applided Nonlinear Analysis, XIV, 584, John Wiley
and Sons, New York, 1984.

J. P. Aubin and H. Frankowska, Set- Valued Analysis, Birkhau user, Boston, Basel,
Berlin, 1990.

V. Barbu, Nonlinear Semigroups and Differential Equations in Banach Spaces,
Noordhoff Internation Publishing, Leyden, Netherlands, 1976.

M. F. Barnsley, Fractals Everywhere, Academic Press, New York, 1988.

M. Benchohra, L. Gérniewicz and S. Ntouyas, Controllability of Some Nonlinear
Systems in Banach Spaces, P. Wlodkowic University College, Plock, 2003.

C. Berge, Espaces Topologiques. Functions Multivoques, Dunoad, Paris, 1959.

C. Bessaga and A. Pelczyniski, Selected Topics in Infinite-Dimensional Topology,
Monogr. Mat., vol. 58, PWN, Warszawa, 1975.

H. F. Bohnenblust and S. Karlin, On a Theorem of Ville, Ann. of Math. Stud.
(1950), Princeton.

K. C. Border, Fized Point Theorem with Applications to Economics and Game
Theory, Cambridge University Press, London, New York, Melbourne, Sydney,
1985.

Yu. G. Borisovich, B. D. Gelman, A. D. Myshkis and V. V. Obukhovskii, Intro-
duction to the Theory of Multivalued Mappings, Voronezh. Gos. Univ., Voronezh
1986. (in Russian)

, Multivalued Analysis and Operator Inclusions, Itogi Nauki, Seriya “Ma-
tematika” (Progress in Science-Mathematical Series) 29 (1986), 151-211 (in Rus-
sian); English transl. in J. Soviet Math. 39 (1987), 2772—-2811.

Yu. G. Borisovich, B. D. Gel’'man, A. D. Myshkis and V. V. Obukhovskii, Topo-
logical methods in the fixed-point theory of multi-valued maps, Uspekhi Mat. Nauk
35 (1980), no. 1, 59-126 (in Russian); English transl. in Russian Math. Surveys
35 (1980), no. 1, 65-143.

, New results in the theory of multivalued mappings 1: Topological char-
acteristics and solvability of operator relations, Mathematical Analysis, vol. 25,
Ttogi Nauki i Tekhniki, 1987, pp. 123-197. (in Russian)




512 BIBLIOGRAPHY

[BrGMO5-M] , Multivalued maps, Ttogi Nauki, Seriya “Matematika” (Progress in Science-
Mathematical Series) 19 (1982), 127-230 (in Russian); English transl. in J. Soviet
Math. 24 (1984), 719-791.

[Bo-M] K. Borsuk, Theory of Retracts, vol. 44, Monografie Matematyczne PWN, Warsaw,
1967.

[Bot-M] D. Bothe, Upper Semicontinuous Perturbations of m-Accrentive Inclusions with
Dissipative Right-Hand Side, Topology in Nonlinear Analysis, Banach Center
Publ., vol. 35, Inst. of Math. Polish Acad. of Sci., Warszawa, 1996.

[Bre-M] G. Bredon, Sheaf Theory, vol. 170, Springer-Verlag, New York, 1997.

[Br1-M] R. F. Brown, The Lefschetz Fized Point Theorem, Scott, Foresman and Co., Glen-
view Ill, London, 1971.

[Br2-M] , A Topological Introduction to Nonlinear Analysis, Birkhauser, Boston,
1993.

[BFGJ-M] R. Brown, M. Furi, L. Gérniewicz and B. Jiang (eds.), Handbook of Topological
Fized Point Theory, Springer, 2005.

[Cac-M] R. Caccioppoli, Opere. Funzioni di Variabili Complesse. Equazioni Funzionali,
vol. 2, Edizioni Cremonese, Roma, 1963.

[CV-M] C. Castaing and M. Valadier, Convex Analysis and Measurable Multifunctions,
Lect. Notes in Math, vol. 580, Springer, Berlin, 1977.

[Chng-M] K. C. Chang, Infinite Dimensional Morse Theory and Multiple Solution Problems,
Birkhé&user, Boston, 1993.

[Clr-M] F. H. Clarke, Optimization and Nonsmooth Analysis, Wiley, New York, 1983.

[Cu-M] B. Cong Cuong, Some Fized Point Theorems for Multifuncions with Applications
in Game Theory, Dissertationes Math., vol. 245, PWN, Warszawa, 1985.

[Co-M] C. Conley, Isolated Invariant Sets and the Morse Indexr, CBMS Regional Confer-
ence Ser. Math., vol. 38, Providence, R.I., 1978.

[Cwi-M] A. Cwiszewski7 Zagadnienia rézzniczkowe z ograniczeniami na stan; stopien topo-
logiczny zaburzen operatoréw akretywnych, Ph.D. thesis, Nicolaus Copernicus Uni-
versity, Torun, 2003. (in Polish)

[Da-M] A. Dawidowicz, Methodes Homologiques dans la Theorie des Applicationes et
des Champs de Vecteurs Spheriques dans les Espaces de Banach, Dissertationes
Math., vol. 324, Warszawa, 1993.

[Del-M] K. Deimling, Multivalued Differential Equations, W. De Gruyter, Berlin, 1992.

[De2-M] , Ordinary Differential Equations in Banach Spaces, Lecture Notes in
Math, vol. 596, Springer-Verlag, Berlin, New York, 1977.

[De3-M] , Nonlinear Functional Analysis, Springer-Verlag, Berlin, 1985.

[Do-M] A. Dold, Lectures in Algebraic Topology, Springer-Verlag, Berlin, 1972.

[DMNZ-M] R. Dragoni, J. W. Macki, P. Nistri and P. Zecca, Solution Sets of Differential
Equations in Abstract Spaces, Longman, Harlow, 1996.

[DG-M] J. Dugundji and A. Granas, Fized Point Theory, 1, Monogr. Mat., vol. 61, PWN,
Warszawa, 1982.

[Dz1-M] 7. Dzedzej, Fized Point Index Theory for a Class of Nonacyclic Multivalued Maps,
Dissertationes Math., vol. 253, PWN, Warszawa, 1985.

[ES-M] S. Eilenberg and N. Steenrod, Foundations of Algebraic Topology, Princeton Univ.
Press, Princeton, N.J., 1952.

[Eng-M] R. Engelking, Outline of General Topology, North-Holland, PWN, Warsaw.

[Fi1l-M] V. V. Filippov, Solution Space of Ordinary Differential Equations, Moscow Uni-
versity Publishers, 1993.

[Fi2-M] , Differential Equations with Discontinuous Right-Hand Sides, vol. 224,
Nauka, Moscow, 1985 (in Russian); Kluwer, Dordrecht, 1988.

[Fr-M] M. Frigon, Application de la Theorie de la Transverssalite Topologique a des Prob-
lems non Linearies pour des Equations Differentiales Ordinaire, Dissertationes
Math., vol. 296, Warszawa, 1990.

[Fry-M] A. Fryszkowski, Fized Point Theory for Decomposable Sets, Topological Fized

Point Theory and its Applications, vol. 2, Kluwer, 2004.



I. MONOGRAPHS, LECTURE NOTES AND SURVEYS 513

[GM-M]
[GG-M]

[GoeKi-M]

[Gol-M]

[Go2-M]

[Go3-M]

[Go4-M]

[Go5-M]

[Gr1-M]
[Gr2-M]

[Gr3-M]
[Gra-M]

[GrDu-M]
[GGL-M]

[GuPo-M]
[Ha-M]

[Hal-M]
[Har-M]

[Hir-M]
[HoZe-M]
[HuPa-M]

[HW-M]
[IN-M]

[KOZ-M]
[KTs-M]
[KS-M]
[Ki-M]

[Kur-M]
(KZ-M]

R. E. Gainers and J. L. Mawhin, Coincidence Degree and Nonlinear Differential
Equations, Springer, Berlin, 1977.

K. Geba and L. Gérniewicz, Topology in Nonlinear Analysis (K. Geba and L. G6r-
niewicz, eds.), Banach Center Publications, Warszawa, 1996.

K. Goebel and W. A. Kirk, Topics in Metric Fized Point Theory, vol. 28, Cam-
bridge Studies in Advanced Mathematics, Cambridge University Press, Cam-
bridge, 1990.

L. Gérniewicz, Homological Methods in Fized Point Theory of Multivalued Maps,
Dissertationes Math., vol. 129, Warsaw, 1976.

, Topological Approach to Differential Inclusions, Topological Methods in
Differential Equations and Inclusions, NATO ASI Series C 472 (A. Granas and
M. Frigon, eds.), Kluwer Academic Publ, 1995.

, Recent Results on the Solution Sets of Differential Inclusions, Sem. de
Math. Super, vol. 110, Montreal, 1990.

, Topological degree of morphisms and its applications to differential in-
clusions, Raccolta Di Sem. Del. Dip. Mat., vol. 5, Dell’Univ. Studi Della Calabria,
1985.

, Topological Fized Point Theory of Multivalued Mappings, Kluwer Aca-
demic Press, Dordrecht, 1999, (first edition).

A. Granas, Topics in the fized point theory, Sem. J. Leary, Paris, 1969/70.

, Points fizes pour les applications compactes en topologie et analyse fonc-
tionnelle, Sem. de Math. Superieures, Montreal, 1973.

, Points Fizes pour les Applications Compactes: Espaces de Lefschetz et
la Theorie del’Indice, SMS, vol. 68, Montreal, 1980.

, The Theory of Compact Vector Fields and Some of its Applications,
Dissertationes Math., vol. 30, Warszawa, 1962.

A. Granas and J. Dugundji, Fized Point Theory, Springer-Verlag, New York, 2003.
A. Granas, R. Guenther and J. Lee, Nonlinear Boundary Value Problems for
Ordinary Differential Equations, Dissertationes Math., vol. 244, Warszawa, 1985.
V. Guillemin and A. Pollack, Differential Topology, Prentice-Hall Inc., Englewood
Cliffs, N.Y., 1974.

J. K. Hale, Asymptotic Behavior of Dissipative Systems, MSM 25, AMS, Provi-
dence, R.I., 1988.

B. Halpern, Fized Point Theorem for Outward Maps, Ph.D. Thesis, UCLA, 1965.
P. Hartman, Ordinary Differential Equations, Willey, New York—London—Sydney,
1964.

M. Hirsch, Differential Topology, Springer-Verlag, New York, Heidelberg, Berlin,
1976.

H. Hofer and E. Zehnder, Symplectic Invariants and Hamiltonian Dynamics, Birk-
h&user Verlag, Basel, 1994.

Sh. Hu and N. Papgeorgiou, Handbook of Multivalued Analysis, Volumes I and II,
Kluwer, Dordrecht, Boston, London, 1997.

W. Hurewicz and H. Wallman, Dimension Theory, Princeton, 1941.

S. Jodko-Narkiewicz, Topological Degree of Multivalued Weighted Mappings, Ph.D.
Thesis, Nicolaus Copernicus University, Toruri, 1989. (in Polish)

M. I. Kamenskii, V. V. Obukovskii and P. Zecca, Condensing Multivalued Maps
and Semilinear Differential Inclusions in Banach Spaces, De Gruyter, Berlin,
2001.

Kiang Tsai-han, Theory of Fized Point Classes, Springer, Berlin.

W. A. Kirk and B. Sims, Handbook of Metric Fized Point Theory, Kluwer, Dor-
drecht.

M. Kisielewicz, Differential Inclusions and Optimal Control, Polish Sci. Publishers
and Kluwer Academic Publishers, Dordrecht, Boston, London, 1991.

K. Kuratowski, Topology, vol. I, Academic Press, New York, 1966.

M. A. Krasnosel’skil and P. P. Zabreiko, Geometrical Methods of Nonlinear Anal-
ysis, Springer-Verlag, 1984.




514 BIBLIOGRAPHY

[Kr1-M] W. Kryszewski, Topological and Approximation Methods of Degree Theory of Set-
Valued Maps, Dissertationes Math., vol. 334, Warszawa, 1994.

[Kr2-M] , Homotopy Properties of Set-Valued Mappings, UMK, Torun, 1997.

[KR-M] H. Kurland and J. Robin, Infinite Codimension and Tranversality, Lectures Notes
in Math, vol. 468, Springer-Verlag, 1974.

[LR-M] J. M. Lasry and R. Robert, Analyse Non Lineaire Multivoque, Publication no
7611, Centre de Recherche de Mathematique de la Decision Ceremade, Univ. de
Paris, Dauphine.

[Lef-M] S. Lefschetz, Algebraic Topology, Amer. Math. Soc., Providence, R.I., 1942.

[L1-M] N. G. Lloyd, Degree Theory, Cambridge Univ. Press, 1978.

[Ma-M] T.-W. Ma, Topological degrees of set-valued compact fields in locally convex spaces
92 (1972), Dissertationes Math., Warszawa.

[MrdSe-M] S. Mardesi¢ and J. Segal, Shape Theory, vol. 26, Noth-Holland Publishing Co.,
Amsterdam, 1982.

[Mrt-M] R. H. Martin, Nonlinear Operators and Differential Equations in Banach Spaces,
Wiley-Interscience, New York, 1976.

[Mik1-M] D. Miklaszewski, Fized Points of Mappings Into Symmetric Products, Ph.D. The-
sis, Nicolaus Copernicus University, Torun, 1991. (in Polish)

[Mik2-M] , The Role of Various Kinds of Continuity in the Fized Point Theory of
Set- Valued Mappings, Lecture Notes in Nonlinear Analysis, vol. 7, Toru, 2005.

[MotPa-M] D. Motreanu and N. H. Pavel, Tangency, Flow Invariance for Differential Equa-
tions and Optimization Problems, Marcel Dekker Inc., New York, 1999.

[Nad] S. B. Nadler, Jr., Multi-valued contraction mappings, Pacific J. Math. 30 (1969),
475-488.

[Ni-M] L. Nirenberg, Topics in Nonlinear Functional Analysis, New York Univ. Press,
1975.

[Ox-M] J. Oxtoby, Measure and Category, Springer-Verlag, New York, 1971.

[Paz-M] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential
Equations, Springer-Verlag, 1983.

[Pej-M] J. Pejsachowicz, Teoria di omotopia di mappe ponderate, Ph.D. thesis, SNS Pisa,
1973.

[Pet-M] A. Petrusel, Operational Inclusions, House of the Book of Science, Cluj-Napoca,
2002.

[PeM-M] A. Petrusel and G. Mot, Multivalued Analysis and Mathematical Economics,
House of the Book of Science, Cluj-Napoca, 2002.

[Pr-M] T. Pruszko, Some Applications of the Degree Theory to Multi- Valed Boundary
Value Problems, Dissertationes Math., vol. 229, Warszawa, 1984.

[Ro-M] E. H. Rothe, Introduction to Various Aspects of Degree Theory in Banach Spaces,
Mathematical Surveys and Monographs, vol. 23, AMS, Providence Rhode Island.

[Ski-M] R. Skiba, Lefschetz fized point theory and topological essentiality for weighted
mappings, Ph.D. thesis, Nicolaus Copernicus University, Toruri, 2001. (in Polish)

[Smrn-M] G. V. Smirnov, Introduction to the Theory of Differential Inclusions, Graduate
Text in Maths., vol. 41, American Math. Soc., Providence, 2002.

[Sp-M] E. H. Spanier, Algebraic Topology, McGraw-Hill, New York, 1966.

[Sr-M] M. Srebrny, Measurable Selectors of PCA Multifunctions with Applications, Mem.
Amer. Math. Soc., vol. 52, 311, 1984, pp. 50.

[To-M] A. A. Tolstonogov, Differential Inclusions in Banach Spaces, Sci. Acad. of Sci-
ences, Siberian Branch, Novosibirsk, 1986. (in Russsian)

[Wa-M] T. van der Walt, Fized and Almost Fized Points, Amsterdam, 1963.

[We-M] R. Wegrzyk, Fized-Point Theorems for Multi- Valued Functions and their Appli-
cations to Functional Equations, Dissertationes Math., vol. 201, Warszawa, 1982.

[Wi-M] K. R. Wicks, Fractals and Hyperspaces, vol. 1492, Lecture Notes in Mathematics,
Springer, Berlin.

[Wie-M] A. Wieczorek, Survey of Results on Kakutani Property of Spaces with Generalized

Convexity, Fixed Point Theory and its Applications, vol. 252, Pitman Research
Notes in Mathematics, 1990.



II. ARTICLES 515

[Wil-M]
[Yor-M]

[Ysd-M]
[Yos-M]

(Al]
[And1]
[And2]
[And3)]
[And4]
[Ands)
[And6)]
[AFGL]
[AGG]
[AG]

[AGJ1]

[AGJ2)

[AGJ3)

[AGL)]

[AGZ]

[Anil]
[Ani2]

[AniCo]

[ACZ1]

M. Willem, Minimax Theorems, Birkhduser, Boston, 1996.

J. Yorke, Spaces of Solutions, Mathematical Systems Theory and Economics II,
Lecture Notes in Operat. Res. and Math. Econom, vol. 12, Springer-Verlag, Berlin,
1969.

K. Yoshida, Functional Analysis, Springer, Berlin, 1968.

T. Yoshizawa, Stability Theory and Existence of Periodic Solutions and Almost
Periodic Solutions, Springer, Berlin, 1975.

II. Articles

J. C. Alexander, A primer on connectivity, Proc. on Fixed Point Theory, Sher-
brouke 1980, vol. 886, 1980, pp. 455—483.

J. Andres, Asymptotic properties of solutions to quasi-linear differential systems,
J. Comput. Appl. Math. 41 (1991), 56—64.

, Transformation theory for mondissipative systems. Some remarks and
simple application in examples, Acta Univ. Palack. Olomouc. 32 (1993), 125-132.
, On the multivalued Poincaré operators, Topol. Methods Nonlinear Anal.
10 (1997), 171-182.

, Nonlinear rotations, Proc. of WCNA II (Athens, July 10-17, 1996), Non-
lin. Anal. 30 (1997), 495-503.

, Almost-periodic and bounded solutions of Carathéodory differential in-
clusions, Differential Integral Equations (to appear).

, Multiple bounded solutions of differential inclusions. The Nielsen theory
approach, J. Differential Equations 155 (1999), 285-310.

J. Andres, J. Fiser, G. Gabor and K. Lesniak, Multivalued fractals, Chaos Solu-
tions Fractals 25 (2005), 665—700.

J. Andres, G. Gabor and L. Gérniewicz, Boundary wvalue problems on infinite
intervals, Trans. Amer. Math. Soc. 351 (1999), 4861-4903.

J. Andres and L. Gérniewicz, On the Banach contraction principle for multivalued
mappings (2001), Physica-Verlag, Heidelberg, 1-23.

J. Andres, L. Goérniewicz and J. Jezierski, A generalized Nielsen number and
multiplicity results for differential inclusions, Topology Appl. 100 (2000), 193—
209.

, Noncompact version of the multivalued Nielsen theory and its application
to differential inclusions, Differential Inclusions and Optimal Control (J. Andres,
L. Gérniewicz and P. Nistri, eds.), vol. 2, Lecture Notes Nonlinear Anal., N.
Copernicus Univ., Torun, 1998, pp. 33-50.

, Relative versions of the multivalued Lefschetz and Nielsen theorems and
their application to admissible semi-flows, Topol. Methods Nonlinear Anal. 16
(2000), 73-92.

J. Andres, L. Gérniewicz and M. Lewicka, Partially dissipative periodic processes,
Topology in Nonlinear Analysis Banach Center Publ. 35 (1996).

J. Andres, M. Guadenzi and F. Zanolin, A transformation theorem for periodic
solutions of nondissipative systems, Rend. Sem. Mat. Univ. Politec. Torino 48 (2)
(1990), 171-186.

G. Anichini, Approzimate selections for non convex set valued mapping, Boll. Un.
Mat. Ital. B (7) 4 (1990), no. 2, 313-326.

, Boundary value problem for multivalued differential equations and con-
trollability, J. Math. Anal. Appl. 105 (1985), no. 2, 372-382.

G. Anichini and G. Conti, About the existence of solutions of a boundary value
problem for a Carathéodory differential system, Z. Anal. Anwendungen 16 (1997),
621-630.

G. Anichini, G. Conti and P. Zecca, Un teorema di selezione per applicazioni
multivoche a valori non convessi, Boll. Un. Mat. Ital. C (5), vol. 1, 1986, pp. 315—
320.




516 BIBLIOGRAPHY

[ACZ2] , A further result on the approrimation of nonconvex set valued mappings,
Boll. Un. Mat. Ital. C (4), vol. 1, 1985, pp. 155-171.

[ACZ3] , Approzimation and selection theorem for monconvex multifunctions in
infinite dimensional space, Boll. Un. Mat. Ital. B (7), vol. 4, 1990, pp. 411-422.

[ACZ4] , Approxzimation of nonconvex set valued mappings, Boll. Un. Mat. Ital. C
(6), vol. 4, 1985, pp. 145-154.

[ACZ5] , Using solution sets for solving boundary wvalue problems for ordinary
differential equations, Nonlinear Anal., vol. 5, 1991, pp. 465—472.

[AZ1] G. Anichini and P. Zecca, Multivalued differential equations and control problems,
Houston J. Math. 10 (1984), no. 3, 307-313.

[AZ2] , Multivalued differential equations in Banach space, An application to
control theory, J. Optim. Theory Appl. 21 (1977), 477-486.

[AnC] H. A. Antosiewicz and A. Cellina, Continuous selections and differential relations,
J. Differential Equations 19 (1975), 386—398.

[Ap] J. Appell, Multifunctions of two variables: Examples and Counterexamples, To-
pology in Nonlinear Analysis Banach Center Publ. 35 (1996).

[AB] M. Arkowitz and R. Brown, The Lefschetz—Hopf theorem and azioms for the
Lefschetz number, (preprint).

[Ar] N. Aronszajn, Le correspondant topologique de l’unicite dans la theorie des equa-
tions differentielles, Ann. Math. 43 (1942), 730-738.

[Aul] J. P. Aubin, Contingent derivatives of set-valued and existence of solutions to
nonlinear inclusions and differential inclusions, J. Math. Anal. Appl. (1981), 159—
229.

[Au2] , Heavy viable trajectories of a decentralized allocation mechanism, Lecture
Notes in Control and Inform. Sci. 62 (1984), 487-501.

[Au3] , Slow and heavy trajectories of controlled problems, Lecture Notes in Math.
1091 (1984), 105-116.

[AF1] J. P. Aubin and H. Frankowska, Trajectories lourdes de systemes controles, C.R.
Acad. Sci. Sér. I Math. 20 (1984), no. 298, 521-524.

[AF2] , On inverse function theorems for set-valued maps, J. Math. Pures Appl.
65 (1987), no. 1, 71-89.

[Bad1] R. Bader, A sufficient condition for the existence of multiple periodic solutions of
differential inclusions, Topology in Nonlinear Analysis Banach Center Publ. 35
(1996).

[Bad2] , The periodic problem for semilinear differential inclusions in Banach
spaces, Comment. Mat. Univ. Carolin. 39 (1998), 671-684.

[BGK] R. Bader, G. Gabor and W. Kryszewski, On the extention of approximations for
set-valued maps and the repulsive fized points, Boll. Un. Mat. Ital. 10 (1996),
399-416.

[BKrl] R. Bader and W. Kryszewski, Fized-point index for compositions of set-valued
maps with prorimally oo-connected values on arbitrary ANRs, Set-Valued Anal.
2 (1994), 459-480.

[BKr2] , On the solution sets of constrained differential inclusions with applica-
tions, Set-Valued Anal. 9 (2001), 289-313.

[BKr3] , On the solution sets of differential inclusions and the periodic problem
in Banach spaces, Nonlinear Anal. 54 (2003), 707-754.

[Brb] V. Barbu, Continuous perturbations of nonlinear m-accretive operators in Banach
spaces, Boll. Un. Mat. Ital. 6 (1972), 270-278.

[Bar] E. Barcz, Some fixed points theorems for multi-valued mappings, Demonstratio
Math. 16 (1983), no. 3, 735-744.

[BaP] C. Bardaro and P. Pucci, Some contributions to the theory of multivalued differ-
ential equations, Atti. Sem. Mat. Fis. Univ. Modena 32 (1983), no. 1, 175-202.

[BaF] G. Bartuzel and A. Fryszkowski, On ezxistence of solutions for inclusion Au €
F(z,Vu), Seminarberichte 65 (1984), 1-7.

[BeCaGo] J. C. Becker, A. Casson and D. H. Gottlieb, The Lefschetz number and fiber

preserving maps, Bull. Amer. Math. Soc. 81 (1975), 425-427.



II. ARTICLES 517

[BeGol]

[BeGo2]
[BeSchl]

[BeSch2]
[Beel]

[Bee2]

[Bee3]
[Beed]

[Bee5]
[Beg]
[BEM]

[BDG1]

[BDG2]

[BDG3]

[BDGA]

[BK1]
[BK2]
[BK3]
[BerHall
(BM]
[Bil]
[Bi2]
[Bi3]
[BiG]

[BiGP]

[Bh1]

[Bh2]

J. C. Becker and D. H. Gottlieb, The transfer map and fiber bundles, Topology
14 (1975), 1-12.

, Vector fields and transfers, Manuscripta Math. 72 (1991), 111-130.

J. C. Becker and R. E. Schultz, Fized-point indices and left invariant framings,
Lecture Notes Math. 657 (1978), Springer, Berlin, 1-31.

, Azioms for bundle transfers and traces, Math. Z. 227 (1998), 583—603.
G. Beer, The approxzimation of upper semicontinuous multifunctions by step mul-
tifunctions, Pacific. J. Math. 87 (1980), no. 1, 11-19.

, On functions, that approximate relations, Proc. Amer. Math. Soc. 88
(1983), no. 4, 643-647.

, Dense selections, J. Math. Anal. Appl. 95 (1983), no. 2, 416-427.

, Approzimate selections for upper semicontinuous convexr valued multi-
functions, J. Approx. Theory 39 (1983), no. 2, 172-184.

, On a theorem of Cellina for set valued functions, Rocky Mountain J.
Math. 18 (1988), 37-47.

E. G. Begle, The Vietoris mapping theorem for bicompact spaces, Ann. of Math.
51 (1950), 534-543.

H. Ben-El-Mechaiekh, Spaces and maps approzimation and fixed points, J. Comp.
Appl. Math. 113 (2000), 283-308.

H. Ben-El-Mechaiekh, P. Dequire and A. Granas, Une alternative nonlineaire en
analyse conveze et applications, C.R. Acad. Sci. Paris Sér. I Math. 295 (1982),
no. 3, 257-259.

, Points fizes et coincidences pour les functions multivoques, 111 (Applica-
tions de type M* et M), C.R. Acad. Sci. Paris Sér. I Math. 305 (1987), no. 9,
381-384.

, Points fizes et coincidences pour les applications multivogues, (applica-
tions de Ky Fan), C.R. Acad. Sci. Paris Sér. I Math. 295 (1982), no. 4, 337-340.
, Points fizes et coincidences pour les functions multivoques, II. (Appli-
cations de type ¢ et ¢*), C.R. Acad. Sci. Paris Sér. I Math. 295 (1982), no. 5,
381-384.

H. Ben-El-Mechaiekh and W. Kryszewski, Equilibres dans les ensembles non-
convezes, C.R. Acad. Sci. Paris Sér. I Math. 320 (1995), 573-576.

, Equilibrium for perturbations of multifunctions by convex processes, Geo-
regian Math. J. 3 (1996), 201-215.

, Equilibria of set-valued maps on nonconvex domains, Trans. Amer. Math.
Soc. 349 (1997), 4159-4179.

G. M. Bergman and B. Halpern, A fized point theorem for inward and outward
maps, Trans. Amer. Math. Soc. 62 (1968), 353-358.

J. Berkovits and V. Mustonen, On the topological degree for mappings of monotone
type, Nonlinear Anal. 10 (1986), 1373-1383.

R. Bielawski, Simplical convezity and its applications, J. Math. Anal. Appl. 127
(1987), 155—-171.

, The fized point index for acyclic maps on ENRs, Bull. Polish Acad. Sci.
Math. 35 (1987), no. 7-8, 487-499.

, A selection theorem for open-graph multifunctions, Fund. Math. 133
(1989), 97-100.

R. Bielawski and L. Gérniewicz, A fized point index approach to some differential
equations, Lecture Notes in Math. 1411 (1989), 9-14.

R. Bielawski, L. Gérniewicz and S. Plaskacz, Topological approach to differential
inclusions on closed subsets of R™, Dynam. Report. Expositions Dynam. Systems
(N.S.) (1992), 225-250.

V. I. Blagodatskikh, Local controlability of differential inclusions, Differentsial’nye
Uravneniya 9 (1973), 361-362. (in Russian)

, Sufficient conditions for optimality in problems with state constraints,
Appl. Math. Optim. 7 (1981), no. 2, 149-157.




518 BIBLIOGRAPHY

[Bl1] F. S. De Blasi, Existence and stability of solutions for autonomous multivalued
differential equations in Banach spaces, Rend. Accad. Naz. Lincei Sér. VII 60
(1976), 767-774.

[BI12] , Characterizations of certain classes of semicontinuous multifunctions by
continuous approzimations, J. Math. Anal. Appl. 196 (1985), no. 1, 1-18.

[BGP] F. S. De Blasi, L. Gérniewicz and G. Pianigiani, Topological degree and periodic
solutions of differential inclusion, Centro Vito Volterra, vol. N. 263, Universita
Degli Studi Di Roma “Torvergata”, November 1996, pp. 1-26.

[BM1] F. S. De Blasi and J. Myjak, Sur l’existence de selections continues, C.R. Accad.
Sci. Paris Sér I Math. 296 (1983), no. 17, 737-739.

[BM2] , On the solution sets for differential inlusions, Bull. Polish Acad. Sci.
Math. 12 (1985), 17-23.

[BM3] , A remark on the definition of topological degree for set-valued mappings,
J. Math. Anal. Appl. 92 (1983), 445-451.

[BM4] , On continuous approximation for multifunctions, Pacific J. Math. 123
(1986), 9-30.

[BM5] , Continuous selections for weakly Hausdorff lower semicontinuous multi-
functions, Proc. Amer. Math. Soc., vol. 93, 1985, pp. 369-372.

[BM6] , On the sets for differential inclusions, Bull. Polish Acad. Sci. Math. 33
(1985), 1-2, 17-23.

[BMT7] , A remark on the definition of topological degree for set valued mappings,
J. Math. Anal. Appl. 92 (1983), 445-451.

[BP1] F. S. De Blasi and G. Pianigiani, Topological properties of nonconvex differential
inclusions, Nonlinear Anal. 20 (1993), 871-894.

[BP2] , A Baire category approach to the existence of solutions of multivalued
differential equations in Banach spaces, Funkcial. Ekvac. 25 (1982), 153-162.

[BP3] , On the density of extremal solutions of differential inclusions, Ana. Polon.
Math. 56 (1992), 133-142.

[BP4] , Differential inclusions in Banach spaces, J. Differential Equations, 208—
229.

[BP5] , Solution sets of boundary value problems for nonconvex differential in-
clusions, Topol. Methods Nonlinear Anal. 1 (1993), 303-314.

[BP6] , Remarks on Hausdorff continuous multifunctions and selections, Com-
ment. Math. Univ. Carolin., vol. 24, 1983, pp. 553—-561.

[BP7] , The Baire category method in exstence problem for a class of multivalued
differential equations with nonconvez right hand side, Funkcial. Ekvac. 28 (1985),
no. 2, 139-156.

[Bo] S. A. Bogatyi, Iteration indices of multivalued mapping, C.R. Acad. Bulgare Sci.
41 (1988), no. 2, 13-16. (in Russian)

[Bogl] W. A. Bogatyrev, Fized points and properties of solutions of differential inclu-
sions, Izv. Akad. Nauk SSSR 47 (1983), 895-909. (Russian)

[Bog2] , Fized points and properties of solutions of differential inclusions, 1zv.
Akad. Nauk SSSR 47 (1983), 895-909. (in Russian)

[Bog3] , Continuous branches of multivalued mappings with nonconvex right-hand
side, Mat. Sb. 120 (1983), no. 3, 344-353. (in Russian)

[Bon] G. Bonanno, Two theorems on the Scorza Dragoni property for multifunctions,
Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. 93 (1989), 51-56.

[BnsCo] J.-M. Bonnisseau and B. Cornet, Fized point theorems and Morse’s lemma for
lipschitzian functions, J. Math. Anal. Appl. 146 (1990), 318-332.

[Bor] Yu. G. Borisovich, Global analysis and some problems for differential equations,
Differencial equations and applications I, IT, Tech. Univ., Russe, 1982, pp. 98-118.
(in Russian)

[BO1] Yu. G. Borisovich and V. V. Obuhovskii, On an optimization problem for con-

trol systems of parabolic type, Trudy Mat. Ins. Steklov 211 (1995), 95-101. (in
Russian)



II. ARTICLES 519

[BO2]

[Bor]
[BorUl]
[Bot1]
[Bot2]
[Boul]
[Bou2)
[Bou3]
[Bowl]
[Bow2)]
[Bow3]
[BrFH]
[Bre]
[Bre2]
[Bre3]
[Bre4]
[Bres]
[Bre6]

[Bre7]

[BCF]
[BC1]
[BC2)
[Bre]

[Brol]
[Bro2]
[Bro3]

[Bro4]

, An optimization problem for control systems described by differential
equations of parabolic type, Algebraic Problems in Analysis and Topology, Novoe
Global. Anal., Voronezh, 1990, pp. 105-109. (in Russian)

K. Borsuk, On the Lefschetz fized point theorem for nearly extendable maps, Bull.
Acad. Polon. Sci. 12 (1975), 1273-1279.

K. Borsuk and S. Ulam, On symmetric products of topological spaces, BAMS 37
(1931), 875-882.

D. Bothe, Flow invariance for perturbe monlinear evolution equations, Abstract
Appl. Anal. 1 (1996), 379-395.

, Multivalued differential equations on graphs and applications (1992),
Ph.D. dissertation, Universitat Paderborn.

D. G. Bourgin, A generalization of the mappings degree, Canad. J. Math. 26
(1974), 1109-1117.

, A degree for nonacyclic multi-valued transformations, Bull. Amer. Math.
Soc. 80 (1974), 59-61.

, Cones and Vietoris—Begle type theorems, Trans. Amer. Math. Soc. 174
(1972), 155-183.

C. Bowszyc, Fized points theorem for the pairs of spaces, Bull. Polish Acad. Sci.
Math. 16 (1968), 845-851.

, On the Euler—Poincaré characteristic of a map and the existence of pe-
riodic points, Bull. Acad. Polon. Sci. 17 (1969), 367-372.

, Some theorems in the theory of fized points, (thesis), Warsaw, 1969. (in

Polish)

T. R. Brahana, M. K. Fort and W. G. Horstman, Homotopy for cellular set-valued
functions, Proc. Amer. Math. Soc. 16 (1965), 455-459.

A. Bressan, Directionally continuous selections and differential inclusions, Funk-
cial. Ekvac. 31 (1988), 459-470.

, On the qualitative theory of lower semicontinuous differential inclusions,
J. Differential Equations 77 (1989), 379-391.

, Upper and lower semicontinuous differential inclusions. A wunified ap-
proach, Controllalitity and Optimal Control (1990), M. Dekker, 21-31.

, On differential relations with lower continuous right hand side. An exis-
tence theorem, J. Differential Equations 37 (1980), no. 1, 89-97.

, Solutions of lower semicontinuous differential inclusions on closed sets,
Rend. Sem. Mat. Univ. Padowa 69 (1983).

, Sulla funzione tempo minimo nei sistems non lineari, Atti. Accad. Naz.
Lincei Cl. Sci. Fis. Mat. Mem. 5 (1979), 383-388.

, Upper and lower semicontinuous differential inclusions: a unified ap-
proach, Nonlinear Controllability and Optimal Control (H. Sussmann, ed.), M. De-
kker, 1988, pp. 21-31.

A. Bressan, A. Cellina and A. Fryszkowski, A class absolute retracts in spaces of
integrable functions, Proc. Amer. Math. Soc. 112 (1991), 413-418.

A. Bressan and G. Colombo, Extensions and selections of maps with decomposable
values, Studia Math. 40 (1988), 69-86.

, Generalized Baire category and differential inclusions in Banach spaces,
J. Differential Equations 76 (1988), no. 1, 135-158.

H. Brezis, On a characterization of flow invariant sets, Comm. Pure Appl. Math.
23 (1970), 261-263.

F. E. Browder, Coincidence theorems, minimax theorems, and wvariational in-
equalites, Contemp. Math. 26 (1984), 67—80.

, Degree of mapping for nonlinear mappings of monotone type: densely
defined mapping, Proc. Nat. Acad. Sci. U.S.A. 80 (1983), no. 8, 2405-2407.

, The fixed point theory of multi-valued mappings in topological vector
spaces, Math. Ann. 177 (1968), 283-301.

, Another generalization of the Schauder Fized Point Theorem, Duke
Math. J. 32 (1965), 399-406.




520

BIBLIOGRAPHY

[Bro5]
[BrGu]
[BrTo]

[Brw]
[Bry]

[BG1]
[BG2]

[BGP)

[Cal]
[CrdGaGQu]
[Crst]

[Cas]

[Cel]
[Ce2]

[Ce3]

[CcC1]

[CC2]

[CCF]

[CL1]

[CM]
[Chng]
[CS]
[Clp]
[Clk1]
[Clk2]
[CIKLS1]

[CIKLS2]

, A futher gemeralization of the Schauder Fized Point Theorem, Duke
Math. J. 32 (1965), 575-578.

F. Browder and C. P. Gupta, Topological degree and nonlinear mappings of ana-
lytic type in Banach spaces, J. Math. Anal. Appl. 26 (1969), 390-402.

F. Browder and B. A. Ton, Nonlinear functional equations in Banach spaces and
elliptic super-regularization, Math. Z. 105 (1968), 177-195.

R. F. Brown, Fized point theory, History of Topology, Elsevier, 1999, pp. 271-299.
J. Bryszewski, On a class of multi-valued vector fields in Banach spaces, Fund.
Math. 97 (1977), 79-94.

J. Bryszewski and L. Gérniewicz, A Poincaré type coincidence theorem for mul-
tivalued maps, Bull. Polish Acad. Sci. Math. 24 (1976), 593-598.

, Multi-valued maps of subsets of Euclidean spaces, Bull. Polish Acad. Sci.
Math. 90 (1976), 233-251.

J. Bryszewski, L. Gérniewicz and T. Pruszko, An application of the topological de-
gree theory to the study of the Darboux problem for hyperbolic equations, J. Math.
Anal. Appl. 76 (1980), 107-115.

B. D. Calvert, The local fized point index for multivalued transformations in Ba-
nach space, Math. Ann. 190 (1970), 119-128.

P. Cardaliaguet, G. Gabor and M. Quincampoix, Equilobria and strict equilibria
of multivalued maos on noninvariant sets, Ann. Polon. Math. 82 (2003), 19-37.

K. Caristi, Fized point theorems for mappings satisfying inwardness conditions,
Trans. Amer. Math. Soc. 215 (1976), 241-251.

C. Castaing, Sur les equations differentielles multivogues, C. R. Acad. Sci. Paris
Sér. I Math. 263 (1966), 63—66.

A. Cellina, A selection theorem, Rend. Sem. Mat. Univ. Padova 55 (1976), 99-107.
, On the differential inclusion ' € [—1,1 — A], Atti Accad. Naz. Lincei ClL.
Sci. Fis. Mat. Natur. Rend. Lincei 69 (1980, 1981), 1-2, 1-6.

, On the set of solutions to Lipschitzean differential equations, Differential
Integral Equations 1 (1988), 495-500.

A. Cellina and R. M. Colombo, Some qualitative and quantitive results on a dif-
ferential inclusions. Set-valued analysis and differential inclusions, PSCT (A. B.
Kurzhanski and V. M. Veliov, eds.), vol. 16, 1993, pp. 43-60.

, An existence result for differential inclusions with non-convex right-hand
side, Funkcial. Ekvac. 32 (1989), 407-416.

A. Cellina, G. Colombo and A. Fonda, Approzimate selections and fized points for
upper semicontinuous maps with decomposable values, Proc. Amer. Math. Soc. 98
(1986), no. 4, 663-666.

A. Cellina and A. Lasota, A new approach to the definition of topological degree
for multivalued mappings, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend.
Lincei 8 (1969), 434-440.

A. Cellina and M. V. Marchi, Non-convex perturbations of mazimal monote dif-
ferential inclusions, Israel J. Math. 46 (1983), 1-2, 1-11.

K. C. Chang, Variational methods for nondifferentiable functionals and its appli-
cations to partial differential equations, J. Math. Anal. Appl. 80 (1981), 102-129.
S. N. Chow and J. D. Schuur, Fundamental theory of contingent differential equa-
tions in Banach spaces, Trans. Amer. Math. Soc. 179 (1973), 133-144.

M. H. Clapp, On a generalization of absolute neighbourhood retracts, Fund. Math.
70 (1971), 117-130.

F. H. Clarke, Pointwise contractional criteria for the existence of fized points,
Bull. Canad. Math. Soc. 21 (1978), 7-11.

, Periodic solutions to Hamiltonian inclusions, J. Differential Equations
40 (1981), no. 1, 1-6.

F. H. Clarke, Yu. S. Ledyaev and R. J. Stern, Asymptotic stability and smooth
Lyapunov functions, J. Differential Equations 149 (1988), 69-114.

, Fized points and equilibria in nonconvez sets, Nonlinear Anal. 25 (1995),
145-161.




II. ARTICLES 521

[ClmGo]
(Cnl]
[CF]
[CMN]
[CNZ1]

[CNZ2]

[cOzZ]

[CP]
[Corl]
[CrndLi]

[Cor2]
[Cz]

[CwiKrl]
[CwiKr2]
[CwiKr3]

[Dar1]

[Dar2]
[Dav]

[Daw]
[Dey]

[DeC]
[Deil]
[Dei2]
[DeiPr]
[DRS]
[Do]

[Do2]

G. Colombo, V. V. Goncharov, Variational inequalities and reqularity properties
of closed sets in Hilbert spaces, J. Convex Anal. 8 (2001), 197-221.

R. Connelly, An extension of Brouwer’s fized-point theorem to monacyclic, set
valued functions, Proc. Amer. Math. Soc. 43 (1974), 214-218.

P. E. Conner and E. E. Floyd, Fized point free involutions and equivariant maps,
Bull. Amer. Math. Soc. 66 (1960), 416-441.

G. Conti, I. Massabo and P. Nistri, Set-valued perturbatins of differential equations
at resonance, Nonlinear Anal. 4 (1980), no. 6, 1031-1041.

G. Conti, P. Nistri and P. Zecca, Systems of multivalued equations for solving
controllability problems, Pure Math. Appl. Ser. B 2 (1991), no. 4, 215-225.

, Systems of set-valued equations in Banach spaces, Delay differential equa-
tions and dynamical systems, vol. 1475, Lecture Notes in Math., Springer, Berlin,
1991, pp. 98-109.

G. Conti, V. Obukhovskiiand P. Zecca, On the topological structure of the solution
set for a semilinear functional-differential inclusion in a Banach spaces, Topology
in Nonlinear Analysis Banach Center Publ., vol. 35, Inst. of Math. Polish Acad.
of Sci., Warszawa, 1996.

G. Conti and J. Pejsachowicz, Fized point theorems for multivalued weithed maps,
Ann. Mat. Pura Appl. 126 (1980).

B. Cornet, Existence of slow solutions for a class of differential inclusions, J.
Math. Anal. Appl. 96 (1983), no. 1, 130-147.

M. G. Crandall and T. M. Liggett, Generation of semi-groups of nonlinear trans-
formations on general Banach spaces, Amer. J. Math. 93 (2071), 265-298.

, Euler characteristic and fized point theorem, Positivity 6 (2002), 21-53.
S. Czerwik, Continuous solutions of a system of functional inequalites, Glas. Mat.
19 (1984), no. 1, 105-109.

A. Cwiszewski and W. Kryszewski, Equilibria of set-valued maps: a variational
approach, Nonlinear Anal. 48 (2002), 707-746.

, Approximate smoothing of locally Lipschitz functionals, Boll. Un. Mat.
Ital. 5B (2002), 289-320.

, Degree theory for tangent set-valued fields on closed sets, Nonlinear Anal.
48 (2002), 707-746.

S. Darbo, Grado topologico e teoremi di esistenza di punti uniti per transfor-
mazioni plurivalenti di bicelle, Rend. Sem. Math. Univ. Padova 19 (1950 pages
371-391).

, Theoria de l’omologia in una categoria die mappe pluriralenti ponderati,
Rend. Sem. Math. Univ. Padova 28 (1958 pages 188—-220).

J. L. Davy, Properties of the solution set of a generalized differential equation,
Bull. Austral. Math. Soc. 6 (1972), 379-398.

A. Dawidowicz, Spherical maps, Fund. Math. 127 (1987), no. 3, 187-196.

M. M. Day, On the basis problem in normed spaces, Proc. Amer. Math. Soc. 18
(1962), 655—658.

P. Deguire and A. Granas, Sur une certaine alternative monlineaire en analyse
conveze, Studia Math. 83 (1986), no. 2, 127-138.

K. Deimling, Fized points of weakly inward multis, Nonlinear Anal. 10 (1986),
1261-1262.

, On solution sets of multivalued differential equations, Appl. Anal. 30
(1988), 129-135.

K. Deimling and J. Priiss, Fized points of weakly inward multivalued maps, Non-
linear Anal. 10 (1986), 465—469.

J. Diestel, W. M. Ruess and W. Schachermaer, Weak compactness in L (u, X),
Proc. Amer. Math. Soc. 118 (1993), 447-453.

A. Dold, Fized point index and fized point theorem for FEuclidean meighbourhood
retracts, Topology 4 (1965), 1-8.

, Homology of symmetric products and other functors of compleres, Ann.
Math. 68 (1958), 54-80.




522 BIBLIOGRAPHY

[Do3] , The fized point transfer of fibre-preserving maps, Math. Z. 148 (1976),
215-244.

[Do4] , A coincidence-fized-point index, Enseign. Math. 24 (1978), 41-53.

[Do5] , Ramified coverings, orbit projections and symmetric powers, Math. Proc.
Cambridge Philos. Soc. 99 (1986), 65-72.

[DwnKi] D. Downing and W. A. Kirk, Fized point theorems for set-valued mappings in
metric and Banach spaces, Math. Japonica 22 (1977), 99-112.

[Doz] L. Dozo, Multivalued nonexpansive mappings and Opial’s condition, Proc. Amer.
Math. Soc. 38 (1973), 286—292.

[Dugl] J. Dugundji, Remark on homotopy inverse, Portugal. Math. 14 (1955), 39—41.

[Dug2] , Modified Vietoris theorems for homotopy, Fund. Math. 66 (1970), 223—
235.

[DyG] G. Dylawerski and L. Gérniewicz, A remark on the Krasnosielskii’s translation
operator, Serdica Math. J. 9 (1983), 102-107.

[EM] S. Eilenberg and D. Montgomery, Fized point theorems for multivalued transfor-
mations, Amer. J. Math. 58 (1946), 214-222.

[Fa] E. Fadell, Recent results in the fized point theory of continuous maps, Bull. Amer.
Math. Soc. 1 (1970), 10—29.

[Fanl] K. Fan, Fized point and minimax theorems in locally convex topological linear
spaces, Proc. Nat. Acad. Sci. U.S.A. 38 (1952), 271-275.

[Fan2] , Extensions of two fixed point theorem of F. E. Browder, Math. Z. 112
(1969), 234-240.

[Fan3] , Some properties of convex sets related to fixed point theorems, Math.
Ann. 266 (1984), no. 4, 519-537.

[Fell] P. L. Felmer, Periodic solutions of spatially periodic Hamiltonian systems, J. Dif-
ferential Equations. 98 (1992), 143-168.

[Fel2] , Rotation type solutions for spatially periodic Hamiltonian systems, Non-
linear. Anal. 19 (1992), no. 5, 409-425.

[FP1] C. C. Fenske and H. O. Peitgen, Attractors and the fized point index for a class
of multivalued mappings I, Bull. Polish Acad. Sci. Math. 25 (1977), 477-482.

[FP2] , Attractors and the fized point index for a class of multivalued mappings
II, Bull. Polish Acad. Sci. Math., 483-487.

[Fi1] V. V. Filippov, Basic topological structures of the theory of ordinary differential
equations, Topology in Nonlinear Analysis Banach Center Publ., vol. 35, Inst.
Acad. of Sci., Warszawa, 1996.

[Fi2] , On Luzin’s and Scorza-Dragoni’s theorem, Vestnik Moskov. Univ. Ser. 1
Mat. Mekh. 42 (1987), 66—68 (Russian); Moscow Univ. Math. Bull. 42 (1987),
61-63.

[Fi3] , On Luzin’s theorem and right-hand sides of differential inclusions, Mat.
Zametki 37 (1985), 93-98 (Russian); Math. Notes 37 (1985), 53-56.

[Fid4] , Topological structure of solution spaces of ordinary differential equations,
Uspekhi Mat. Nauk 48 (1993), no. 1, 103-154.

[FiMaPel] P. M. Fitzpatrick, I. Masabé and J. Pejsachowicz, Global several-parameter bifur-
cation and continuation theorems: a unified approach via complementing maps,
Math. Ann. 263 (1983), 61-73.

[FiMaPe2] , On the covering dimension of the set of solutions of some nonlinear
equations, Trans. Amer. Math. Soc. 296 (1986), 777-798.

[For] M. K. Fort, Essential and nonessential fized point, Amer. J. Math. 72 (1950),
315-322.

[Fol] G. Fournier, A simplicial approach to the fized point index, Lecture Notes in Math.
886 (1981), 73-102.

[Fo2] , Théoréme de Lefschetz 1-Applications éventuellement compactes, Bull.
Polish Acad. Sci. Math. 6 (1975), 693—701.

[Fo3] , Théoréme de Lefschetz 11. Applications d’attraction compacte, Bull. Pol-

ish Acad. Sci. Math. 6 (1975), 701-706.



II. ARTICLES 523

[Fod]
[FGol]
[FGo2]
(FM]
[FV1]
[FV2]
[FrLa)
[Fryl]
[Fry2]
[Fry3]
[Fry4]
[Fry5]
[FryG]
[FryR]
[FuOn]
[Ful]
[FMV]
[FNPZ]
[GaG1]

[GaG2]
[GaDKr]

[GaGQu
[GaP1]
[GaP2]
[Gel]
[Ge2]

[Ge3]

[Ged]

, Théoréme de Lefschetz 111. Applicationes asymptotiquement compactes,
Bull. Polish Acad. Sci. Math. 6 (1975), 707-713.

G. Fournier and L. Gérniewicz, The Lefschetz fixed point theorem for some non-
compact multivalued maps, Fund. Math. 94 (1977), 245-254.

, Survey of some applications of the fixed point index, Sem. Math. Superiore
96 (1985), Montreal, 95-136.

G. Fournier and M. Martelli, Set-valued transformations of the unit sphere, Lett.
Math. Phys. 10 (1985), no. 2-3, 125-134.

G. Fournier and D. Violette, A fized point theorem for a class of multi-valued
continuously differetiable maps, Ann. Polon Math. 47 (1987), no. 3, 381-402.

, A fized point index for compositions of acyclic maps in Banach spaces,
The MSRI-Korea Publications 1 (1966), 139-158.

E. M. Friedlander and H. B. Lawson, Jr., A theory of algebraic cocycles, Ann.
Math. 136 (1992), 361-428.

A. Fryszkowski, Carathéodory type selectors of set-valued maps of two variables,
Bull. Polish Acad. Sci. Math. 25 (1977), 41-46.

, Continuous selections for a class of non-convex multivalued maps, Studia
Math. 76 (1983), no. 2, 163-174.

, Ezistence of solutions of functional-differential inclusion in nonconvex
case, Ann. Polon Math. 45 (1985), no. 2, 121-124.

, Properties of the solutions of orientor equation, J. Differential Equations
Appl. 181 (1982), no. 2, Russe, 750-763.

, The generalization of Cellina’s fized point theorem, Studia Math. 78
(1984), no. 2, 213-215.

A. Fryszkowski and L. Gérniewicz, Mized semicontinuous mappings and their
applications to differentiaal inclusions, Set-Valued Analysis 8 (2000), 203-217.
A. Fryszkowski and T. Rzezuchowski, Continuous version of Filippov—Wazewski
theorem, J. Differential Equations 94 (1991), 254-265.

K. Fukaya and K. Ono, Arnold conjecture and Gromov—Witten invariant for gen-
eral symplectic manifolds, Amer. Math. Soc. 24 (1999), Providence, RI, 173-190.
F. G. Fuller, Fized points of multiple-valued transformations, Bull. Amer. Math.
Soc. 67 (1961), 165-169.

M. Furi, M. Martelli and A. Vignoli, On the solvability of monlinear operator
equations in normed spaces, Ann. Mat. Pura Appl. 124 (1980), 321-343.

M. Furi, P. Nistri, P. Pera and P. Zecca, Topological methods for the global con-
trollability of nonlinear systems, J. Optim. Theory Appl. 45 (1985), 231-256.

G. Gabor, Fized points of set-valued maps with closed proximally co-connected
values, Discuss. Math. 15 (1995), 163-185.

, On the classification of fized points, Math. Japon. 40 (1994), 361-369.
D. Gabor and W. Kryszewski, On the solvability of systems of noncompact and
nonconvez inclusions, Differential Equations Dynam. Systems 1 (1998), 135-152.
G. Gabor and M. Quincampoix, On existence of equilibria of set-valued maps,
Boll. UMI 6B (2003), 309-321.

R. E. Gaines and J. K. Peterson, Degree theoretic methods in optimal control,
J. Math. Anal. Appl. 94 (1983), no. 1, 44-77.

, Periodic solutions of differential inclusions, Nonlinear Anal. 5 (1981),
no. 10, 1109-1131.

B. D. Gelman, The topological characteristic of multivalued mappings and a fixed
point theorem, Soviet Math. Dokl. 16 (1975), 260-264.

, On Kakutani-type fized-point theorems for multivalued mappings, Global
Analysis and Nonlinear Equations, Voronezh, 1988, pp. 117-119. (in Russian)

, Some problems in the theory of fized points of multivalued mappings,
Topol. and Geom. Methods of Analysis, Global. Anal., Voronezh, 1989, pp. 90—
105. (in Rusian)

, On continuous selections of multivalued mappings having no coincidence
points, Proc. Uniw. Gdariski, Inst. Mat. 74 (1990), 1-18. (in Russian)




524

BIBLIOGRAPHY

[Ge5]
[Geb]

[GeT]

[GO]

(GG1]
(GG2]
(Gi]
[Glck]
[Got]
[GotO7]
[Go1]
(Go2]
[Go3]
[God]

[Go5]
[Go6]

[GoT]
[Gos8]

[Go9]

[Go10]
[Gol1]
[Go12]
[Go13]
[Go14]
[Go15]
[Go16]

[GGr1]

, On the structure of the set of solutions for inclusions with multivalued
operators, Lecture Notes in Math. 1334 (1987), Springer, Berlin, 60-78.

, Topological properties of fized point sets of multivalued maps, Mat. Sb.
188 (1997), 33-56. (in Russian)

, On topological dimension of a set of solutions of functional inclusions,
Differential Inclusions and Optimal Control (J. Andres. L. Gérniewicz and P.
Nistri, eds.), vol. 2, Lecture Notes Nonlinear Anal., 1998, pp. 163-178.

B. D. Gelman, V. V. Obuhovskii, Some fized-point theorems for condensing-
type multivalued mappings, Algebraic Problems in Analysis and Topology, Novoe
Global. Anal., Voronezh, 1990, pp. 110-115. (in Russian)

K. Geba and L. Gérniewicz, On the Bourgin-Jang theorem for multi-valued maps
I, Bull. Polish Acad. Sci. Math. 34 (1986), 315-322.

, On the Bourgin- Yang theorem for multivalued maps 11, Bull. Polish Acad.
Sci. Math. 34 (1986), no. 5-6, 323-329.

J. Girolo, Approzimating compact sets in normed linear spaces, Pacific J. Math.
98 (1982), 81-89.

1. L. Glicksberg, A further generalization of the Kakutani fized point theorem with
application to Nash equilibrium points, Proc. Amer. Math. Soc. 3 (1952), 170-174.
D. H. Gottlieb, On realizing Nakoaka’s coincidence point transfer as an S-map,
Illinois J. Math. 30 (1986), 689-696.

D. H. Gottlieb and M. Ozaydin, Intersection numbers, transfers and group actions,
Topology Appl. 55 (1994), 87-100.

L. Gérniewicz, On the solution set of differential inclusions, J. Math. Anal. Appl.
113 (1986), 235—244.

, Remarks on the Lefschetz fized point theorem, Bull. Polish Acad. Sci.
Math. 11 (1973), 993-999.

, Some consequences of the Lefschetz fized point theorem for multi-valued
maps, Bull. Polish Acad. Sci. Math. 2 (1973), 165-170.

, On the Lefschetz coincidence theorem, Lect. Notes in Math. 886 (1981),
116-139.

, A Lefschetz-type fized point theorem, Fund. Math. 88 (1975), 103-115.

, Asymptotic fized point theorems for multi-valued maps, Symp. of Topol-
ogy, Thilisi, 1972.

, Fized point theorem for multi-valued mappings of approzimative ANRs,
Fund. Math. 18 (1970), 431-436.

, Fized point theorems for multi-valued maps of special ANRs, University
of Gdarisk 1 (1971), 39-49.

, Fized point theorems for multi-valued maps of subsets of Fuclidean spa-
ces, Bull. Polish Acad. Sci. Math. 27 (1977), 111-115.

, On a Coincidence Theorem, Bull. Polish Acad. Sci. Math. 2 (1974), 277—

283.

, On non-acyclic multi-valued maps of subsets of Euclidean spaces, Bull.
Polish Acad. Sci. Math. 5 (1972), 379-385.

, On the Birkhoff—Kellogg Theorem, Proc. Internat. Conf. on Geometric
Topology, PWN, Warszawa, 1980, pp. 155-160.

, On the Lefschetz fized point theorem, Math. Slovaca 52 (2002), no. 2,
221-233.

, On the Lefschetz fized point theorem. A survey, Topological Handbook,
Springer, 2005, pp. 43-82.

, Topological structure of solution sets: Current results, Arch. Math. 36
(2000), 343-382.

, Homological methods in fixed point theory of multi-valued maps, Disser-
tationes Math. 129 (1976), 1-66.

L. Gérniewicz and A. Granas, Fized point theorems for multi-valued maps of
ANRs, J. Math. Pures Appl. 49 (1970), 381-395.




II. ARTICLES 525

[GGr2]

[GGKI]

[GGK2

[GGK3]

(GK]
(GL]
(GM]
[GMS]

[GN1]

[GN2]
[GNZ1]
[GP]
(GP)

[GR]

[GS]

[Gra]
[Gr1]
[Gr2]

[Gr3]

[Gr4]

[Gr5]

[Gr6]
[GrL1]
[GrL2]

[GF]

, Some general theorems in coincidence theory, J. Math. Pures Appl. 60
(1981), 361-373.

L. Gérniewicz, A. Granas and W. Kryszewski, Sur la methode de [’homotopic
dans la theorie des points fizes Partie I, Transversalite Topologique 307 (1988),
489-492.

, On the homotopy method in the fixed point index theory for multivalued
mappings of compact ANRs, J. Math. Anal. Appl. 161 (1991), 457-473.

, Sur la methode de I’homotopie dans la theorie des points fizes pour les
applications multivoques Partie 11 L’indice dans les ANRs compacts, C.R. Acad.
Sci. Paris Sér I Math. 308 (1989), no. 14, 449-452.

L. Gérniewicz and Z. Kucharski, Coincidence of k-set contraction pairs, J. Math.
Anal. Appl. 107 (1985), no. 1, 1-15.

L. Gérniewicz and M. Lassonde, Approximation and fized points for compositions
of Ro-maps, Topology Appl. 55 (1994), 239-250.

L. Gérniewicz and S. A. Marano, On the fized point set of multi-valued contrac-
tions, Rend. Circ. Mat. Palermo 40 (1996), 139-145.

L. Gérniewicz, S. A. Marano and M. Slosarski, Fized points of contractive multi-
valued maps, Proc. Amer. Math. Soc. 124 (1996), 26752683.

L. Gérniewicz and P. Nistri, An invariance problem for control systems with deter-
ministic uncertainty, Topology in Nonlinear Analysis (K. Gegba and L. Gérniewicz,
eds.), vol. 35, Banach Center Publications, Warsaw, 1996, pp. 193-205.

, Topological essentiality and nonlinear boundary value control problems,
Topol. Methods Nonlinear Anal. 13 (1999), 53-72.

L. Gérniewicz, P. Nistri and P. Zecca, Control problems in closed subsets of R™
via feedback controls, Topol. Methods Nonlinear Anal. 2 (1993), 163-178.

L. Gérniewicz and H. O. Peitgen, Degeneracy, non-ejective fized points and the
fized point index, J. Math. Pures Appl. 58 (1979), 217-228.

L. Gérniewicz and S. Plaskacz, Periodic solutions of differential inclusions in R™,
Boll. Un. Mat. Ital. A 7 (1993), 409-420.

L. Gérniewicz and G. Rozptoch-Nowakowska, On the Schauder fized point theo-
rem, Topology in Nonlinear Analysis Banach Center Publ., vol. 35, Inst. of Math.
Polish Acad. of Sci., Warszawa, 1996.

L. Gérniewicz and M. Slosarski, Topological essentiality and differential inclu-
stons, Bull. Austral. Math. Soc. 45 (1992), 177-193.

S. Graf, Selected results on measurable selections, Rend. Circ. Mat. Palermo 31
(1982), no. 2 suppl., 87-122.

A. Granas, Theorem on antipodes and fized points for a certain class of multival-
ued maps in Banach spaces, Bull. Polish Acad. Sci. Math. 7 (1959), 271-275.

, Fized point theorems for approzimative ANRs, Bull. Polish Acad. Sci.
Math. 16 (1968), 15-19.

, Generalizing the Hopf-Lefschetz fixed point theorem for non-compact
ANRs, Symp. Inf. Dim. Topol., Baton-Rouge, 1967; Ann. Math. Studies 69 (1972),
119-130.

, Some theorems in fixed point theory. The Leray—Schauder Index and
Lefschetz number, Bull. Polish Acad. Sci. Math. 16 (1968), 131-137.

, Sur la notion du degree topologique pour une certaine classe detransfor-
mations multivalentes dans les espaces de Banach, Bull. Polish Acad. Sci. Math.
7 (1959), 181-194.

, The Leray—Schauder index and the fized point theory for arbitrary ANRs,
Bull. Soc. Math. France 100 (1972), 209-228.

A. Granas and M. Lassonde, Sur un principe geometrique an analyse conveze,
Studia Math. 101 (1991), 1-18.

, Some elementary general principles of convexr analysis, Topol. Methods
Nonlinear Anal. 5 (1995), 23-38.

A. Granas and Fon-Che-Liu, Théorémes du minimaz, C.R. Acad. Sci. Paris Sér.
I Math. 298 (14) (1984), no. 1, 329-332.




526 BIBLIOGRAPHY

[GJ1] A. Granas and J. Jaworowski, Some theorems of multivalued maps of subsets of
the Euclidean space, Bull. Polish Soc. Math. 6 (1965), 277-283.

[HasS] F. Von Haeseler and G. Shordev, Borsuk—Ulam theorem, fized point inder and
chain approzimations for maps with multiplicity, Pacific J. Math. 153 (1992),
369-395.

[Had1] G. Haddad, Monotone trajectories of differential inclusions and functional differ-
ential inclusions with memory, Israel J. Math. 39 (1981), no. 1-2, 83-100.

[Had2] , Monotone viable trajectories for functional differential inclusions, J. Dif-
ferential Equations 42 (1981), no. 1, 1-24.

[Had3] , Topological properties of the sets of solutions for functional differential
equations, Nonlinear Anal. 5 (1981), 1349-1366.

[HL] G. Haddad and J. M. Lasry, Periodic solutions of functional differential inclu-
sions and fized points of o-selectionable correspondences, J. Math. Anal. Appl.
96 (1983), no. 2, 295-312.

[HaeSk] F. von Haeseler and G. Skordev, Borsuk—Ulam theorem, fixed point index and
chain approzimations for maps with multiplicity, Pacific J. Math. 153 (1992),
369-395.

[Haj] O. Hajek, Homological fized point theorems, Comment. Math. Univ. Carolin. 5
(1964), 13-31; 6 (1965), 157-164.

[Hal-1] B. Halpern, Algebraic topology and set valued maps, Lecture Notes in Math. 171
(1970), 23-33.

[Hal-2] , Fized point theorems for set-valued maps in infinite dimensional spaces,
Math. Ann. 189 (1970), 87-98.

[Hal-3] , A general coincidence theory, Pacific J. Math. 77 (1978), 451-471.

[HeHu] S. Heikkila and S. Hu, On fized points of multifunctions in ordered spaces, Appl.
Anal. 51 (1991), 115-127.

[Hil] C. J. Himmelberg, Fized points of compact multi-valued maps, J. Math. Anal.
Appl. 38 (1972), 205-209.

[Hi2] , Measurable relations, Fund. Math. 87 (1975), 59-71.

[HPV] C. J. Himmelberg, T. Parthasarathy and F. S. Van Vleck, On measurable relations,
Fund. Math. 111 (1981), no. 2, 161-167.

[HV1] C. J. Himmelberg and F. Van Vleck, A note on the solution sets for differential
inclusions, Rocky Mountain J. Math. 12 (1982), 621-625.

[HV2] , An extension of Brunouvsky’s Scorza—Dragoni type theorem for unbounded
set-valued function, Math. Slovaca 26 (1976), 47-52.

[HV3] , Existence of solutions for generalized differential equations with unboun-
ded right-hand side, J. Differential Equations 61 (1986), no. 3, 295-320.

[HV4] , On the topological triviality of solution sets, Rocky Mountain J. Math.
10 (1980), 247-252.

[HV5] , A note on the solution sets in differential inclusions, Rocky Mountain J.
Math. 12 (1982), 621-625.

[HVP] C. J. Himmelberg, F. S. Van Vleck and K. Prikry, The Hausdorff metric and
measurable selections, Topology Appl. 2 (1985), 121-133.

[Hpf] H. Hopf, On some properties of one-valued transformations of manifolds, Proc.
Nat. Acad. Sci. 14 (1928), 206-214.

[Ho] Ch. Hovarth, Some results on multivalued mappings and inequalities without con-
vezity, Nonlinear and Convex Anal, Proc. Hon. Ky Fan, Santa Barbara, California,
June, 2326, 1985; Basel, New York, 1987, pp. 99-106.

[HuP] S. Hu and N. S. Papageorgiou, On the existence of periodic solutions of nonconvex
valued differential inclusions in R™, Technical Report.

[HuSu] S. Hu and Y. Sun, Fized point index for weakly inward maps, J. Math. Anal. 172
(1993), 266—273.

[Hu] M. Hukuhara, Sur l’application semi-continue dont la veleur est un compact con-
vez, Funkcial. Ekvac. 10 (1967), 43-66.

[Hut] J. E. Hutchinson, Fractals and self semilinearity, Indiana Univ. J. 30 (1981),

713-747.



II. ARTICLES 527

[Hy]
[Iz1]
[1z2]

[Jach]

K]
[Jal]
[Ja2]
[Ja3]
[Ja4]
[Ja5]
[Ja6]
9P|
[Jer1]
[Jer2]
[Jer3]
[Jerd]

[Jer5]
[JerMe]

[Jez]

[Kac]

[KaM]
[Kak]

[KNOZ]

[KO]

[KaPa]

[Kat]

B. M. Hyman, On decreasing sequence of compact absolute retracts, Fund. Math.
64 (1959), 91-97.

M. Izydorek, On the Bourgin-Yang theorem for multi-valued maps in the non-
symmetric case II, Seredika Math. J. 13 (1987), no. 4, 420-422.

, Remarks on Borsuk—Ulam theorem for multi-valued maps, Bull. Polish
Acad. Sci. Math. 35 (1987), no. 7-8, 501-504.

J. Jachymski, Order-theoretic aspects of metric fixed point theory, Handbook of
Metric Fixed Point Theory (W. A. Kirk and B. Sims, eds.), Kluwer Math. Z.,
2001, pp. 613-641.

J. Jarnik and J. Kurzweil, On conditions on right hand sides of differential rela-
tions, Casopis Pest. Math. 102 (1977), 334-349.

J. Jaworowski, Set-valued fized point theorems of approximative retracts, Lecture
Notes in Math. 171 (1970), 34-39.

, Some consequences of the Vietoris Mapping Theorem, Fund. Math. 45
(1958), 261-272.

, Continuous homology properties of approximative retracts, Bull. Polish
Acad. Sci. Math. 18 (1970), 359-362.

, Set-valued fized point theorems for approximative retracts, Lecture Notes
in Math. 171 (1970), 34-39.

, Some consequences of the Vietoris Mapping Theorem, Fund. Math. 45
(1958), 261-272.

, Symmetric products of ANRs associated with a permutation group, Bull.
Acad. Polon. Sci 20 (1972), 649-651.

J. W. Jaworowski and M. Powers, A-spaces and fized point theorems, Fund. Math.
64 (1969), 157-162.

R. Jerrard, On Knaster’s conjecture, Trans. Amer. Math. Soc. 170 (1972), 385—
402.

, Homology with multiple-valued functions applied to fixed points, Trans.
Amer. Math. Soc. 213 (1975), 407-427.

, Erratum to: Homology with multiple-valued functions applied to fized
points, Trans. Amer. Math. Soc. 218 (1976), 406.

, A stronger invariant for homology theory, Michigan Math. J. 26 (1979),

33-46.

, Fized points and product spaces, Huston J. Math. 11 (1985), 191-198.
R. Jerrard and M. D. Meyerson, Homotopy with m-function, Pacific J. Math. 84
(1979), 305-318.

J. Jezierski, An example of finitely-valued fized point free map, Zeszyty Nauk. 6
(1987), University of Gdansk, 87-93.

T. Kaczynski, Unbounded multivalued Nemytskit operators in Sobolev spaces and
their applications to discontinuous nonlinearity, Rocky Mountain J. Math. 22
(1992), 635—643.

T. Kaczynski and M. Mrozek, Conley index for discrete multivalued dynamical
systems, Topology Appl. 65 (1995), 83-96.

S. Kakutani, A generalization of Brouwer’s fized point theorem, Duke Math. J. 8
(1941), 457-459.

M. I. Kamenskii, P. Nistri, V. V. Obukhovskii and P. Zecca, Optimal feedback
control for a semilinear evolution equation, J. Optim. Theory Appl. 82 (1994),
no. 3, 503-517.

M. I. Kamenskii and V. V. Obukhovskii, Condensing multioperators and periodic
solutions of parabolic functional-differential inclusions in Banach spaces, Nonlin-
ear Anal. 20 (1993), 781-792.

D. A. Kandilakis and N. S. Papageorgiou, On the properties of the Aumann inte-
gral with applications to differential inclusions and control systems, Czechoslovak
Math. J. 39 (1989), no. 1, 1-15.

T. Kato, Nonlinear Semigroups and evolution equations, J. Math. Soc. Japan 19
(1967), 508-520.




528 BIBLIOGRAPHY

[Knl1] R. J. Knill, On the homology of a fized point set, Bull. Amer. Math. Soc. 77
(1971), 184-190.

[Knl2] , The Lefschetz fixed point theorem for compact groups, Proc. Amer. Math.
Soc. 66 (1977), 148-152.

[Knl3] , On the index isolated closed tori, Differential topology, foliations and
Gelfand—Fuks cohomology, vol. 652, Lecture Notes in Math., Springer, Berlin,
1978, pp. 196-211.

[Kir1] W. A. Kirk, History and methods of metric fized point theory, Lecture Notes 28
(1995), Seul National Univeristy, Reasearch institute of Mathematics.

[Kir2] , Transfinite methods in metric fized-point theory, Abstr. Appl. Anal. 5
(2003), 311-324.

[KirMa)| W. A. Kirk and S. Massa, Remarks on asymptotic and Chebyshew centers, Hous-
ton J. Math. 16 (1990), 357-364.

[Ko] H. M. Ko, Fized points theorems for point-to-set mappings and the set of fixed
points, Pacific J. Math. 42 (1972), 369-379.

[Kod] Y. Kodama, On ANR for metric spaces, Sci. Rep. Tokyo Kyoiku Daigaku. Sect.
A. 5 (1955), 96-98.

[KKM] A. M. Krasnosel’skii, M. A. Krasnosel’skii and J. Mawhin, On some conditions of
forced periodic oscillations, Differential Integral Equations 5 (1992), no. 6, 1267—
1273.

[KMKP] A. M. Krasnosel’skii, J. Mawhin, M. A. Krasnosel’skil and A. Pokrovskii, Genere-
alized guiding functions in a problem on ligh frequency forced oscillations, Rapp.
no 222 — February 1993, Sm. Math., Inst. de Math. Pure et Appl. UCL.

[KMP] M. A. Krasnosel’skii, J. Mawhin and A. Pokrovskii, New theorems on forced pe-
riodic oscillations and bounded solutions, Dokl. Akad. Nauk 321 (1991), no. 3,
491-495. (Russian)

[Kry1] W. Kryszewski, The Lefschetz type theorem for a class of noncompact mappings,
Rendiconti del Circolo Matematico di Palermo, Serie IT 19 (1987), 365-384.

[Kry2] , Homotopy invariants for set-valued maps; homotopy — approximation
approach. Fized point theory and applications, Pitman Res. Notes Math. Ser. 252
(1991), 269-284.

[Kry3] , Some homotopy classification and exension theorems for the class of
compositions of acyclic set-valued maps, Bull. Soc. Math. France 119 (1995),
21-48.

[Kry4] , The fixed-point index for the class of compositions of acyclic set-valued
maps of ANRs, Bull. Soc. Math. France 120 (1996), 129-151.

[Kry5] , Remarks to the Vietoris theorem, Topol. Methods Nonlinear Anal. 8
(1997), 383-405.

[Kry6] , Graph approximation of set-valued maps on noncompact spaces, Topology
Appl. 83 (1997), 1-21.

[Kry7] , Graph-approrimation of set-valued maps. A survey., Lecture Notes in
Nonlinear Anal. 2 (1998), N. Copernicus Univ., Torun, 223-235.

[KM] W. Kryszewski and D. Miklaszewski, The Nielsen number of set-valued maps. An
approzimation approach, Serdika Math. J. 15 (1989), no. 4, 336-344.

[Kul] Z. Kucharski, A coincidence index, Bull. Polish Acad. Sci. Math. 24 (1976), 245—
252.

[Ku2] , Two consequences of the coincidence indez, Bull. Polish Acad. Sci. Math.
24 (1976), 437-444.

[Kucl] A. Kucia, Extending Carathéodory functions, Bull. Polish Acad. Sci. Math. 36
(1988), 593-601.

[Kuc2] , On the existence of Carathéodory selectors, Bull. Polish Acad. Sci. Math.
32 (1984), 233-241.

[Kuc3] , Scorza—Dragoni type theorems, Fund. Math. 138 (1991), 197-203.

[KN] A. Kucia and A. Nowak, Carathéodory type selectors in a Hilbert space, Ann.

Math. Sil. 14 (1986), 47-52.



II. ARTICLES 529

[KuRo]
[KRN]

[La]

[LO1]

[LO2]
[LaR]
[Las]

[Lef1]
[Lef2]

[Lef3]
[Lef4]
[Ler]
[Ls]
[Les]
[Lev]
[Lial

[Lim1]

[Lim2]
[Lim3]
[MNZ1]
[MNZ2)]
[MNZ3]
[MNZ4]
[Mrd]
[Mat]
[Ma2]

[Ma3]

H. Kurland and J. Robbin, Infinite codimension and transversality, Lecture Notes
in Math. 468 (1975), Springer, Berlin, 135-150.

K. Kuratowski and C. Ryll-Nardzewski, A general theorem on selectors, Bull.
Polish Acad. Sci. Math. 13 (1965), 397-403.

A. Lasota, Applications of generalized functions to contingent equations and con-
trol theory, Inst. Dynamics Appl. Math. Lecture, vol. 51, Univ. of Maryland,
1970-1971, pp. 41-52.

A. Lasota and Z. Opial, An application of the Kakutani—-Ky Fan theorem in the
theory of ordinary differential equations, Bull. Polish Acad. Sci. Math. 13 (1965),
781-786.

A. Lasota and Z. Opial, Fized point theorem for multivalued mappings and optimal
control problems, Bull. Polish Acad. Sci. Math. 16 (1968), 645—649.

J.-M. Lasry and R. Robert, Degré pour les fonctions multivoques et applications,
C.R. Acad. Sci. Paris Sér. I Math. 280 (1975), 1435-1438.

M. Lassonde, On the use of KKM multifunctions in fixed point theory and related
topies, J. Math. Anal. Appl. 97 (1983), no. 1, 151-201.

S. Lefschetz, On the fized point formula, Ann. of Math. 38 (1937), 819-822.

, Intersection and transformations of complexes and manifolds, Trans.
Amer. Math. Soc. 28 (1926), 1-49.

, On coincidences of transformations, Bol. Soc. Mat. Mexicana 2 (1957),

16-25.

, Sur les équations et les transformations, J. Math. Pures Appl. 24 (1946),
201-248.

J. Leray, Théorie des pointes fixés: indice total et nombre de Lefschetz, Bull. Soc.
Math. France 87 (1959), 221-233.

J. Leray et J. P. Schauder, Topologie et quations functionnalles, Ann. Sci. Ecole
Norm. Sup. 65 (1934), 45-78.

K. Leéniak, Stability and invariance of multivalued iterated function systems,
Math. Slovaca 53, 393—405.

N. Levinson, Transformation theory of mon-linear differential equations of the
second order, Ann. of Math. 45 (1944), 723-737.

S. D. Liao, On the topology of cyclic products of spheres, Trans. Amer. Math. Soc.
77 (1954), 520-551.

T. C. Lim, On fized point stability for set valued contractive mappings with ap-
plications to generalized differential equations, J. Math. Anal. Appl. 110 (1985),
436-441.

, A fized point theorem for multivalued nonexpansive mappings with in
a uniformly conver Banach space, Bull. Amer. Math. Soc. 124 (1996), 3345-3349.
, A fized point theorem for weakly inward multivalued contractions, J. Math.
Anal. Appl. 247 (2000), 323-327.

J. W. Macki, P. Nistri and P. Zecca, Corrigendum: A tracking problem for un-
certain vector systems, Nonlinear Anal. 20 (1993), 191-192.

, The existence of periodic solutions to nonautonomus differential inclu-
stons, Proc. Amer. Math. Soc. 104 (1988), no. 3, 840-844.

, A tracking problem for uncertain vector systems, Nonlinear Anal. 14
(1990), 319-328.

, An existence of periodic solutions to nonautonomus differential inclu-

sions.

S. Mardesié¢, Equivalence of singular and Cech homology for ANRs. Application
to unicoherence, Fund. Math. 46 (1958), 29-45.

S. A. Marano, Classical solutions of partial differential inclusions in Banach spa-
ces, Appl. Anal. 42 (1991), 127-143.

, Fized point of multivalued contractions with nonclosed nonconvex values,
Rend. Accad. Naz. Lincei 9 (1994), 203—212.

, Generalized solutions of partial differential inclusions depending on a
parameter, Rend. Accad. Naz. Sci. XL 13 (1989), 281-295.




530 BIBLIOGRAPHY

[Ma4] , On a boundary value problem for the differential equation f(t,z,x’,z") =
0, J. Math. Anal. Appl. 182 (1994), 309-319.

[Mrt] R. H. Martin, Differential equations on closed sets in Banach spaces, Trans. Amer.
Math. Soc. 179 (1973), 399-414.

[MrtYa] C. Martinez-Yanez, A remark on weakly inward multivalued mappings, Nonlinear
Anal. 16 (1991), 847-848.

MC] A. Mas-Colell, A note on a theorem of F. Browder, Math. Programming 6 (1974),
229-233.

[Mas1] S. Masih, Fized points of symmetric product mappings of polyhedra and metric
absolute nieghbourhood retracts, Fund. Math. 80 (1973), 149-156.

[Mas2] , On the fixed point index and Nielsen fized point theorem for symmetric
product mappings, Fund. Math. 102 (1979), 143-158.

[MN] 1. Massabo and P. Nistri, A topological degree for multivalued A-proper maps in
Banach spaces, Boll. Un. Mat. Ital. B 13 (1976), 672—685.

[MNP] I. Massabo, P. Nistri and J. Pejsachowicz, On the solvalibility of nonlinear equa-
tions in Banach spaces, Lecture Notes in Math. 886 (1981), Springer, Berlin,
270-299.

[MP] I. Massabo and J. Pejsachowicz, On the connectivity properties of the solution
set of parametrized families of compact vector fields, J. Funct. Anal. 59 (1984),
151-166.

[Mt] L. Mété, The Hutchinson—Barnsley theory for certain noncontraction mappings,
Periodica Math. Hung. 27, 21-33.

[Max] C. N. Maxwell, Fized points of symmetric product mappings, Proc. Amer. Math.
Soc. 8 (1957), 808-815.

[Mcel] J. F. McClendon, Minimaz theorem for ANRs, Proc. Amer. Math. Soc. 35 (1984),
244-250.

[Mcc2] , Subopen multifunctions and selections, Fund. Math. 121 (1984), 25-30.

[McCo] C. K. McCord, Classifying spaces and infinite symmetric products, Trans. Amer.
Math. Soc. 8 (1957), 808-815.

[McL A. McLennan, Fized points of contractible valued correspondences, Internat. J. Ga-
me Theory 18 (1989), 175-184.

[Mi1] E. A. Michael, Continuous selections I, Ann. Math. 63 (1956), no. 2, 361-381.

[Mi2] , A generalization of a theorem on continuous seletions, Proc. Amer. Math.
Soc. 105 (1989), no. 1, 236—243.

[Mi3] , Continuous selections: A guide for avoiding obstacles, Gen. Topol. and
Relat. Mod. Anal. and Algebra, vol. 6, Proc. the Prague Topol. Symp., Aug. 25-29,
1986; Berlin, 1988, pp. 344-349.

[Mik1] D. Miklaszewski, A reduction of the Nielsen fized points theorem for symmetric
product maps to the Lefschetz theorem, Fund. Math. 135 (1990), 175-176.

[Mik2] , Topological degree of symmetric product maps on spheres, Topol. Methods
Nonlinear Anal. 1 (1993), 329-328.

[Mik3] , A fized point theorem for multivalued mappings with nonacyclic values,
Topol. Methods Nonlinear Anal. 17 (2001), 125-131.

[Mik4] , On the Brouwer fized point theorem, Topol. Appl. 119 (2002), 53—64.

[Mik5] , A fized point conjecture for Borsuk continuous set-valued mappings,
Fund. Math. 175 (2002), 69-78.

[Mnt] G. Minty, A theorem on monotone sets in Hilbert spaces, J. Math. Anal. Appl.
11 (1967), 434-439.

[MizTa] N. Mizoguchi and W. Takahashi, Fidex point for multivalued mappings on com-
plete metric spaces, J. Math. Anal. Appl. 141 (1989), 177-188.

[Mr1] M. Mrozek, A cohomological index of Conley type for multivalued admissible flows,
J. Differential Equations 84 (1990), 15-51.

[Mr2] , Leray functor and cohomological Conley index for discrete dynamical
systems, Trans. Amer. Math. Soc. 318 (1990), 149-178.

My] J. Myjak, A remark on Scorza-Dragoni theorem for differential inclusions, Cas.

Pstovani Mat. 114 (1989), 294-298.



II. ARTICLES 531

[NR]
[Nel]
[Ne2]

[Ne3]
[Ne4]

[NeStr]
[Neu]
[Ni]

[NOZ1]

[NOZ2]
[Nu]
[on]
[012]
[013]
[Ob1]

[Ob2]

[Ob3]
[ORel]
[ORe2]
[Pap1]
[Pap2]
[Pap3]
[Pap4]
[Pap5]
[Pap6]
[Pap7]

[Pr1]

O. Nasselli Ricceri, A-fized points of multi-valued contractions, J. Math. Anal.
Appl. 135 (1988), 406—418.

B. O’Neil, Induced homology homomorphism for set-valued maps, Pacific J. Math.
7 (1957), 497-509.

, A fized point theorem for multivalued functions, Duke Math. J. 14 (1947),
689—-693.

, Essential sets and fized points, Amer. J. Math. 75 (1953), 497-509.

, Induced homology homomorphisms for set-valued maps, Pacific J. Math.
7 (1957), 1179-1184.

B. O’Neill and E. G. Straus, A fized point theorem, Proc. Amer. Math. Soc. 342
(1994), 543-562.

J. Von Neumann, A model of general economic equilibrium, Collected Works,
vol. VI, Pergamon Press, Oxford, 1963, pp. 29-37.

P. Nistri, Optimal control problems via a direct method, Ann. Mat. Pura Appl. 69
(1991), 205-314.

P. Nistri, V. Obukhovskii and P. Zecca, Viability for feedback control systems
in Banach spaces via Carathéodory closed-loop controls, Differential Equations
Dynam. Systems 4 (1996), 367-378.

, On the solvability of systems inclusions involving noncompact operators,
Trans. Amer. Math. Soc. 342 (1994), no. 2, 543-562.

R. D. Nussbaum, Generalizing the fized point index, Math. Ann. 228 (1979),
259-278.

C. Olech, Existence of solutions of non convex orientor field, Boll. Un. Mat. Ital.
4 (1975), 189-197.

, Boundary solutions of differential inclusions, Lecture Notes in Math. 979
(1983), 236—239.

, Decomposability as a substitute for convexity, Lecture Notes in Math.
1091 (1984), 193—205.

V. Obukhovskii, On evolution differential inclusions in a Banach space, IV Con-
ference on Differential Equations and Applications — Russe, 1989.

, On periodic solutions of differential equations with multivalued right-hand
side, Trudy Mat. Fak. Voronezh. Gos. Univ., vol. 10, Voronezh, 1973, pp. 74-82.
(in Russian)

, Semilinear functional differential inclusions in a Banach space and con-
trolled parabolic systems, Siviet J. Automat. Inform. Sci. 24 (1991), no. 3, 71-79.
D. O’Regan, A continuation theory for weakly inward maps, Glasgow Math. J. 40
(1998), 311-321.

, Fized points and random fixed points for weakly inward approximable
maps, Proc. Amer. Mat. Soc. 38 (1999), 89-100.

N. S. Papageorgiou, A property of the solution set of differential inclusions in
Banach spaces with Carathéodory orientor field, Appl. Anal. 27 (1988), 279-287.
, Boundary value problems for evolution inclusions, Comment. Math. Univ.
Carolin. 29 (1988), no. 2, 355-363.

, Fized point theorems for multifunctions in metric and vector spaces,
Nonlinear Anal. 7 (1983), 763-770.

, Nonsmooth analysis on partially ordered vector spaces, Part 2, Nonconvex
case, Clarke’s theory, Pacific J. Math. 109 (1983), no. 2, 463-495.

, On multivalued evolution equations and differential inclusions in Banach
spaces, Comment. Math. Univ. St. Paul. 36 (1987), no. 1, 21-39.

, On multivalued semilinear evolution equations, Boll. Un. Mat. Ital. B 3
(1989), no. 1, 1-16.

, On the solution evolution set of differential inclusions in Banach spaces,
Appl. Anal. 25 (1987), 319-329.

S. Park, Eighty years of the Brouwer fized point theorem, Lecture Notes 28 (1995),
Seul National University, Research Institute of Mathematics.




532 BIBLIOGRAPHY

[Pr2] , Generalized Leray—Schauder principles for condensing admissible multi-
functions, Ann. Mat. Pura Appl. (4) 172 (1997), 65-85.

[Pr3] , A unified fized point theory of multimaps on topological vector spaces,
J. Korean Math. Soc. 35 (1998), 803-829.

[Pa] S. N. Patnaik, Fized points of multiple-valued transformations, Fund. Math. 65
(1969), 345-349.

[Pei] H. O. Peitgen, On the Lefschetz number for iterates of continuous mappings, Proc.
Amer. Math. Soc. 54 (1976), 441-444.

[Pejl] J. Pejsachowicz, The homotopy theory of weighted mappings, Boll. Un. Mat. Ital. B
14 (1977), 702-721.

[Pej2] , A Lefschetz fized point theorem for multivalued weighted mappings, Boll.
Un. Mat. Ital. A 14 (1977), 391-397.

[Pej3] , Relation between the homotopy and the homology theory of weighted map-
pings, Boll. Un. Mat. Ital. B 15 (1978), 285-302.

[Pen] J.-P. Penot, Fized point theorems without convexity, Bull. Soc. Math. France Mem.
60 (1979), 129-152.

[Pet1] W. V. Petryshyn, On the solvability of x € Tx + AFx in quasinormal cones with
T and F, k-set-contractive, Nonlinear Anal. 5 (1981), no. 5, 585-591.

[Pet2] , Some results on multiple positive fixed points of multivalued condensing
maps, Contemp. Math. 21 (1983), 171-177.

[P11] S. Plaskacz, Periodic solutions of differential inclusions on compact subsets of R™,
J. Math. Anal. Appl. 148 (1990), 202-212.

[P12] , On the solution sets for differential inclusions, Boll. Un. Mat. Ital. A 6
(1992), 387-394.

[P1i] A. Pli§, Measurable orientor fields, Bull. Polish Acad. Sci. Math. 13 (1965), 565—
569.

[Pol] M. J. Powers, Multi-valued mappings and Lefschetz fized point theorems, Proc.
Cambridge Philos. Soc. 68 (1970), 619-630.

[Po2] , Fized point theorems for non-compact approximative ANRs, Fund. Math.
75 (1972), 61-68.

[Po3] , Lefschetz fized point theorem for a new class of multi-valued maps, Pacific
J. Math. 42 (1972), 211-220.

[Pre] R. Precup, On some fixed point theorems of Deimling, Nonlinear Anal. TMA 23
(1994), 1315-1320.

[Rlph] B. Ralph, A homotopy transfer for finite group actions, Pacific J. Math. 160
(1993), 133-141.

[Ral] N. Rallis, A fized point index theory for symmetric product mapping, Manuscripta
Math. 135 (1990), 175-176.

[Reil] A. Reich, Prdkompakte Gruppen und Fastperiodizitat, Mat. Z. 116 (1970), 216—
234.

[Rei2] , Fized points in locally convex spaces, Math. Z. 125 (1972), 17-31.

[Rei3] , Fized points of condensing functions, J. Math. Anal. Appl. 41 (1973),
460-467.

[Rei] , Approzimate selections, best approrimations, fired point and invariant
sets, J. Math. Anal. Appl. 62 (1978), 104-113.

[Rei5] , The range and sums of accreative and monotone operators, J. Math.
Anal. Appl. 68 (1979), 310-317.

[Rh] C. J. Rhee, Homotopy functors determined by set-valued maps, Math. Z. 113
(1970), 154-158.

[Ril] B. Ricceri, Une propriété topologique de l’ensemble des points fixes d’une con-
traction multivoque a valeurs converes, Atti. Accad. Naz. Lincei Cl. Sci. Fis. Mat.
Natur. Rend. Lincei 81 (1987), 283-286.

[Ri2] , Existence theorems for monlinear problems, Rend. Accad. Naz. Sci. XL
Mem. Mat. 11 (1987), 77-99.

[Ri3] , On the Cauchy problem for the differential equation F(t,z,2’,...  x(F))

= 0, Glasgow Math. J. 33 (1991), 343-348.



II. ARTICLES 533

[Ri4]
[Ri5]
[Ri6]
[Ri7]
[Rocl]

[Roc2]

[RPS]

[Rz1]
[Rz2]

[Sav]
[Sc]

[Schi]
[Sch2]

[Sch3]

[Schd]
[Schlz]
[Schtz]
[Segl]
[Seg2]
[Sh]
[SeS]
[SY]

[Sio]
[Skil]

[Ski2]
[Sk1]

[Sk2]

, On multifunctions with convex graph, Atti. Accad. Naz. Lincei Rend. Cl.
Sci. Fis. Mat. Natur. 77 (1984), 64-70.

, Sur Uapprozimation des sélections mesurables, C.R. Acad. Sci. Paris Sér.
I Math. 295 (1982), 527-530.

, On the topological dimension of the solution set of a class of nonlinear
equations, C.R. Acad. Sci. Paris, Sér. I Math. 325 (1997), 65—70.

, Covering dimension and nonlinear equations, RIMS 1031 (1988), Surika-
isekikenkyusho-Kokyuroku, Kyoto, 97-100.

R. T. Rockafellar, Clarke’s tangent cones and boundaries of closed sets in R™,
Nonlinear Anal. 3 (1970), 145-154.

, Protodifferentiability of set-valued mappings and its applications in opti-
mization, Ann. Inst. H. Poincaré Anal. Nonlinéaire, Suppl., vol. 6, 1989, pp. 449—
482.

F. R. Ruiz del Portal and J. M. Salazar, Fized point index in hyperspaces: a
Conley-type index for discrete semidynamical systems, J. London Math. Soc. 64
(2001), 191-204.

T. Rzezuchowski, On the set where all the solutions satisfy a differential inclusion,
Qual. Theory Differential Equations, vol. 2, Amsterdam, 1981, pp. 903-913.

, Scorza—Dragoni type theorem for upper semicontinuous multi-valued fun-
ctions, Bull. Polish Acad. Sci. Math. 28 (1980), 61-66.

P. Saveliev, A Lefschetz-type coincidence theorem, Preprint (1998).

J. Schauder, Der fizpunktsatzen in funktionalraumens, Studia Math. 2 (1930),
171-180.

H. Schirmer, A Kakutani type coincidence theorem, Fund. Math. 69 (1970), 219—
226.

, An index and a Nielsen number for n-valued multifunctions, Fund. Math.
124 (1984), 207-219.

, Fized points, antipodal points and coincidences of n-acyclicvalued mul-
tifunctions, Proc. Special. Session on Fixed Points, Amer. Math. Soc., Toronto,
1982.

, Fiz-finite and fized point free approrimations of symmetric product maps,
Fund. Math. 128 (1987), 7-13.

U. K. Scholz, The Nielsen fixed point theory for noncompact spaces, Rocky Muon-
tain J. Math. 4 (1974), 81-87.

R. Schultz, Homological transfers for orbit space projections, Manuscripta Math.
24 (1978), 229-238.

W. Segiet, Local coincidence index for morphisms, Bull. Polish Acad. Sci. Math.
30 (1982), 261-267.

, Nonsymmetric Borsuk-Ulam theorem for multivalued mappings, Bull.
Polish Acad. Sci. Math. 32 (1984), 113-119.

A. N. Sharkovsky, One classification of fized points, Ukrainian Math. J. 17 (1965),
no. 5, 80-95.

H. W. Seigberg and G. Skordev, Fized point index and chain approximations,
Pacific J. Math. 102 (1982), 455-486.

Zhang Shi-Sheng and Chen Yu-Chin, Degree theory for multivalued (S) type map-
pings and fized point theorems, Appl. Math. Mech. 11 (1990), no. 5, 441-454.
M. Sion, On general minimaz theorem, Pacific J. Math. (1958), 171-176.

R. Skiba, On the Lefschetz fixzed point theorem for multivalued weighted mappings,
Acta. Univ. Palacki. Olomuc. 40 (2001), 201-214.

, Topological essentiality for multivalued weighted mappings, Acta. Univ.
Palacki. Olomuc. 41 (2002), 131-145.

E. G. Skljarenko, On a theorem of Vietoris and Begle, Dokl. Akad. Nauk 149
(1963), 264-267.

, On some applications of sheaf theory in general topology, Uspekhi Mat.
Nauk 19 (1964), no. 6, 47-70. (Russian)




534 BIBLIOGRAPHY

[Sko1] G. Skordev, Fized point index for open sets in euclidean spaces, Fund. Math. 121
(1984), no. 1, 41-58.

[Sko2] , The multiplicative property of the fized point index for multivalued maps,
Serdika Math. J. 15 (1989), no. 2, 160-170.

[Sko3] , Fized point index for open sets in euclidean spaces, Fund. Math. 121
(1984), 41-58.

[Sko4] , The Lefschetz fized point theorem, Godishnik Sofiisk. Univ. Fak. Mat.
Meh. Mat. 79 (1985), no. 1, 201-213.

[Sko5] , Fized points of maps of AANRs, Bull. Polish Acad. Sci. Math. 21 (1973),
173-180.

[SmthL)] L. Smith, Transfer and ramified coverings, Math. Proc. Cambridge Philos. Soc.
93 (1983), 485-493.

[SmthR] R. A. Smith, Some applications of Hausdorff dimension inequalities for ordinary
differential equations, Proceed. Roy. Soc. Edinb. 104A (1986), 235-259.

[Sngl] W. Song, A generalization of Clarke’s fized point theorem, Appl. Math. J. Chinese
Univ. Ser. 10 (1995), 13-23.

[St1] W. L. Strother, Fized points, fized sets and M -retracts, Bull. Polish Acad. Sci.
Math. 22 (1955), 551-556.

[St2] , Multi homotopy, Duke Math. J. 22 (1955), 281-285.

[Su] A. Suszycki, Retracts and homotopies for multi-maps, Fund. Math. 115 (1983),
no. 1, 9-26.

[Sz] S. Szufla, Sets of fized points nonlinear mappings in function spaces, Funkcial.
Ekvac. 22 (1979), 121-126.

[Th] R. B. Thompson, A unified approach to local and global fixed point indices, Adv.
Math. 3 (1969), 1-71.

[To1] A. A. Tolstonogov, On the structure of the solution set for differential inclusions
in Banach spaces, Math. USSR Sbornik 46 (1983), 1-15. (Russian)

[Vi] L. Vietoris, Uber den héheren Zusammenhang komakter Raume und eine Klasse
von zuzammenhangstreuen Abbildungen, Math. Ann. 97 (1927), 454-472.

[Vorl] Ch. S. Vora, Fized point theorems for certain compact weighted maps of manifold,
Math. Student 46 (1978), 81-86.

[Vor2] , Some applications of the fixed point theorems for compact weighted maps,
Math. Student 46 (1978), 87-99.

[WalWe] D. W. Walkup and R. Wets, Continuity of some convex-cone-valued mappings,
Proc. Amer. Math. Soc. 18 (1987), 229-235.

[Wat] T. Watanabe, The continuity aziom and the Cech homology, Geometric Topology
and Shape Theory, vol. 1283, Lecture Notes in Math., Springer, Berlin, 1987,
pp. 221-239.

[Wi]] S. A. Williams, An indez for set-valued maps in infinite-dimensional spaces, Proc.
Amer. Math. Soc. 31 (1972), 557-563.

[Wor] T. J. Worosz, TMultiple-valued functions and their application to the fized point
properties of product spaces, Bull. Maaysian Math. Soc. 1 (1978), 101-109.

[Xul] H.-K. Xu, Metric fixed point theory for multivalued mappings, Dissertationes
Math. 389 (2000), 1-39.

[Xu2] , Multivalued monexpansive mappings in Banach spaces, Nonlinear Anal.
43 (2001), 693-706.

[Yan] K. Yanagi, On some fized point theorems for multivalued mappings, Pacific J.
Math. 87 (1980), 233-240.

[Za] S. K. Zaremba, Sur certaines families de courbes en relation avec lathorie des

quations diffrentielles, Rocznik Polskiego Tow. Matemat. X'V (1936), 83—-100.



INDEX

(a, B)-approximation, 257, 262
(P, a, B)-small, 258

e-field in the narrow sense, 224
H-homotopic maps, 254
H-small homotopy maps, 254
n-acyclic map, 184

n-acyclic vector filed, 198
n-admissible compact vector field, 215
n-cohomological sphere, 185
Rs-contractible, 356

t-lower acyclic function, 335
t-upper acyclic function, 335
(n, k)-approximation, 253
a-approximation, 130
oo-proximally connected, 15
o-selectionable, 78

e-field, 224

A-system, 253

B-viable solution, 374

k-set contraction pair, 298
k-th star, 31

k-triad, 31

m-map, 383

m~dimensional geometric simplex, 9
m-homotopic maps, 176
m-map, 174

n-morphism, 248
N-admissible map, 396
n-Vietoris map, 183

r-map, 5

R set, 14

s-admissible compact vector field, 215
s-permissible, 252

absolute approximative neighbour-
hood retract, 19

absolute approximative retract, 19

acyclic map, 159

acyclic set, 34

acyclic space, 39

acyclic vector filed, 198

additivity property, 333

admissible compact vector field, 215
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decomposable set, 98

decomposition of a map, 251

degree, 215

diameter, 130

differentiable at infinity, 307

differentiable map at the point, 307

differentiable on set, 307

differential map, 307

direct potential function, 368

direct sum, 221

discrete multivalued dynamical sys-
tem, 324

ejective, 293

ejective relative, 293
equivalent points, 178
equivariant map, 191
essential class, 182, 397, 403
essential map, 152
eventually compact, 245
eventually compact map, 210

fibre product, 41

finitely closed subset, 342

finitely continuous map, 344

fixed point, 62

fixed point index, 121, 165, 266, 269,
378

fixed point property, 287

fundamental groupoid, 179

generalized Lefschetz number, 50
generalized topological degree, 314
generic pair, 230

geometric polyhedron, 9

graph, 61

guiding function, 369

Hausdorff distance, 23

Hausdorff-measure of noncompact-
ness, 25

Hilbert cube, 8

homogeneous map, 306

homomorphism of covering spaces, 174

homotopic, 117, 124

homotopic maps, 28, 133, 161, 184,
203, 215

homotopic of n-admissible mappings,
213

homotopic of decompositions, 252

homotopic of permissible maps, 253

homotopic of vector fields, 150

homotopic to, 10



INDEX 537

homotopically equivalent, 12
homotopy, 124, 390
homotopy joining map, 184
homotopy property, 332

image, 61

index, 253, 254

index map, 331

index of coincidence, 53

index pair, 326
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